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The usual conductivity tensor of a uniform plasma in a uniform, static magnetic field (along the z axis) 
is generalized to include four effects of random motion of plasma electrons. These effects are due to (1) the 
shape of the radio-frequency electric field strength expressed by Y X Y XE0, (2) the partial spanning of 
a wavelength by an electron cyclotron orbit, and (3) the possible variation of the radio-frequency electric 
field lines along the < axis of electron drift. The effects resulting cause diffusion damping, the existence of 
nonzero (x,2), (y,z), (s,x), and (z,y) elements in the conductivity tensor, large changes of the effective plasma 
density, and phase changes in the conduction current density. These results are applied to evaluation of the 
index of refraction of microwave signals propagating normal to the magnetic field. The existence of unusual 
transmission bands is predicted for very dense, hot plasmas. 


1. INTRODUCTION 
1.1 Objective 


HE purpose of this paper is to present a theoretical 
study of the conductivity tensor of a high-tem- 
perature ionized gas in a uniform, static magnetic field. 
Such a study is of importance in providing the basis for 
predictions of microwave transmission and absorption 
in electric arcs! as well as in the atmosphere of the sun* 
and the ionosphere of the earth.’ The areas of technical 


* This work was done under a Signal Corps Contract while the 
author was with Sylvania Electronic Defense Laboratory, 
Mountain. View, California and accepted in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy, 
Stanford University, 1956. The present writing and extension of 
the work was done under a research fellowship appointment with 
Poulter Laboratories. 
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applications would include new electron stream* and 
gaseous breakdown® devices used to generate and 
control high-frequency radio waves. A recent important 
area of application is in connection with microwave 
diagnostic studies in thermonuclear research.*® 
Although some temperature effects have been 
included in previous analyses,’ these have not been as 
complete as might be desired. The present analysis is 
also incomplete in that the basis of the calculations is 
the Boltzmann transport equation. This equation omits 
certain statistical effects that might be of importance.® 
However, within the limitations imposed by use of the 
Boltzmann equation and a number of other approxi- 
mations which will be listed shortly, it is the purpose 
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of this paper to derive the four important basic kinds 
of temperature effects on the microwave conductivity 
tensor of magnetoplasmas. 


1.2 Conditions and Assumptions of the Problem 


Consider a plasma filling a bounded region of space. 
Let the entire region be immersed in a uniform and 
constant magnetic field. The plasma will be taken as 
consisting of an equal number density of free electrons 
and positive ions as well as some neutral gas molecules. 
The boundary surface of the region is defined as the 
limiting surface within which this condition is fulfilled 
and outside of which it is not fulfilled. The boundary 
may be made up of solid material or the plasma side 
of an electron or ion sheath. Within the plasma the 
charged particles spiral around the magnetic lines of 
force. Occasionally, close-encounter collisions may occur 
between electrons and ions and neutral molecules. Near 
the surface the particles will have distorted orbits 
either because of collisions with a solid part of the 
boundary or because of entering the electric fields of a 
sheath. A boundary layer is defined as a subregion of 
the plasma containing all the electrons of the plasma 
whose orbits will intersect the boundary surface before 
close-encounter collision with other plasma particles. It 
is the purpose of the present paper to present the results 
of a theoretical study of some radio-frequency proper- 
ties of the complementary subregion which is assumed 
to be simply connected. This is made up of the plasma 
minus its boundary layer. Initially, there are to be no 
macroscopic electric fields or currents. 

Now it is supposed that this condition becomes 
slightly disturbed. A small oscillating electromagnetic 
field is assumed to come into existence within the 
plasma. Somehow the effects of electromagnetic con- 
ditions on the boundary must be characterized in the 
interior region of the plasma. This can be accomplished 
by expanding the electric field in terms of a complete 
set of functions. The boundary conditions then restrict 
the coefficients in the expansion. The properties of the 
medium are then represented by the relation between 
the Fourier time components of the current density, 
J.., and the electric field strength, E.,, for each of these 
modes. It is the purpose of this paper to determine these 
relations. 

The Boltzmann equation for the statistical distri- 
bution of particles in configuration-velocity space can 
be derived’ from Liouville’s theorem by use of the fol- 
lowing assumptions: 


The interaction potential between any two 
particles depends only upon their relative 


coordinates and momenta. (1.2.1) 
Three-body and higher correlations may be 
neglected. (1.2.2) 


°H. L. Frisch, J. Chem. Phys. 22, 1713 (1954); H. Grad, 
Comm. Pure Appl. Math. 2, 331 (1994) ; J. G. Kirkwood, J. Chem. 
Phys. 14, 180 (1946). 
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The distribution function and the time-de- 
pendent forces remain nearly constant dur- 


ing the period required for a “collision.” (1.2.3) 


The range of the screened Coulomb interaction” is 
such that the period required for an electron-electron 
or electron-ion “‘collision” is approximately the charac- 
teristic plasma-electron period. Thus, in order to 
justify the use of the Boltzmann equation for high- 
frequency oscillations, the main effects of electron- 
electron and electron-ion collisions should be replaced 
by a self-consistent electromagnetic field. Then only the 
statistical fluctuation in these collision times within a 
significant volume must be kept small compared to the 
oscillation periods. 

It can be shown" that this statistical fluctuation for 
a volume A’ is 





dary (e?/m)' 
(6.057) w= ; (1.2.4) 
[X8(X*/Ap*-+-4er) J} 
where w, is the angular plasma frequency given by 
w= (4ane?/m)! (1.2.5) 
in cgs electrostatic units with n, e, and m, respectively, 
the electron number density, charge (e=—|e!|), and 
mass. The Debye length Ap is given by” 
Av= ((?")u/3w,")!, (1.2.6) 


where (v*)4 is the mean square electron speed. Conse- 
quently, the assumption that the mean fractional vari- 
ation be small is 





mao, 7 
(1.2.7) 
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For many cases of interest, it is undesirable for the 
microwave signal to be rapidly attenuated except for 
special frequencies. Hence the frequency of momentum- 
transfer collisions between electrons and neutral ‘par- 
ticles, vy, must be kept much smaller than the frequency 
of the microwave signal. This condition will be 
assumed : 

(1.2.8) 


This means that collisions are to be relatively unim- 
portant and hence that the form of the collision integrals 
can be very grossly approximated. The frequencies of 
interest will also be assumed to be so high that the 
motions of positive ions can be neglected": 


wo >4rne’/M, 


where M is the mass of a positive ion. 


VenX<Kw. 


(1.2.9) 
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It will be assumed that classical kinematics and 
mechanics is applicable. This imposes double bounds on 
the mean kinetic energy of plasma electrons. On the 
one hand the mean kinetic energy must be much 
greater than the energy of a plasma quantum, and on 
the other hand the mean kinetic energy must be much 
smaller than the electronic rest energy. This is expressed 
by the following inequalities: 


hin KA M0") << me", (1.2.10) 


where ft is Planck’s constant divided by 27 and c is the 
speed of light. This still leaves a wide range of practical 
values for the density and energy parameters. 

With these restrictions, the equation for the distri- 
bution function, f(r,v,/) of electrons in position (r), 
velocity (v) space at time / is assumed to be 


of 
a tt VIF EB +i Xe.) Vef=— ral f— fo) (1.2.11) 
t 


The left-hand side of the Boltzmann equation (1.2.11) 
represents the total time rate of change of the distri- 
bution function f along an electron trajectory in (r,v) 
space as defined by Lagrange’s system of characteristic 
equations"; 


(1.2.12) 
(1.2.13) 


dr/di=v, 
dv /di=&+vXw,., 


where & is the electric acceleration field strength defined 
by 


&(r,t)= (e/m)E(r,t), (1.2.14) 


with E the electric field strength, and w, the cyclotron 
frequency given by 


o.=eH/mce, (1.2.15) 


where H is the magnetic field strength. 

The right-hand side of Eq. (1.2.11) is a gross ap- 
proximation to the collision integrals. It represents a 
relaxation term to a steady state distribution, fo. The 
solution will be assumed to depend analytically upon »»,. 

Maxwell’s equations governing E(r,t) and H(r,t) will 
be assumed : 


10E 4 
vxH=-—+— J, (1.2.16) 
Ca 1.64 
10H 
vxXE=--—. (1.2.17) 
c ot 


A second connection between the field variables E and 
H and the distribution function f is provided by iden- 
tifying the first velocity moment of f as the current 


13 Lyman M. Kells, Elementary Differential Equations (McGraw- 
Hill Book Company, Inc., New York, 1947), pp. 223-227. 
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density J(r,t) in Eq. (1.2.16) 


Jnef v fd'v. 


The quiescent plasma is represented by fo which will 
be assumed to be constant in time, uniform in space, 
and symmetric in velocity: 


fo=fo(e), 


(1.2.18) 


(1.2.19) 
such that 


Dn 


f Pfol(v)rdrv< om, 


0 


(1.2.20) 


in order to insure a bounded kinetic energy density. 

In all problems of practical interest, the field variables 
E and J are of bounded magnitude and may be assumed 
to vanish outside a finite interval of time. The assump- 
tion may be expressed as follows: 


f | E(r,t) |%dt< 2, (1.2.21) 


—2 


f | (r,t) |2di< ow. (1.2.22) 


—2 


Thus the conditions for the existence of Fourier time 
transforms are realized. The transforms are written as 
follows: 








B()=—— [Bred 
e shed : 
sa maa f e? af vf(r,v,f)d*. (1.2.24) 


The electric field E will be assumed to be so small 
that the distribution function, f, will be only slightly 
perturbed away from fo, or that the orbit of an indi- 
vidual electron will be only slightly noncircular. The 
condition that the perturbation be small is 


((E+VX @’): Vv fo)m 


>((E+VX w-')- Vv(f—fo))m, (1.2.25) 


where the angular brackets mean velocity average with 
any continuous weighting factor and where 


h= (mc/e)a. (1.2.26) 


is the radio-frequency magnetic field strength. 

It will be found that with these assumptions the 
current density within one small volume element will 
be determined by the electri¢ field strengths throughout 
many other volume elements. The question as to the 
existence of a conductivity tensor is “Is it possible to 
find a proportionality constant (tensor) between the w 
frequency component of the electric field strength at a 
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point and the w frequency component of the current 
density at the same point?” In general the answer has 
to be “No.” For some possible electric field configura- 
tions the transconductance property just noted makes 
E.,(r) not proportional to the current density, J(r). If 
the useful concept of conductivity is to be retained, it 
must be generalized a little. The question of conduc- 
tivity may be reformulated as follows: “For what 
possible electric field configurations, E,(r) is the 
current density, J..(r), proportional to E,(r) and its 
second order derivatives only, and what are the propor- 
tionality constants in these cases?” This extended 
concept will be useful only if all the tensors can be 
given by a few formulas and all possible electric fields 
can be composed out of the particular fields that satisfy 
the condition stated above. In what follows, it will be 
shown that both of these requirements can be met for 
homogeneous plasmas in a uniform static magnetic 
field directed along the z axis. 

In the next subsection the four basic kinds of tem- 
perature effects on the conductivity tensor are exam- 
ined qualitatively, and in Sec. 2 a quantitative analysis 
is given. In Sec. 3 various consequences are considered. 


1.3 Qualitative Examination of the Problem 


The qualitative aspects of the thermal motion of 
electrons in an oscillating plasma can be seen by super- 
posing typical electron orbits upon some special radio- 
frequency electric field configurations. This is done in 
Figs. 1-3. 

Figure 1 illustrates the thermal orbits of two electrons 
(circles) and the over-all orbital drift (boldface arrow) 
due to the electric field strength (vertical arrows) of 
frequency small compared to the orbital frequency. The 
small arrows pointing radially outward from the center 
of the orbits indicate the expansion of the orbits due to 
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f E-ds around the orbits. Where the circles touch, the 
radial expansion of the left-hand orbit augments the 
current due to the orbital drift and the expansion of 
the right-hand orbit reduces the current resulting from 
orbital drift. Because of this cancellation, the ¥ X E has 
in itself no net effect on the current response of the 
plasma electrons. However, because °¥*, YX YXE 
~0. Hence there is a spatial dependence of ¥XE so 
that the cancellation noted above is not complete. This 
is shown in the figure by the shorter radial arrows on 
the left-hand orbit compared to those on the right-hand 
orbit. Thus the character of the electric field form due 
to a finite speed of light has given rise to an extra con- 
tribution to the conduction current in a magnetoplasma. 
This effect has usually been neglected. For the case 
illustrated it reduces the conduction current making the 
plasma seem less dense as measured by a probing 
electromagnetic wave. In the following sections this as 
well as the other three thermal effects will be computed 
quantitatively. It will be shown that for high-density, 
high-temperature plasma these effects can be of major 
importance to the basic microwave properties. 

In Fig. 2 a second thermal effect is illustrated again 
for an orbit frequency large compared to the oscillation 
frequency. This shows the canceling effect of electric 
fields on an electron orbit which spans half a wave- 
length. This too reduces the apparent density of the 
plasma. This effect is sometimes included but not 
always systematically or completely in the conductivity 
tensor. 

Figure 3 illustrates an effect evidently not previously 
realized in the literature. This is the production of 
radio-frequency currents along the axis of the static 
magnetic field as a result of electric fields directed in the 
plane transverse to the static magnetic field. At the top 
of the drawing is shown converging arrows indicating 
electron bunching due to the transverse electric fields 
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Fic. 2. Canceling drifts of large orbit. 
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in that plane. At the bottom of the drawing is shown 
diverging arrows indicating the opposite effect of 
transverse electric fields 180° out of phase with the top 
fields. Midway between these planes is shown a plane 
receiving bunched thermal electrons from the top and 
fewer than average thermal electrons from the rarefied 
region below. Thus when these groups of electrons 
reach the central plane due to their thermal motion, 
they will produce radio-frequency current pulses which 
will not completely cancel. Consequently, there must 
exist (z,x) and (z,y) elements in the conductivity tensor. 
Furthermore these elements must contain differential 
operators with respect to z and x or y in order to describe 
the dependence upon z-axis phase and (x,y)-plane 
bunching. Of course, like the other effects described 
above, they must vanish in the limit of zero tem- 
perature. These conclusions are made quantitative in 
the next section. The effects of these new elements of 
the conductivity tensor make desirable the re-evalua- 
tion of propagation theories which have sometimes 
depended heavily upon these elements being zero." 

In addition to the production of an axial component 
of radio-frequency current density, the thermal drift of 
electrons along the magnetic field carries them into re- 
gions where the local bunching or current is out of phase 
with that carried by the drifting electrons. This mixing 
increases entropy and results in an effective damping 
of the Landau type. This will also be shown in the 
analysis that follows. 

It might be thought that there are other kinetic 
effects due to the term (vX,.)-Vy/ in the Boltzmann 
equation (1.2.11). However, because of the symmetry 
of the unperturbed distribution (1.2.19) these effects 
cancel to second order in the perturbing field strength, 
E, as is shown in the next section. 


2. DERIVATION OF CONDUCTIVITY TENSOR 
2.1 Plan of Derivation 


The purpose of this section is to carry through a 
rigorous derivation of the current density resulting from 
the existence of an electric field strength within a 
plasma under the conditions specified in Sec. 1.2. This 
general kind of problem has been done many times in 
various ways and for various specific cases.'* However, 


4 Feodore Berz, Ph.D. thesis, Imperial College, London, 1955 
(unpublished); L. Landau, J. Phys. U.S.S.R. 10, 25 (1946); 
M. Bayet, J. phys. radium 15, 258 (1954); H. R. Mimno, Revs. 
Modern Phys. 9, 1 (1937); W. R. Smythe, Static and Dynamic 
Electricity (McGraw-Hill Book Company, Inc., New York, 1950), 
second edition, pp. 445-446; C. H. M. Turner, Can. J. Phys. 32, 
16 (1954); H. B. Keller, “On the Electromagnetic Field Equations 
in the Ionosphere,” New York University Mathematical Research 
Group Report EM-57 (unpublished); J. A. Stratton, Electro- 
magnetic Theory (McGraw-Hill Book Company, Inc., New York, 
1941), p. 327; W. P. Allis, Handbuch der Physik (Springer Verlag, 
Berlin, 1957), Vol. 21; R. Jancel and T. Kahan, Nuovo cimento 
12, 575 (1955); J. phys. radium 16, 136 (1955); “The Physics of 
the Ionosphere,” Proceedings of the 1954 Cambridge Conference 
(The Physical Society, London, 1954), pp. 365-384; J. G. Huxley, 
Proc. Phys. Soc. (London) B64, 844 (1951). 
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’ Fic. 3. H axis current from transverse E fields. 


it is believed that it has not been done before in quite 
the present manner nor for quite as wide a range of 
important physical parameters. What is required, then, 
is to remove the unknown distribution function f from 
the Fourier components of Eq. (W1.2.18) in favor of the 
Fourier components of the electric field strength E,(r) 
and a given unperturbed distribution function fo. 
Perhaps the most direct approach would be to solve 
the Boltzmann equation (1.2.11) and Maxwell’s equa- 
tions (1.2.16) and (1.2.17) simultaneously for f. How- 
ever, this is in general rather complicated and unneces- 
sary since it is equivalent to computing an infinite 
number of velocity moments of f whereas only one is 
required by Eq. (1.2.18). This suggests that the first 
velocity moment of the Boltzmann equation (1.2.11) 
be taken as it stands, and that the resulting equation be 
solved for J. However, this equation involves the second 
velocity moment. When an equation for this second 
moment is sought, it is found to involve the third 
moment and so on. The most frequent solution to this 
dilemma is to assume what some higher moment is 
equal to and proceed from there. This is the magneto- 
hydrodynamic approach. Since it is desirable to avoid 
this uncertainty, a middle course is taken here in which 
the Boltzmann equation (1.2.11) is formally solved by 
itself for f(r,v,/) in terms of a functional dependence on 
the perturbation, E(r,t). This is then substituted into 
Eq. (1.2.18) and the integration for each Fourier com- 
ponent performed. The result shows that J.,(r) depends 
linearly and homogeneously upon E,(r) and ¥X¥V 
X E..(r). But Maxwell’s equations (1.2.16) and (1.2.17) 
can be combined to give a second linear, homogeneous 
equation for J.,(r) in terms of E,(r) and YX ¥ XE.(r) 
from which YX VX E.(r) can be eliminated to yield 
the desired relation between J,(r) and E,(r). This is 
rigorously done without finding a simultaneous solution 
of Eqs. (1.2.11) and (1.2.16) to (1.2.18) or guessing at 
higher moments of Eq. (1.2.11). At the same time it is 
shown that without further restrictions (such as 
boundary conditions) on the problem, a dispersion rela- 
tion does not exist. This is because there were only two 
homogeneous equations in three unknowns which yield 


‘ an infinite number of solutions. 


In the next subsection the perturbation approxi- 
mation (1.2.25) is introduced into the Boltzmann 
equation. In the following subsection the formal solu- 





298 3.78. 
tion or integral representation of the Boltzmann equa- 
tion is obtained. This is used in subsection 2.4 to obtain 
the current density. 


2.2 Linearized Boltzmann Equation 


The purpose of this subsection is to simplify the 
Boltzmann equation by use of the linearization condi- 
tion (1.2.25) and the symmetry condition (1.2.19). This 
is facilitated by introducing a smal! perturbation func- 
tion, f1(r,v,t), which is to be the difference between the 
actual distribution function, f(r,v,f), and the unper- 
turbed function, fo(v*) : 


fi(r,v,t)=f(1,v,t)—fo(v*). (2.2.1) 
Upon substituting this form into the Boltzmann equa- 


tion (1.2.11), the following Boltzmann type equation 
for f;, is obtained : 


of, 
3 et Vhit(VXw-0) “Wehi 
dfo 
=—28-v—, (2.2.2) 
dv? 
where 
@-0= eHo/ me. (2.2.3) 


The radio-frequency magnetic field disappeared from 
this equation because the term, (VX .’) - V y/o, in which 
it appeared is zero by virtue of the symmetry, Eq. 
(1.2.19), of fo. 

The linearization condition (1.2.25) means that the 
second order terms, (6+VX«,’)-Vy/i, can always be 
dropped compared to the first order term 28-v(dfo/dv*) 
even at extrema of fo(v?) because the velocity averages 
in (1.2.25) will make such exceptional points unimport- 
ant for all except delta function distributions fo. 

This linearization procedure is equivalent to Nelson’s'® 
where the electrical forces acting on an electron are 
taken as those that would be experienced by an electron 
exploring the field along the unperturbed circular orbit, 
these forces then being used to derive a first order cor- 
rection to the orbit. 


2.3 Integral Form of Linearized 
Boltzmann Equation 


The purpose of this section is to obtain an integral 
representation of the solution of the linearized Boltz- 
mann equation (2.2.2). This can be done formally by 
means of the Lagrangian system of characteristic 
equations or by appealing to the definition of the 
Boltzmann operator, the left-hand side of Eq. (2.2.2), 
as indicated under Eq. (1.2.11). In either case the 
result can be put into the form’® 


f ih f re-vyd 
=-—-2— | e™[é-v]'ds, 
see's A 


Donald Nelson, Ph.D. thesis, Oregon State College, 1954 
(unpublished). 

16 For mathematical details see Drummond, reference 11, or 
differentiate Eq. (2.3.1) to reobtain Eq. (2.2.2). 


(2.3.1) 
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where the prime denotes that the path of integration is 
such that ¢ is to be replaced by “’=/—s, v by v’'=R(s)v, 
and r by r'=r— fo” R(c)vdo where R(s) stands for a 
rotation operator which rotates a vector operand 
through an angle w.s. The path of integration defined 
above is such that 


dr’ /ds=—v’, (2.3.2) 
dv’ /ds=a0Xv', (2.3.3) 
r(0)=r, (2.3.4) 
v'(0)=v. (2.3.5) 


Thus the dummy variable s may be thought of as time 
measured backward along the unperturbed trajectory. 
The damping factor e~’* and the infinite extent of the 
integration have removed any initial transient terms 
and properly weighted the past influences of the electric 
field on the orbit. (See appendix for a derivation.) It is, 
of course, evident that any accelerations, &(t—s), 
produced in the past would only perturb the present 
distribution function if fo(v’*) actually varied with v” 
in the neighborhood of v’*= +"; hence the dependence of 
fi, on the gradient of fo(v*) in Eq. (2.3.1.). Thus Eq. 
(2.3.1) has a form that can be intuitively understood 
as well as the original Boltzmann equation itself. 


2.4 Current Density 


The purpose of this subsection is to calculate the 
conduction current density from Eqs. (1.2.18) and 
(2.3.1). Substituting Eq. (2.3.1) into Eq. (1.2.18), and 
taking Fourier transforms on time (conjugate w), one 
finds that the Fourier components of the current 
density are given by 


a 


J.(r)= —2f elem) *R(—43s)ds 


fx is)e.( m= sin (4w.s)— we) 


(E+) (E+V))) fo (P+0)?)dEdo)), (2.4.1) 
with 
§=R($s)vi.=R(—}5)vi’, (2.4.2) 
where v, and v,, are, respectively, the projections of v 
onto the plane transverse to the static magnetic field 
and along the static magnetic field. It can be seen from 
(2.4.1) that in general J,(r) depends functionally on 
E..(r’) for all r’. Thus J.(r) depends generally upon 
E..(r) and all its spatial derivatives. In addition, J..(r) 
must fit into Maxwell’s equations, (1.2.16) and (1.2.17). | 
Furthermore, particular forms for the electric field 
strength, E.,(r), are to be sought such that 


Czz 
J..(r) = [ 


Czz 


vn) (2.4.3) 


Oz 


Czy 
Tyy 
Se 
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Setting Eq. (2.4.3) into Eq. (2.4.1), one obtains the 
following homogeneous integral equation for E,,(r): 


o-E.(r)= f K(r—o)-Eu(o)d’p, (2.4.4) 


where K(r—) is a symmetric difference kernel obtained 
by changing the integration variable in Eq. (2.4.1) and 
then integrating on s. It is not necessary to write K 
out explicitly, but only to note its form as just stated. 
Since it is symmetric, its eigenfunctions should form 
a complete orthogonal set; and since it is a difference 
kernel, these eigenfunctions should be relatively easy 
to find.” For one-dimensional integral equations with 
difference kernels, the eigenfunctions are e“*. If in 
addition, the kernel is symmetric, the eigenvalues will 
be doubly degenerate, either sign of & yielding the same 
eigenvalue. These results can be readily extended to 
the present case by the use of Weber’s integrals.'* In 
this case the eigenfunctions satisfy the following 
Helmholtz equations: 


1677 iwe? 
C(w) = 1+————_- 


a 
mew? 


xz 
J eie—rm *F [1—cos(w-s) lds, 
0 
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ei 2 
—+— ) B.(0)+h'Ea(1)=0, (2.4.5) 
Ox? oy 

a 


—E, (r)+k,;*E.(r) =0. (2.4.6) 


dz* 

Using these equations, the integrations indicated in 
Eq. (2.4.1) can be carried out explicitly, with results of 
the following form: 
o-E,.(r)=const, E,(r)+const2 w.X E,(r) 

+const; YXVXE,(r). (2.4.7) 
Between this and Maxwell’s equations, the ¥X¥V 
<E.(r) term can be eliminated to give a single, self- 
consistent relationship between E,(r) and J.(r). This 
determines every element of the conductivity tensor in 
terms of k,, ki, and w as well as the'parameters of the 
plasma: 


Ciu/C —Ci/C: ous 
o(w)= C1 ; os Cn Cc Oyz}> (2.4.8) 
Czz Cx O22 


with 


(2.4.9) 


9 


—4re p® (PAs) p—k 2c ki? o—k Cc ky : 
C};(#) =— f - ( - _-——— cos(w.s)-+-— cos(2w.t) )— fle cosas) fonds, (2.4.10) 
om ‘. we a ) 4 











4 e 
—4dre . FP {s) k,? — ‘i x 
C,(w) =———_ ¢(ie—mm [- - —[sin(w-s)—} sin(2w-s) ]+f.(s) sin(ws) fas, (2.4.11) 
m 0 w-" 2 
«e wo g z 
—2ne f e(ie—rm | (S-#) *P0)~ 27) fs 
2 
Pe TAPE Sty SANE: SS a (2.4.12) 
° 8 artwe?  * 
m[r4— * f gamen ‘°F (sas 
mc 0 
+2ne f efor *s[1—cos(w.s) ]F.(s)ds 
0 
C= Bo, (2.4.13) 
Sriwe® p* Oydz 
mo|14+—— f e(iw—rm)#s sin(ws)P.(sas| 
mac? Jo 
—2re f e(ierm)*sT 1 —cos(wes) /P.(s)ds 
; 2 
a= a (2.4.14) 
8x*iwe® 7” ; o Oxds 
mo) + f elie—*)es sin(ws)P.(sas| 
mw? +o 
Tez — Ozz, (2.4.15) 
oxy = — Fyz, (2.4.16) 


7P. Morse and H. Feshbach, Methods of Theoretical Physics (McGraw-Hill Book Company, Inc., New York, 1953), pp. 907 ff; 
W. V. Lovitt, Linear Integral Equations (Dover Publications, New York, 1950), pp. 116 ff. 
18G. N. Watson, Theory of Bessel Functions (Cambridge University Press, New York, 1952), pp. 450-453. 
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where f,(s) and F.(s) are combined Fourier-Hankel transforms: 








_ a Riv, 
jasy= f f fal?ynJo( 2 sin( hes) a cos(ki)2)\s)d0,, (2.4.17) 
0 %o We 
—@ efo(v’) Riv, 
F.(s)= lJ; oS (2 sin dos) dv, cos(k,\2)\s)d2)). (2.4.18) 
"i sin (wes; 1-5/2) We 


In the limit w.—>0, the off-diagonal elements approach zero and the diagonal elements approach a common 





value, co: 











2re? * : ow 
— ern a(s)—#(—#) (0 os 
m 0 Cc 
- ps 7 (24.19) 
8r*iwe f® 
1+—— f eCe-rm)9 25 (s)ds 
mc 0 
where 
i 1 
F(s)=- f |: cos(kvs) -— sin(bes) [ofl (2.4.20) 
(ks a 0 ks 
. 1 4 
j(s)=— f v sin(kvs) fo(0®)dv. (2.4.21) 
ks J 
This result could also have been derived directly for a pa We 
plasma without magnetic field by use of the same ta ee (2.4.24) 
V*)ay - 


methods developed here. Of course &’ is the sum of k,’ 
and k,,*. The eigenfunctions belonging with the eigen- 
value o given by Eq. (2.4.19) are solutions of a single 
three-dimensional Helmholtz equation with parameter 
k’. The eigenvalue (2.4.19) is infinitely degenerate 
because the ratios of k, and k, to k, are completely 
unspecified in Eq. (2.4.19). Likewise the eigenvalue ¢ 
given by Eq. (2.4.8) is infinitely degenerate because 
the ratio of k, to k, is completely unspecified in it and 
in Eq. (2.4.5). 

Any realizable electric field can be expanded through- 
out all space in terms of solutions of Eqs. (2.4.5) and 
(2.4.6) for various k,”’s and k,,?’s. No particular bound- 
ary conditions on E,(r) have to be specified to make 
this statement true in general. Whatever boundary 
conditions may apply to the actual function being 
expanded will determine the issue; whether periodic or 
radiation or other boundary conditions. Often only a 
single term in the expansion will be required. Two such 
cases such are illustrated in the following section. 

It can be seen from Eqs. (2.4.8) to (2.4.11) and 
(2.4.17) to (2.4.19) that in the limit of an unperturbed 
distribution, fo, representing very low kinetic energies, 
the elements C;,/C and C,/C approach the standard 
low-temperature forms’ : 











tw,’ 
nan, pei 
(v2)av 0 8 (v*)av - 0 4 (w+ivm) 
ine? W+iVm 
i "tet ay, 


wav 0 a (wtivm)?—w? 








70 m lot-ina- —w? 


where mo is the number density of electrons in the un- 
perturbed distribution, 


mos f fule)ae 


3. APPLICATIONS 


(2.4.25) 


3.1 Special Cases 


As an illustration of the applications of the foregoing 
results, the conductivity tensor will be specialized by 
restricting the unperturbed distribution function to be 
Maxwellian and it will then be applied to the study of 
propagation of microwave signals normal to the mag- 
netic field. Only first order temperature effects will be 
retained. These assumptions are summarized below. 





fo=no(m/2xKT)! exp(—mv?/2KT), (3.1.1) 
k,, =0, (3.1.2) 
kP?KT/mwo?2 $0.1, (3.1.3) 
KT/me $0.01, (3.1.4) 
k?KT Vm kP?KT 
rare f -) (3.1.5) 
mo.” w mo” 


where K is Boltzmann’s constant. 
As shown elsewhere,'® Eqs. (3.1.3) and (3.1.5) permit 





19 See Drummond, reference 11. 
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the retention of only first order terms in k’KT/mw2 
without significant loss of physical content. After the 
conductivity tensor is obtained for these conditions, 
the indices of refraction will be plotted using this 
result but dropping the collision frequency, v». This 
would be expected only to remove the “rounding-off ” 
effects of the collisions on resonances. 


3.2 Specialized Conductivity Tensor 


With the help of Eq. (3.1.1), the integrations indi- 
cated in Eqs. (2.4.17) and (2.4.18) can be carried out 
explicitly. The results are 


; No KT s4k2 
fA(s)= exp| - ( sin*(}w.s) +k |, (3.2.1) 
4dr 2m\ w 


= —ny KT - KT 4k 
ye exp| - ( sn*(has) +h") | 
2r m 2m wo? ; 


(3.2.2) 


Now upon applying conditions (3.1.2)-(3.1.5), the 
elements of the conductivity tensor become 





ww»? K T 
C(w)= D(w,) =1— — ——, (3.2.3) 
me (wire) (wtivm)?—w?e |} 
3k2KT 
(0 — ¥m)w,* | 1+ =| 
m[_(wtivm)?— 4a? ] 
la“ t~4?§—__—— WM cA Testa ni 
4x D(w.)[ (wtivn)?—w- | 
(3.2.4) 
Oke2KT 
wan | 1+ —_____ 
m[ (wt+ivm)?—4w2 | . 
Oxy = 6 gg2 ee, 3.2.5) 
4 D(w.)[ (wtivn)?—w2 | 
O2:= —02=0, (3.2.6) 
Oys= —Cx=9, (3.2.7 
KTf3k,, 2 kw? /w 
mow CC (wtivn)?—we 
On2= Ensen er a 
4ar(wt+-ivm) D(0) 
(3.2.8) 


Waves traveling normal to the magnetic field break 
up into two independent plane polarized waves traveling 
with different velocities. The two succeeding subsections 
treat the indices of refraction for these two polarizations. 


3.3 Polarization Normal to Magnetic Field 


For polarization normal to the magnetic field, the 
square of the propagation constant is” (in Gaussian 

*® Lyman Mower, “Propagation of Plane Wave in an Elec- 
trically Anisotropic Medium,” Sylvania Report MPI-1, 1956 
(unpublished). 
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units) : 
w {0+ 8riwes:— 169'022—169'0n/ 
nt=—( a ' ) (3.3.1) 
é wt4rior: 


Substituting o,, and o,, from Eqs. (3.2.4) and (3.2.5) 
into Eq. (3.3.1) yields for the index of refraction: 


kw \? —b+(b—4ac)} 
=( —_—— ) =—______—_, (3.3.2) 
oc 2a 
where 
— 3v"2X (1+30'2X) 
@a=- -, (3.3.3) 
1—4w,” 
6Xv"? 
b= 1—X+- - ~(1-X+2Xw-"), (3.3.4) 
c= —14+2X—X*+a,"X’, (3.3.5) 
wp” 
X=- —___—_— (3.3.6) 
1—w,"*—20"w,” 
Wp =Wp @, (3.3.7) 
we =w-/w, (3.3.8) 
v= (1/c)(KT/m)}. (3.3.9) 


Equation (3.3.2) is an explicit expression for the 
square of the index of refraction in terms of the three 
independent variables w,’*, w.’, and v?. It is readily 
tabulated on a digital computer. The sign of the radical 
must be chosen to be the same as the sign of } in order 
to insure convergence to the proper limit as T— 0. 
Graphical representations of the results are given in 
Figs. 4 and 5. 

Figure 4 shows the index of refraction for a 500-volt 
plasma. A region of abnormal transmission is seen to 
occur for |w./w! between } ard 1. Within this region 
the curves for various densities hug a single curve. The 
individual curves jump back to the extinguishing region 
at various frequencies determined by both density and 
temperature of the electron distribution. Notice that 
in the region just to the right of |w./w| =1, the indices 
have both real and imaginary parts. This is a region of 
power exchange between the plasma and the radiation 
field. 

Figure 5 shows the same thing for 5000-volt plasmas. 
The smaller vertical scale here shows that the index of 
refraction in the abnormal transmission band depends 
almost entirely upon electron temperature. Again, 
however, the frequency of crossover between trans- 
mission and extinction bands depends upon both elec- 
tron temperature and density. 

In the next subsection the same things are done for 
polarization parallel to the static magnetic field. 
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3.4 Polarization Parallel to Magnetic Field 
For polarization parallel to the magnetic field, the 
square of the propagation constant is* (in Gaussian 
units) : 


BY 


3 
k2=—(14 4rriwos]. (3.4.1) 
2 


Substituting ¢,, from Eq. (3.2.8) into Eq. (3.4.i) 
yields the following equation for the index of refraction: 


= (1-04') /|1+0%0,0(14-— )} (3.4.2) 
— ep! 





Graphical representation of the results are given in 
Figs. 6 and 7. 

Figure 6 shows the index of refraction for a 500-volt 
plasma. A region of abnormal transmission is seen to 
occur for |w,/w| slightly greater than 1. The index of 
refraction within this band as well as the width of the 
band depend upon both electron density and tem- 
perature. 

Figure 7 shows the index of refraction for 5000-volt 
plasmas. The values of the indices within this band are 
smaller and the widths of the band are greater than in 
the corresponding case for the 500-volt plasmas. 
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Fic. 6. Index of refraction for microwave signal propagating at right angles to the magnetic field 
and polarized parallel to the magnetic field. 


4. CONCLUSIONS 
4.1 Basic Electromagnetic Effects 


The purpose of this subsection is to point out the 
significance of terms in the conductivity tensor which 
are found to depend upon c the’ speed of light. The 
factor (v*),/c occurs in three places in the conductivity 
tensor. First it appears in under the integral sign in 
Ciu(w), Eq. (2.4.10). Usually this integration is such 
that (0*),/c is subtracted from terms of order 
k,?(v,")y/w® and 1. Thus it may usually be neglected 
for the present nonrelativistic treatment, Eq. (1.2.10). 

Second, (v*),,/c? appears in the denominators of the 
transverse elements of the conductivity tensor. There, 
as shown by Eq. (2.4.9) for C(w), it is multiplied by 
the average electron number density, and added to a 
term not containing . Consequently, for high-density 
plasmas, this term can become very important even 
though (v),,/c<<1. It can completely change the micro- 
wave properties of a plasma from predominantly non- 
dissipative to dissipative at certain frequencies; and at 
other frequencies, it can change a plasma from a non- 
propagating to a propagating medium for microwaves. 
This is illustrated by the special cases worked out in 
Sec. 3. However, the basic effects can be seen by noting 
the way in which this (v*),,/c? term enters into the con- 


ductivity tensor. It can be shown from Eqs. (2.4.9) and 
(2.4.8) that if w2>>w* and ki:*(017)y/w2K1, then the 
term reduces the response current of the plasma and 
hence the apparent density of the plasma as measured 
by its effect on a microwave signal. This is what was 
predicted on the basis of the qualitative argument in 
Sec. 1.3. The present result goes beyond this, however, 
to show that the opposite happens if w>>w? provided 
Ri 7(01:7)4/w2<<1. In addition, certain power-transfer 
resonances are found to occur for those frequencies for 
which the real part of C(w)=0.'* 

Third, (v*),,/c? appears in the denominators of Eqs. 
(2.4.13) and (2.4.14) for o,, and o,,. Here again it is 
multiplied by the density m and added to a term not 
containing ». Thus it can very significantly modify the 
effects of these newly derived nonzero elements of the 
conductivity tensor for high-density plasmas. 


4.2 Orbital Effects 


The ratio of orbit circumference, (2x/w,.)(v,°)!, to 
transverse wave length, 27/k,, appears in two functions, 
jf. and P., as given by Eqs. (2.4.17) and (2.4.18). These 
two functions enter in every element of the conductivity 
tensor. Their principle effect is to modify the effective 
plasma density. For instance if w2>>w? and kj)?0,,?/w2 
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Fic. 7. Index of refraction for microwave signal propagating at right angles to the magnetic field 
and polarized parallel to the magnetic field. 


<1, the elements oz2, oz, Gyy, and oyz will all become 
smaller to first order terms in k,°(v,")4/w2. This is as 
predicted on the basis of a qualitative argument in 
Sec. 1.3. The present result goes beyond this, however, 
to show that the opposite happens if w>>w and 
ky,'{01:?)m/@2K1. In addition, certain minor resonances 
are predicted.'® 


4.3 Longitudinal Current Density 


It was shown in Sec. 2.5 that if the charge density p,, 
has the same dependence upon «x and y as does the z 
component of radio-frequency magnetic field strength, 
h,, then nonzero (z,x) and (z,y) components of the 
conductivity tensor exist as differential operators. The 
components vanish as (2), — 0. Thus for finite tem- 
peratures and a 2-dependent radio-frequency electric 
field, transverse radio-frequency field components 
produce a longitudinal radio-frequency current density 
just as shown in the qualitative argument in Sec. 1.3. 
The conductivity elements oz, oyz, and oz, are deter- 
mined by reciprocal relations such as (2.4.15) and 
(2.4.16) which become the Onsager or Callen-Greene 
relations when fo is Maxwellian.” 


21. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1932). 
H. B. Callen and R. F. Greene, ibid. 86, 702 (1952); 85, 1378 
(1952); Thomas A. Kaplan, ibid. 102, 1447 (1956); S. R. De 
Groot, Thermodynamics of Irreversible Processes (Interscience 
Publishers, Inc., New York, 1952). 





4.4 Diffusion Damping 


The Fourier series expansion of Jo{ 2(k,0,/w-) 
Xsin(}w,s)] ons in f, and F, given in Eqs. (2.4.17) and 
(2.4.18) contains all the integral multiples of the 
cyclotron frequency, w.: e™<*J,2(kiv,/w.). Each of 
these spectral components is symmetrically split by the 
factor cos(ki:%\,c) = }Lexp (iki 215) +exp(—ik,,0)*) ]. The 
relative intensity of the resulting spectrum is deter- 
mined by the weighing factor fo(v.2+,,?)d0,, in Eqs. 
(2.4.17) and Eq. (2.4.18). Thus the integration over »,, 
in these equations has the effect of smearing the spectral 
lines symmetrically about the cyclotron multiples. This 
is also the effect of the momentum transfer collisions on 
the resonance lines. Thus for some cases the Landau 
term k,,\v,, may be simply regarded as increasing the 
effective frequency of phase-disrupting collisions as 
indicated in the qualitative argument in Sec. 1.3. The 
width of the resulting lines will be small compared to 
the cyclotron frequency if ki;?(01;7)w/w21. 


4.5 Prospectus 


There are two basic limitations beside the use of 
classical mechanics to the work reported here. First, it 
is limited to small perturbations away from a homo- 
geneous isotropic steady state; and second, statistical 
correlations have been eliminated by using the Boltz- 
mann equation. Correcting the first deficiency appears 
to be difficult for general cases. Some of the ground 
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work for correcting the latter has already been done’; 
but needs extension. 

However, in spite of its limitations, the present theory 
is believed to extend the work on plasma properties in 
two important respects; first, the usual nonzero elements 
of the conductivity tensor are modified in a way that 
can have significant effects on microwave propagation 
in high-density, high-temperature plasmas; and second 
the existence of four new nonzero elements has been 
shown for some cases. The nature of these new elements 
has not been fully investigated, but might be effectively 
treated by Twersky’s general methods.” 

The modifications brought about by the new form 
of the usual elements of the conductivity tensor was the 
subject of Sec. 3 on transmission characteristics of hot 
plasmas. More sensitive dependence of the index of 
refraction on electron density and temperature is to 
be expected for right-circularly polarized waves prop- 
agating along the magnetic axis. 

The present analysis could probably be extended to 
cases for which the unperturbed steady state is specified 
by a distribution function of the form /o(v*,»,). The 
kernel of the integral equation for the electric field 
strength would still be a difference kernel (as well as 
being symmetrical on its variables normal to the mag- 
netic axis). When the unperturbed state is taken as 
having gradients and currents, two difficulties arise; 
the solutions to the characteristic equations become 
rather involved, and the kernel of the integral equation 
is no longer either symmetrical nor a difference kernel 
(though it may have both of these properties in its 
dependence on variables refering to the magnetic axis). 

In summary, the present analysis has shown that a 
high-temperature plasma is characterized by not one 
but many different conductivity tensors corresponding 
to certain eigenfunctions of the electromagnetic field 
configuration, and representing the coupling and trans- 
conductance properties of the plasma. An expansion of 
the eigenvalues has been used to calculate the indices 
of refraction for two cases of interest. Further work is 
in progress to extend these calculations. In addition, it 
would be desirable to have experimental tests of the 
theory. 
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APPENDIX 


The purpose of this Appendix is to derive Eq. (2.3.1) 
from Eq. (2.2.2). There are several ways in which this 
can be done. The method chosen is believed to be 
unique. 

The general solution® of Eq. (2.2.2) is a differentiable 


but otherwise arbitrary function connecting the 
constants of integration of Eqs. (2.3.2) and (2.3.3) and 
df; dfo 
—= — 2&(p,t)-v—— af. (A.1) 
dt dv* 
Solving this relationship formally for fi(r,v,/) gives 
filt,vo) 
@ 2 ; 
= -{ {20(r——e sin(}w.s)— Vv; sts) 
0 We 
dfo 
‘Lv, +@(s)v, -— 
dv" 
2 
- rhi( =e sin(}w.s)—Vj\5, i-s) la 
We 
@XV ad 
+4(1- nnicpemaciiasg Y (0), (A.2) 
v we 


where ® is a differentiable but otherwise arbitrary 
function of its indicated arguments. This is not yet a 
solution, but rather an integral equation for f;(r,v,/). 
It can be solved by summing the Liouville-Neumann 
series corresponding to it. This series is obtained by 
successive substitutions of the solution fi(r,v,/) given 
by the equation itself in place of f; appearing in the 
integrand of Eq. (A.2). In the present case this gives 





filt,v,f) = lim 2 1,"(G, +), (A.3) 
yoo n=0 , 
where 
dfo fr” a 
G,=—2 J (1-— sin(}u.s)—vs,(~s) 
dv* 0 We 
‘Lv; +@(s)vijds, (A.4) 
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and J,” is the mth iterate of the operator J, defined by 


v 2 
Lin) —rm f v(1-= ain (Jun) 


We 


—ViIS, wavs Jas. (A.5) 


When /, is applied to ®, the particular combination of 
arguments in ® make it independent of s during the 
integration. Hence 


1,"B= (—yvm)"®. (A.6) 


Thus for ymy<1, the infinite series in J," can be 
summed. The result is 


© 
1+yrm 





> 1,®= (A.7) 


n=0 


which is an analytic function of v,. Since this explicit 
expression for the sum is analytic everywhere except 
for ym=—1/y, it is the proper analytic continuation of 
the sum for yv,,>1. Since the solution (A.3) is to be an 
analytic function of v,, as stated in subsection 1.2, the 
expression (A.7) may be taken as the sum for all real 
positive values of v,y. In particular it applies in the 
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limit y—> © where it gives the value zero provided 
only that v», #0. 

The remaining sum may be evaluated by noting the 
following property of the operator J,,: 


Teem"(1,v,) =e" 5 Ie" if ¥(1,v,-2)=0. (A8) 


n=l 


This expansion is easily obtained by means of repeated 
integration by parts. Applying this to Eq. (A.3) and, 
noting that Gm=(2/vm) (dfo/dv*)J..-v gives the explicit 
solution (2.3.1). 

The form of the solution (2.3.1) is useful in itself. It 
shows how physically realizable plasmas may be ap- 
proximated: fo need not be independent of time, but 
must change by only a small percentage during one 
mean free time, 1/v,,. Similar considerations applied to 
the velocity moments of fo, Eq. (2.4.1), show that it 
need not be independent of position either, but only 
vary by a small percentage in one mean free path along 
the z axis and across one mean orbit diameter in the 
transverse plane. 

Equation (2.3.1) also provides an explicit first order 
distribution function which could be used directly as 
a basis for the calculation of second order perturbation 
functions. 
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Effects of Electron-Electron Interactions on Cyclotron Resonances 
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The effect of mutual interactions between electrons on the cyclotron resonance of a gaseous discharge 
plasma has been studied. From the Boltzmann-Fokker-Planck equation in cylindrical coordinates, a set of 
simultaneous integro-differential equations is obtained and solved numerically on a digital computer 
for various values of magnetic field and electron density. The results indicate that the real part of the 
electrical conductivity of the plasma, and hence its power absorption, are reduced by the electron- 
electron interactions at the peak of the resonance, and that the width of the resonance is increased. The 
broadening of the resonance width becomes increasingly pronounced at higher charge concentrations. 
It is also found that, with the magnetic field equal to zero, the high-frequency conductivity of the plasma is 
practically unaltered by the electron-electron interactions. Thus the usual expression for the electrical con- 
ductivity of a Lorentzian gas cannot be used without discretion for high-density plasmas, where mutual 


electronic encounters cannot be ignored. 





I, INTRODUCTION 


HEN the charge density of a gaseous plasma is 

high, the effects of the interactions that take 
place between the charges cannot be ignored. The 
influence of the electron-ion collisions on the electrical 
conductivity of a plasma has been studied by previous 
investigators,! and has been measured experimentally 
by using microwave techniques.?* Little attention was 
given to the electron-electron encounters, since, due 
to momentum conservation in the electron system, such 
interactions were considered to have little effect on the 
electrical conductivity, which is dependent upon the 
momentum transfer collision frequency of the electrons. 
Spitzer and Hirm* have found, however, that the dc 
conductivity of a completely ionized gas is considerably 
reduced when the electron-electron interactions are 
taken into account. It is, therefore, of interest to 
ascertain whether the high-frequency conductivity, 
which is measurable by microwave methods, is also 
affected to the same extent. In the case where a steady 
magnetic field is applied perpendicularly to the oscil- 
lating electric field, a cyclotron resonance may occur in 
the system. Since the width of the resonance is deter- 
mined by the collisional processes in the plasma, it is 
certainly also of great interest to examine the effect of 
electron-electron interactions on the shape of the 
cyclotron resonance. Inasmuch as the former problem 
is a special case of the latter with the magnetic field 
equal to zero, our investigation will be formulated at 
the outset in the form suitable for treating cyclotron 
resonances. 


* Supported by the Air Force Cambridge Research Center. 

t This paper is based on part of a doctoral thesis by the author 
submitted to the Graduate College of the University of Illinois in 
September, 1957. 

1 E.g., V. Ginsburg, J. Phys. U.S.S.R. 8, 253 (1944). 

2J. M. Anderson and L. Goldstein, Phys. Rev. 100, 1037 
(1955). 

2A. A. Dougal and L. Goldstein, Phys. Rev. 109, 615 (1958). 

4. Spitzer and R. Harm, Phys. Rev. 89, 977 (1953). 


Bohm and Pines®* have shown that there are two 
types of electron interactions: the long-range and the 
short-range. The long-range part of the interactions 
exhibits an organized phenomenon, and is the chief 
agent that brings about the collective behavior of the 
system, e.g., the plasma oscillations. On the other hand, 
the short-range part of the Coulomb interactions is 
random in nature and is associated with the thermal 
fluctuations of the electrons in the plasma. To be com- 
plete in our study, we must consider both of these types 
of electron interactions. Upon writing the Boltzmann 
equation in the collective coordinates of the electron 
system obtained by a canonical transformation similar 
to that employed by Bohm and Pines, it was found, 
however, that for most gaseous discharge plasmas the 
effect of the long-range electron interactions on the 
velocity distribution function of the electrons is rela- 
tively unimportant.’ Thus, a detailed description of 
the treatment of the long-range interactions will not 
be attempted here. We shall therefore turn our attention 
in this paper exclusively to the short-range interactions. 

Since the cutoff distance which separates the long- 
and the short-range forces is generally set to be the 
Debye length Xp, or in certain instances, even longer 
than Ap, the short-range interactions are actually still 
quite long compared to the close encounters where 
large-angle scatterings occur. Since the short-range 
forces are random in nature, and produce only small- 
angle deflections on the electron paths, the theory of 
Brownian motion may be adopted, and the usual 
Fokker-Planck equation® may therefore be used. The 


-Fokker-Planck (F-P) equation for particles interacting 


through shielded Coulomb force has been studied 


5D. Bohm and D. Pines, Phys. Rev. 82, 625 (1951). 

® D. Pines and D. Bohm, Phys. Rev. 85, 338 (1952). 

7™See R. C. Hwa, Ph.D. thesis, University of Illinois, 1957 
(unpublished). 

8S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
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before by previous investigators.’-'* The work pre- 
sented here is an extension to the high-frequency case 
and to the case where a steady magnetic field may be 
applied so that a cyclotron resonance may occur in the 
plasma. We shall assume that the plasma is uniform 
and that the applied oscillating electric field is very 
weak so that the temperature of the electrons is not 
altered appreciably even at the peak of the cyclotron 
resonance. These restrictions are essential, since we are 
interested in the effect on the resonance shape due to 
electron-electron interactions, instead of that due to 
the diamagnetism of the plasma arising from non- 
uniform spatial distribution, or due to the increase in 
electron temperature caused by strong external fields. 


II. F-P EQUATION IN CYLINDRICAL COORDINATES 


The Fokker-Planck equation describing the time rate 
of change of the distribution function f(v,/) due to 
encounters resulting in small-angle deflections is usually 
expressed in Cartesian coordinates as 


of é 3 
aE (Kae) +4 5 


V; ij 00,00; 





(f(Av,A;)) , (1) 


where the indices i and 7 designate the components in 
the rectangular system. (Av;) is the average change per 
unit time of the i component of the velocity of the test 
particle; the average is to be taken over all collisional 
parameters. In order that the Fokker-Planck method 
may be used, Av; must be very small so that the higher 
order moments of Av; may be neglected. It may be 
shown® that if + represents a time interval, long com- 
pared to the mean period of the fluctuating forces, but 
short compared to the average time for an appreciable 
change of the particle momentum, then to the first 
power of 7, only the first two moments of Av; should be 
retained. The averages (Av;) and (Av;Av;) are to be 
calculated as usual on the basis of binary collisions, 
using the Coulomb force, cut off at an appropriate 
distance, for charge interactions in plasmas.'! Hence 


(ao)= fff acar(W)go(0,) sinddodoeV, 
(2) 
(avetss)= f f f Av;Av;F (V) go (0,,2) sin0,d0,do,4°V, 


where F(V) is the velocity distribution function of the 
field particles, g is the relative velocity between the 
colliding particles, o(@,,g) is the differential scattering 
cross section, and 6, and ¢, are the scattering angles in 
the center-of-gravity system. 


® Cohen, Spitzer, and Routly, Phys. Rev. 80, 230 (1950). 

10 W. P. Allis, Handbuch“der Physik (Springer- Verlag, Berlin, 
1956), Vol. 21, p. 429. 
( u Goole Neuman, and Riddell, Phys. Rev. 101, 922 
1956). 

12 Rosenbluth, MacDonald, and Judd, Phys. Rev. 107, 1 (1957). 

13H. C. Brinkman, Physica 23, 82 (1957). 
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For problems where cyclotron resonances may occur, 
the F-P equation must be written in cylindrical coordi- 
nates. With 1%, 2), and @ denoting the radial velocity, 
the axial velocity, and the azimuthal angle, respectively, 
the a becomes 


af 
noe 
él k Vy Oy 


9 


1 
+32 


— ——(fv,(Arn,Av,)), 
kl vy and, 


(3) 
where t% and v, may each be 1%, 2%), or ¢. To facilitate 
later calculations, it is advantageous to express the 
velocity change Av in a rectangular coordinate system 
—, », ¢, where & is in the direction of v, while and ¢ 
are in the directions of increasing @ and ¢, respectively 
(6 being the polar angle of v). In terms of changes along 
the &, n, £ axes, viz., Avg, Av,, Avy, one may show that 


A= —he-+— 9+ (a4 Jean 
vy 


v v 

Av; Av; Ary Lay 
o=—-————ArAn, (4) 

My V0 0,°0 

aT M% 


Av; = —Ar; ssi —A?,, 
v v 


where only the first and second power terms have been 
retained. Writing ya for (Av.) and yas for (AvgAvg) 
where a and 8 may each be &, n, or ¢, and making use 
of (4), the right side of Eq. (3) may be expanded into 
nine terms, that is, 


6f/81=(a)+(b)+---+(i), 
where 


i @ 0,” 2,| 
()=—— | (ae yt nr) | 
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To evaluate yq and Yas we shall adopt the procedure 
used by Allis."° Av is first averaged over the scattering 
angles in the center-of-gravity system, the result being 
used to generate the corresponding vector and tensor 
components in the & », ¢ coordinates. The averages 
over the velocity distribution function F(V) of the 
field particles are then performed, yielding yq and Yas 
as functions of integrais involving F(V). For plasmas 
at cyclotron resonance, the test and field particle distri- 
bution functions shall be expanded respectively in the 
forms 


f(v¥)=fo(v)+f1(v) sind cosp+ fo(v) sind sing, (7) 


and 


F(V)= Fo(V)+Fi( V) sin® cos(@—®) 
+F.(V) sin@ sin(@—®). (8) 


In both cases, the perturbing parts of the distribution 
functions are very small compared to the isotropic 
parts, since the applied electric field has been assumed 
to be very weak. Second and higher order terms are 
entirely negligible. To the same order of approximation 
we may assume that fo(v) and Fo(V) are Maxwellian. 
In Eq. (8), 0 is the polar angle of V measured from the 
z axis, and ® is the azimuthal angle of V measured 
negatively from the v—z plane (see Fig. 1). Since v is 
considered fixed in the integrals of (2), the integrations 
over V can be performed straightforwardly, if F(V) is 
expressed in terms of the spherical angles having v as 
the polar axis. Thus, introducing 


F1(V,¢)=F1(V) coso+ F2(V) sing, ‘ 


$,(V,6)=F,(V) siné—F,(V) cosp, 











Fic. 1. A diagram showing the test particle velocity v, the field 
particle velocity V, and the related angles. 
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we have, after some trigonometric manipulations, 
F(V)=Fo+5, (cosy siné—siny cos# coso) 
+, siny singo, 

where y is the angle between v and V, and @p» is the 
angle between v— V and v—z planes. The integrations, 
although tedious, are essentially similar to those of 
Allis.” Using his notation 

K=4e'/m?, 

L=\n{1+ (3kT),/2e*)? }}, 


(10) 


(11) 


where m is the electron mass, e its numerical charge, 
k the Boltzmann constant, T the temperature, and A, 
the cutoff distance of the screened Coulomb field,"* and 
writing the indefinite integrals in the form 


4r 7” 
I ;‘(v)=- f FVite-dV, 


v? 
(12) 
4r 7” 
1i(=— f FViedV, 
v vw, 
one may show that 
T q 4 o 
ve= ———{3/0"+sin6(2/,'— J_2') ], 
Suv" 
rKL 
Ye= —— cos0(T,'+J_;"), (13) 
Sur? 
KL 
y= (1:°7+J_2*) 
3ur* 
2nKL 
ve =——[5 (29+ J_19) +3 sind (Is'+J_2')], 
150 
rKL 
Yn Yt = [5 31° T,°+ 25. 1°) 
150 
+sin(5/,'!—373'+2J_2") ], 
(14) 
KL 
Vty= —— c080(51'—373'+-2J_2), 
150 
rKL 
ve=—-——(SI8—-31s?-+2J_2), 
15v 
Ye =9, 


where n= M/(m-+M). yqx and 7, are the only vanishing 
elements. In the above expressions, L, being a loga- 
rithmic term, has been treated as a constant. Since the 
Fokker-Planck method is valid only when there are 
many particles in the interaction sphere of radius X,, 

4). is ordinarily set to be the Debye length Ap. But in certain 
cases, €.g., T=300°K, n~10" cm™, Xp is less than the interionic 
separation, which suggests that setting Ap to be the cutoff distance 
would be an overestimation of the effectiveness of screening. Thus 


\- may be somewhat larger than \p when the latter approaches 
interionic distance. 
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the magnitude of L should not be too small. The tensor 
terms in (14) actually also contain terms which do not 
depend on L, but they are neglected not only because 
they are small, but also because their inclusion would 
prevent the resultant F-P equation from satisfying the 
momentum conservation law. It is expected that they 
must be cancelled by the higher order terms of the 
F-P equation. 


Ill. REDUCTION OF THE F-P EQUATION 


Substituting the Eqs. (13) and (14) into (5) and (6), 
one obtains a long integro-differential equation for the 
Fokker-Planck equation. It may, however, be simplified 
considerably. The ¢ derivatives can first be removed by 
noting that (9) gives 


0F2/do= Si, 


Hence, in view of (12), we have 


OF,/d¢ = Fo. 


ovr v Ove v 
ere as ee eee 
Og aT og TT 


9 


—(frer) = — fre. 
ag? 


Since yg=0, the use of the above relations in (6) 
removes all differentiations with respect to ¢; further- 
more, the equations become dependent upon five 
y terms only, viz., Y¢, Ya» Ye; Ym and yz. These terms 
will be collected in groups and treated separately as 
such. In the course of reduction we shall encounter 
products of f(v) and F(V) throughout all the equations 
in (6). Inasmuch as fo(v)Fo(V) has no contribution to 
the electrical conductivity of the plasma (because of its 
isotropy in velocity), we shall consider only the first 
order terms. If we write Eq. (7) in the form 


M1 
f(¥) = fo(v) +—x(2,9), (15) 
v 
where 
x (0,0) = fu(v) cospt f2(2) sing, (16) 
we see from (12) and (13) that 


ty rKL 
“ = L8lext fol2ls'— I-21) 
m 





Vy, 3 


which is a function of v only,'® independent of 2, or 9). 
The other y terms may be treated in like manner. 
Thus, if we define five functions 


P(vr=efy:/n; Ov) =fre/r1, 
d 

R(v)=0*—(0? fy /v1), (17) 
dv 


S(0) =P f¥m/21; T(r) =e f¥e9/2)1, 
16 The dependence on ¢@ may be ignored temporarily. 
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which are all dependent on » only, we find, after some 
manipulations, that Eq. (5) may be expressed as 


of Yy% 

—= ——{vP’—20— 4R’+S'+2T'}, (18) 
bt v 

where the primes indicate differentiations with re- 

spect to 2. 

For electron-electron collisions the field particles are 
the same as the test particles, so Fo= fo, Fi= fi, and 
F:= fo. Comparing Eqs. (9) and (16), we further find 
that $;= x. The distribution fo, being Maxwellian at 
temperature 7, varies as exp(—v*), where B= m/2kT. 
Using the relations 


i=0 
i=1 


i=0 


0 fo 
(01) =(m—pemTeaeen yt | 
ov x 


d ; fo 
“(0S = (m— rare | . 
Ov x i=1 


and making the appropriate substitutions and differ- 
entiations in (18), one obtains finally 


sf| KLo, 
itl. 150 
bh Sox! (370° Is +-2I_19) 
~ 5x (319°—I20-+2I_s°— 240° fa) 
— 1080" fo(71'+J_2') + 128*v' fo(Ts'+-J_2)}. 





{5v*x"’ (I2°+-J_1°) 
5t | ee 


(19) 


This is the rate of change of f due to collisions between 
electrons. 

A check on Eq. (19) can be made if we let the mass 
of the field particles approach infinity, and see whether 
(19) leads to the corresponding result for electron-ion 
collisions. Since the temperature of the ions is essen- 
tially the same as that of the electrons, the velocity 
distribution function of the field particles can be 
approximated by a delta function at the origin of the 
velocity space. Thus, from Eq. (12), we see that only 
T° equals N, the number density of the field particles 
(ions) ; all other integrals yield zeros. Recognizing this 
fact and remembering that n.=M/(m+M)~1 for 
electron-ion collisions, one may simplify Eqs. (13) and 
(14) considerably, and obtains 


bf NrKLy, nx 
= oes X=" —Vsr—, 


Ot | 6: v! v 


(20) 





where »,;= NxrK L/v* is the momentum transfer collision 
frequency between electrons and ions.! Equation (20) 
is, indeed, the correct expression of 5f/6t for electron-ion 
collisions. 

Since collisions between electrons should entail no 
net change of momentum in the electron system, we 
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6 ee 
where % is the electron velocity in an arbitrary direc- 
tion k. Using Eq. (19), one finds that the above relation 


is indeed satisfied. This provides another check on 
Eq. (19). 


must have 


1,.4°v=0, (21) 


IV. BOLTZMANN EQUATION 


The Boltzmann equation for the distribution function 
of the electrons in a uniform, partially ionized gas is 
given by 


of of of 
—-+a-—=-—, (22) 
al Ov ot 
where 
bf df] bf; = of 
—=—| +—| +-—|, 
54 Bk lem Sh les Sl lee 


with the subscripts em, ei, ee indicating the effects of 
electron-molecule, electron-ion, and electron-electron 
collisions, respectively. 0/dv is the gradient operator in 
the velocity space. Assuming that a steady magnetic 
field H is in the z direction and that an oscillatory 
electric field E is in the y direction oscillating at a fre- 
quency w, we have 


: fcE 
a= —lwy?, sind—Jj{ —e'!—wy?, Cos¢ J, 
m 
The appro- 


where the cyclotron frequency wy = eH /me. 


priate expansion for f(v) is 


% 
f(v) = folv) +—x (ae, (23) 


where x(v) is as shown in Eq. (16). The collisional terms 
for electron-ion and electron-electron have already been 
obtained, and are given by Eqs. (20) and (19), respec- 
tively. For electron-molecule collisions, we have'* 


bf % 


weg Weare 
5t | em l 


(24) 


where / is the mean free path of the electrons associated 
with the momentum transfer collisions with the mole- 
cules. Substituting these into Eq. (22) and separating 
according to sing and cos@ result in two simultaneous 
integro-differential equations, from which we can solve 
for f, and fe. By changing the independent variable and 
some parameters into dimensionless quantities, the 
equations can be put into a form more readily solvable 





16S, Chapman and T. G. Cowling, The Mathematical Theory 
of Nonuniform Gases (Cambridge University Press, New York, 
1953). 
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numerically. Thus, if we define 
x=B0; r=wyn/w, 


$= 1/wBN~ien,/w. 


f= na K LB'/ 205-3; ‘w, 


as(a)= f fixidx; Gia)= f fixidx, 
0 z 


o(s)=ar f exp(—.x*)dx, error function, 
0 


in which %,, and »,; are the effective electron-molecule 
and electron-ion collision frequencies, we obtain 


a(x) fi’ (x) +b(x) fi’ (x) +(x) fi(x) +41 (x) 


r , 
=-f2(x), 
t 
(25) 
a(x) fo" (x) +(x) fo’ (x) +(x) fo(x)+de(x) 
h(x) 
= —“fi )+—, 
where 
a(x) sa (@— x6’) /23, 


b(x) =[(2x?—1)@+- 26’ ]/24, 


corm —fi+(1 “oe 
: roi te re 


d;(x) == ore 5H;'+6H;'+ (— 5+ 6x") Go"), 
ox 





nes? E 
h(x)= ab’. 


rm 


This is the set of equations we have to solve in order to 
determine the velocity distribution function of the 
electrons at cyclotron resonance, taking into account 
the electron-molecule, electron-ion, and electron-elec- 
tron collisions. From the distribution function we can 
determine the electrical conductivity, and, consequently, 
the shape of resonance absorption. It is of interest to 
note that Eq. (25) reduces to Eq. (8) of Spitzer and 
Hirm‘* if we let the magnetic field, the signal frequency, 
and the eiectron-molecule collision frequency approach 
zero, 


V. RESULTS 


It is obvious that to solve the equations in (25) 
if at all 
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Fic. 2. Cyclotron resonances at t=0.1 (n~3X10" cm™) and 
$= Vem/w=0.01. The dashed curve is for the case where electron- 
electron interactions are not considered. The solid curve is ob- 
tained when they are taken into account. 


possible. To solve them numerically by the usual 
integration method would also be unfeasible since the 
coefficients in the equations diverge at both ends; the 
evaluation of f;’’ and fe’ would involve subtractions 
of very large but nearly equal quantities, thus drasti- 
cally impairing the accuracy of the results in the initial 
stages of the numerical integration and leading to 
propagation and accumulation of errors in successive 
steps. In view of this, the numerical method of finite 
differences was chosen. 

Since the coefficient c(«) is a complex quantity, the 
two equations in (25) may be separated into four 
equations relating the real and imaginary parts of fi 
and fe. Thirty-five nodal points along the axis of the 
independent variable x were used so that, with four 
difference equations for each point, there was a total 
of 140 linear algebraic simultaneous equations to be 
solved for each problem. The range of values of x was 
from 0 to 3. For x«>3 we assumed that the solutions 
take on asymptotic variations. The solution of the 
simultaneous equations was performed on the ILLIAC, 
the University of Illinois digital computer. 

The parameter r is the ratio of cyclotron frequency to 
signal frequency, and was varied from 0.9 to 1.1. For 
the case of no magnetic field, r was set equal to zero. 
The parameter s is roughly the ratio of electron- 
molecule collision frequency to signal frequency, and 
was given a value of 0.01. The parameter / is approxi- 
mately the ratio of electron-ion collision frequency to 
signal frequency ; for a known electron temperature 7, 
it gives a measure of the charge concentration n of the 
plasma. Since the cutoff distance \, of the short-range 
forces is a rather loosely defined quantity, we may let L 
have an average value of 7 for T= 300°K and n varying 
between 10° to 102 cm. This approximation is of 
the same order as that used when L was considered 
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constant in the integrals that led to the expressions in 
(13) and (14). Thus, the electron density may be calcu- 
lated from the parameter / using the approximate for- 
mula n—~300w/. It should be noted that the Fokker- 
Planck method may not apply when m exceeds 10!? cm=* 
(for T=300°K), since the screening of the Coulomb 
field would be so effective that the interaction sphere 
no longer contains many particles. 

From the solutions of the ILLIAC, we can readily 
calculate the real and imaginary parts of the electrical 
conductivity tensor, which has the form 

101, Oe 0 | 
0 | 


033 | 


4rne ¢” 
o 11 = 022 =e ; foxtdx, 
, 38°F 0 


4rne 7” 
Gi19™ 691 —* f fix*dx, 
3B2E Jo 


Oij= ||\021 O22 
0 0 
where 


and @3; is the high-frequency conductivity of the plasma 
in the absence of any magnetic field, and is therefore 
the limit of o1; or o22 as H approaches zero. Thus, by 
solving Eqs. (25) for various values of r and /, we 
obtained resonance curves at different charge densities, 
taking into account all types of electron encounters, 
viz., e-m, e-i, and e-e. We also excluded the con- 
sideration of the electron-electron encounters by putting 
equal to zero in (25) the coefficients a(x), (x), d;(x), 


and 
y 1 1 
—2{(1-L or (1-10) 
x 2x? 2x 


of c(x). A comparison of the results so obtained for 
the two cases should reveal the effect of electron- 
electron interactions on the electrical conductivity of 
the plasma at cyclotron resonance. 

A typical set of resonance curves is shown in Fig. 2, 
where the real part of o1; (or o22) is plotted versus r for 
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Fic. 3. Effects of charge interactions on cyclotron 
resonance widths. 
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both with and without e-e interactions. The value of ¢ 
is 0.1, which, for w= 10" sec~!, corresponds to n~3 
X 10"! cm, It is evident that the effects of the electron- 
electron interactions are to reduce the absorption of 
the microwave power by the plasma at the peak of the 
cyclotron resonance and to increase its half-width. This 
suggests that the electron-electron interactions increase 
the scatterings of the electrons. 

Resonance curves such as those shown in Fig. 2 were 
obtained for various values of ¢. In Fig. 3 is plotted 
(Aw)/2 against the electron densities, where Aw desig- 
nates the half-widths of the resonance curves. The 
ordinate of the plot corresponds to the effective collision 
frequency of the electrons in a Lorentzian gas, since, in 
such a gas, the cyclotron resonance width is very nearly 
twice the electron collision frequency. Figure 3 clearly 
depicts the importance of the effect of the electron-ion 
encounters on the collision frequency of the electrons, 
and therefore also on the resonance width, for charge 
densities greater than 10'° cm~, when the electron- 
molecule collision frequency is of the order of 10° sec!. 
This corresponds to plasmas in helium gas discharge at 
1 mm Hg pressure with a degree of ionization of only 
10-* or higher. It is also evident from Fig. 3 that the 
broadening of the cyclotron resonance width by elec- 
tron-electron interactions, just as it is with the electron- 
ion encounters, becomes more pronounced at higher 
charge densities. 

In the case of no magnetic field, i.e., r=0, the per- 
turbing distribution function f; vanishes, and fs is 
found to be relatively independent of the electron- 
electron interactions. The real part of the electrical 
conductivity at the highest charge density investigated 
(n=3X 10"! cm, T= 300°K) is increased by e—e inter- 
actions by no more than 7%. The imaginary part is 
practically unaffected. This therefore validates the use 
of microwave techniques to obtain the correct scattering 
cross section for electron-molecule or electron-ion col- 
lisions. 


VI. CONCLUSION 


It was found in this investigation that the electron- 
electron interactions do not appreciably affect the high- 
frequency electrical conductivity of a plasma when 
there is no magnetic field. But they do have an effect 
when a magnetic field is applied, especially if a cyclotron 
resonance occurs. The interactions reduce the resonance 
peak and broaden the width, thus effectively increase 
the electron scatterings. The reduction of the absorption 
at the peak of the cyclotron resonance is consistent with 
the result of Spitzer and Hirm,‘ who found that the 
electron-electron interactions reduce the dc conduc- 
tivity of a plasma. Some insight into the role played by 
the electron-electron interactions in gaseous plasmas 
may be gained if we examine the expressions for the 
electrical conductivity of the plasma under various 
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conditions. For a Lorentzian gas, under cyclotron 
resonance conditions, the conductivity (o1; or 722) may 
be shown to vary as 


y+w 

—_—___——__, (26) 
(y+iw)*+wy? 

where y is the effective electron collision frequency, 
w the angular frequency of the applied electric field, 
and wy the cyclotron frequency. The above expression 
would not be valid if electron-electron encounters are 
also taken into consideration, because the term vy 
cannot adequately account for the interactions that 
take place between electrons. This may be seen by 
noting that Eq. (19) cannot be put in the form of 
Egs. (20) or (24), from which the effective momentum 
transfer collision frequencies of the electrons with ions 
and molecules, respectively, may be derived. In fact, 
it is those derivative and integral terms in (19) that 
distinguish the nature of mutual electronic encounters 
from that of encounters between electrons and foreign 
particles. 

Results of the numerical computations indicate that 
the electron-electron interactions reduce the real part 
of the electrical conductivity when the plasma is at 
cyclotron resonance, which is in line with the dc case 
of Spitzer and Harm. Putting first w=wy, and then 
w=wy=0 in (26), we find that the two cases actually 
belong to the same category, namely, o~1/v. Thus, 
a reduction in ¢ by electron interactions implies an 
effective increase in ¥; or, miore appropriately, an 
effective increase in scattering by such interactions 
results in a reduction in conductivity under those con- 
ditions. In the case of no magnetic field, the high- 
frequency conductivity behaves quite differently, how- 
ever. Putting w7=0 and assuming v<“w in (26), we get 
o~v. One would then expect that the enhancement of 
scattering due to electron interactions should increase 
the conductivity in this case as much as it reduces the 
latter in the previous cases. But the results indicate 
that the increase is insignificant. In view of Eq. (21), 
one may infer that this should not be totally unexpected, 
but rather should be considered as a natural conse- 
quence of the mutual electronic interactions for which 
no net change of momentum results. Thus, the expres- 
sion (26) for electrical conductivity of a plasma cannot 
be used with much reliability when the charge density 
is high, this being the anomaly of a non-Lorentzian gas. 
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Phase Diagram of Bismuth to 130 000 kg/cm’, 500°C 
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The phase diagram of Bi has been determined experimentally to 130 000 kg/cm* and 500°C. The observa- 
tions of Bridgman, and others, to 30 000 kg/cm* and 270°C were generally verified. The new work indicates 
two new phases of solid Bi and several new triple points. The Bi VI-VIII transition at room temperature 
and about 125 000 kg/cm? involves a sharp decrease in electrical resistance which can serve as a pressure 


calibration point in future work. 


I. INTRODUCTION 


HE sharp drop of resistance associated with the 

Bi III phase transition at 25.3 kg/cm*and 25°C 

has been useful as a pressure calibration point in high- 

pressure work for many years. Availability at this 

Laboratory of superpressure apparatus capable of 

reaching pressures well above 100000 kg/cm? at 

elevated temperatures, together with a need to know 

more about the temperature coefficients of various 

phase transitions, led to an exploration of the Bi phase 
diagram to 130 000 kg/cm? and 500°C. 

Previous knowledge about the phase diagram of Bi 
resulted largely from the work of Bridgman,’ and of 
Butuzov ef al.° Figure 1 is a graph from Bridgman 
(reference 1) summarizing the data. Four solid phases 
and a liquid phase are shown. Of these Bil has the 
highest electrical resistance, BiII the lowest, while 
Bi ITI, IV, and liquid are intermediate. 

In addition to the data shown in Fig. 1, Bridgman?“ 
also lists results of his compressibility measurements 
made prior to 1942. These measurements made at 25°C 
showed the following polymorphic transitions: 


Transition Pressure kg/cm? AV/Vo 

III 25 300 0.0460 

III 27 000 0.0295 
IlI-IV 44 800 0.006 
IV-V 65 000 0.005 
v--VI 89 800 0.012 


In reference 2 Bridgman states that he could not observe 
any consistent resistance changes associated with the 
last three listed volume transitions. Bridgman’s phase 
nomenclature will be adopted in this paper. 

In the course of the present work, which used changes 
of electrical resistance as indication of phase change, 
two more solid phases were identified and the course 
of the melting line was followed up to about 500°C. 
The large resistance change associated with the 


1P. W. Bridgman, American Institute of Physics Handbook 
(McGraw-Hill Book Company, Inc., New York, 1957). 

2 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 81, 228 (1952). 

3P. W. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, Ltd., London, 1949). 

4P. W. Bridgman, Proc. Am. Acad. Arts Sci. 74, 438 (1942). 

5 Butuzov, Gonikberg, and Smirnov, Doklady Akad. Nauk 
S.S.S.R. 89, 651 (1953) [ transiation : National Science Foundation- 
tr-76]. 5 


VI-VIII transition at about 125000 kg/cm? 25°C, 
provides a useful new pressure calibration point for 
superpressure apparatus. 


Il. APPARATUS AND METHODS 


Superpressure apparatus similar to that of Hall® was 
employed. Three different types of cells were used in 
the superpressure apparatus. In the initial and final 
series of experiments the simple cell shown in Fig. 2 
was employed. In this, a 0.021-in. Bi wire was located 
on the axis. This was surrounded by a AgCl sleeve, 
which in turn was in an insulating “sample holder.” 
The Bi wire was heated by passing an ac current 
through it. End caps of Ni to carry the current were 
only 0.005 in. thick to minimize heat loss to the elec- 
trodes at the ends of the chamber, thereby making the 
temperature of the Bi wire more uniform. A little gold 
foil at each end of the Bi wire seemed to improve electric 
contact and reduce chemical reaction there at elevated 
temperatures. Resistance was taken from the voltage- 
current ratio. The temperature of the Bi wire as a 
function of the heating power was calibrated by com- 
parison with the thermocouple-determined values for 
unique phase points measured in the more complicated 
cells described below. 

Figure 3 illustrates a cell which incorporates indirect 
heating and thermocouple arrangements. Heating was 
produced by passage of current through the carbon 
sleeve between the electrodes at top and bottom of the 
cell. The 0.021-in. Bi wire sample was located on the 
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Fic. 1. Phase diagram of Bi (Bridgman). 
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axis in the midspan region where the temperature was 
quite uniform. The Bi was surrounded by a sleeve of 
AgCl to give an approximate hydrostatic pressure field 
around it. The ends of the Bi wire were connected to the 
outside by 0.010-in. chrome] and alumel wire. These 
wires served alternately for measurement of the re- 
sistance of the Bi circuit and to determine the tempera- 
ture of the Bi element. (The emf generated by the 
chromel-Bi-alumel thermocouple would be the same as 
that of a simple chromel-alumel junction provided the 
temperature at both ends of the Bi would be the same. 
Deviations from this uniform temperature requirement 
could cause considerable error because of the large 
thermal emf coefficient of Bi.) 

A third type of cell employed in this study is shown 
in Fig. 4. This cell provided an independent thermo- 
couple as well as independent heating. 0.010-in. stain- 
less steel wire connected the Bi to the outside for 
resistance measurement. The thermocouple was of 
0.005-in. chromel-alumel. Such small wires of stainless 
steel, chromel and alumel were used to minimize heat 
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Fic. 2. Simple directly heated cell. 


loss from the heated zone. In spite of its complication 
and difficulty of assembly this type of cell worked very 
well, eight successful runs being obtained from the eight 
cells that were made up. 


III. RESULTS 


The results of the experiments are summarized in 
Fig. 5. The I, II, III and liquid areas obtained here 
agree quite well with those shown by the older data 
of Fig. 1. The new VII and VIII solid phases appear 
to be normal metals in that their melting points rise 
with increase in pressure and the liquid has a higher 
electrical resistance than the solids. Bi VII has a 
slightly lower resistance than III or IV at the same P, 
T conditions. Bi VIII has considerably lower resistance 
than VII, V, or VI. No certain changes of resistance 
could be observed at the pressures at which Bridgman 
had observed volume changes between III-IV, IV-V, 
and V-VI. The smail dent in the low-temperature 
boundary of the Bi VII region is consistent with the 
presence of III-IV phase boundary indicated by 
Bridgman. 
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Fic. 3. Bi phase cell with indirect heating and 
chromel-Bi-alumel thermocouple. 


The resistance change associated with crossing each 
of the phase boundaries in Fig. 5 is characteristic. 
Examples of each will now be presented. 

Figure 6 shows a typical crossing of the Bi I> Liquid 
line at 7800 kg/cm* pressure, as observed in the simple 
cell of Fig. 2. The complete transition does not occur 
sharply at a single heating power because under the 
conditions of direct heating the Bi wire is hotter at 
the center than at the ends. As soon as melting starts 
at the center of the wire the distribution of heat 
generation is altered because the new liquid phase has 
lower resistance than the solid. In this type of cell the 
resistance change tends to draw out if the new phase 
has lower resistance, and tends to be more abrupt if the 
new phase has higher resistance. 

Figure 7 shows typical resistance vs pressure behavior 
for the I-I].and II-III solid transitions at room 
temperature. This demonstrates that the AgCl sleeve 
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Fic. 4. Bi phase cell with indirect heating and 
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around the Bi is “fluid” enough to allow the transitions 
to be very sharp. The resistance change between Bi I 
and II is the largest of any known in the Bi system. 
Its magnitude, sharpness, and reversibility make it an 
ideal pressure calibration point. 

Figure 8 shows the change of resistance associated 
with the II to.liquid transition as observed in the cell 
of Fig. 4. The relatively high resistance indicated on the 
R scale in this case is due to the small stainless steel 
connecting wires. The resistance of the Bi II wire itself 
is a little less than 0.02 ohm. The increase of R upon 
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Fic. 6. Resistance change upon melting Bi I at 7800 kg/cm. 
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melting is about 0.015 ohm, which is a large fractional 
change. The liquid shows some tendency to supercool 
about 5° before freezing sets in. 

Figure 9 shows examples of the resistance behavior 
of the cell of Fig. 2 as a function of heating power at 
various pressures above 26 000 kg/cm’. Three charac- 
teristic changes were found. First, the small decrease 
associated with going over to VII from III, IV, or V. 
Second, the large sharp increase from VII or VIII to 
liquid. Third, the medium, moderately sharp drop from 
VII, V, or VI to VIII. It is interesting to note how 
this latter transition suddenly appears between 44 000 
and 46 500 kg/cm? and how, as the pressure is increased, 
the temperature at which it occurs gets lower. Finally, 
at 25° it takes place at about 125000 kg/cm’. This 
transition is reversible and is large and sharp enough to 
serve as a good pressure calibration point for super- 
pressure apparatus. 

The detailed data frequently showed sudden small 
changes of resistance. At the beginning of this work 
such changes were often confusing since no one knew 
what phase changes to expect. Before any change of 
resistance was finally accepted as indicating a phase 
change, it was required to satisfy the following criteria: 
(1) It had to be repeatable under the same conditions. 
(2) It had to show up consistently with a reasonable 
trend in the general P, T vicinity. (3) It had to be 
reversible in a manner consistent with the character- 
istics of the cell. 
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Fic. 8. Resistance change associated with Bi LI — liquid. 

In the interpretation of the resistance curves like 
those shown in Figs. 6 to 9, an important question is 
what value of P and T to choose in those cases in which 
the transition drags out somewhat. Transitions at 
constant pressure, caused by increasing the heating 
power in the Bi wire (Figs. 6 to 9) begin at the hottest 
place along the wire sample. Since the temperature vs 
heating power calibration of the wire was made in 
terms of the hottest place on the wire, the beginning of 
the resistance change was selected for the P, T point of 
the transition. 

In the pressure-produced transitions at constant T 
the transitions may drag out because of pressure 
gradients in the cell, slow plastic flow of the wall 
material in following volume changes of the Bi, or 
slow phase reaction for kinetic reasons. In such cases 
our convention has been to select the press load (or 
nominal chamber pressure) corresponding to the most 
rapid rate of change of R. In the present work, in those 
cases in which dR/dP starts high and remains constant 
for a moderate AP interval the initial break point has 
been selected. This is the case for the VII, V, or VI to 
VIII transitions whether caused by a AT or by a AP. 

The absolute pressure calibrations used in this work 
were based on the values given by Bridgman for the 
Bi I-II and the Ba I-II transitions at 25°C. These are 
25 300 kg/cm? and 80 000 kg/cm’, respectively. These 
two transitions, as observed in the cell of Fig. 2, are 
shown in Fig. 10. Bridgman’s accurate work on Bi was 
done under truly hydrostatic conditions, and he 
believes the absolute value of the quoted transition 
pressure is accurate to a fraction of a percent. His 
work’ on Ba was done in very thin disk samples 
squeezed between faces of Carboloy cemented carbide 
anvils. The Ba was in the form of a thin ribbon em- 
bedded between disks of AgCl. In this setup he could 
measure the total force and total area with considerable 


7P. W. Bridgman, Proc. Am. Acad. Arts Sci. 81, 199 (1952). 


accuracy, but various corrections had to-be made for 
radial pressure gradients within the disk sample. He 
used the Bi I-II transition as a fiducial point in this 
anvil apparatus from which corrections could be made 
to the force/area value of the calculated pressure. He 
found that in this kind of apparatus his calibration 
line would not extrapolate linearly to zero pressure for 
zero load. His value of 80000 kg/cm? for the Ba I-II 
transition is thus based on the accurate Bi I-II transi- 
tion and logical corrections to the force/area ratio. 
He estimates his value for the Ba transition to be correct 
on an absolute basis within a “few percent.” 

Figure 11 shows the pressure calibration of the super- 
pressure apparatus used in part of the present work. 
Note that this calibration, like Bridgman’s, does not 
extrapolate linearly to zero. Considering the absolute 
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Fic. 11. Chamber pressure vs press load for 
superpressure apparatus. 


accuracy of the Ba point, the calibration extrapolated 
to higher pressures can have an absolute accuracy of 
a few percent at the best. As far as the apparatus is 
concerned a linear extrapolation of the calibration is 
justified because it behaves elastically for many dozens 
of runs to these extremely high loadings. 


IV. CONCLUSIONS AND DISCUSSION 


The phase diagram of Bi has been extended more 
fully from 30 000 kg/cm? to over 125 000 kg/cm?. Two 
new solid phases of Bi appeared. These have melting 
points which rise with increase of pressure. The sharp 
drop of electrical resistance from Bi VI-VIII at room 
temperature provides a new convenient pressure cali- 
bration point at about 125 000 kg/cm’. 

The now known triple points are listed in Table I. 
The pressures listed are estimated to be accurate to 
about +1000 kg/cm’ at the lowest pressures and within 
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a few percent at the highest pressures. The tempera- 
tures listed are estimated to be correct within +5°C in 
the 150°C region and about +10°C in the 400 to 500°C 
region. 

Techniques developed during the course of this work 
will be quite useful in other superpressure work. The 
methods could well be used in extending the known 
phase diagrams of other elements such as Ba, T], Pb, etc. 

It is difficult to make any comparisons between the 
results reported here and those reported in very recent 
publications by Walsh et al.§ and by Duff and Minshall’ 


Taste I. Triple points of Bi. 


Triple point T(°C) 


P kg/cm? 
I, IT, liquid 15 500 180 
IT, ITT, liquid 21 700 170 
ITT, VII, liquid 22 700 185 
IIT, IV, VII 43 300(?) 170 
VII, VIII, liquid 43 300 290 
71 000 190 


V(?), VII, VIII 


from shock-wave measurements in Bi. In the shock- 
wave work the observations depend upon compressi- 
bility and changes of volume between phases, whereas 
in the present work the observations depended upon 
electrical resistance. It is possible that the transition 
to phase VIII which is manifested by a considerable 
decrease in electrical resistivity has very little volume 
change associated with it, and hence would not show up 
clearly in the shock-wave experiments. 


Vv. ACKNOWLEDGMENTS 


The author wishes to acknowledge the careful work 
of Sherman Reed in making the intricate cell parts, and 
the capable assistance of Roy Tuft in helping with the 
many experimental runs required. 





8 Walsh, Rice, McQueen, and Yarger, Phys. Rev. 108, 196 
(1957). 
®R. E. Duff and F. S. Minshall, Phys. Rev. 108, 1207 (1957). 








PHYSICAL REVIEW VOLUME 110, NUMBER 2 APRIL 15, 1958 


Thermal Fluctuations in a Nonlinear System 


N. G. vAN KAMPEN 
Columbia University, New York, New York* 
(Received December 30, 1957) 


As an example of a nonlinear system, an electric circuit containing a voltage-dependent resistance R(V) 
is studied. The resistance is in contact with a heat bath and generates current fluctuations. A general method 
is given to find the spectral density of these fluctuations. For two special forms of R(V), explicit results are 
obtained by means of a perturbation calculation. The result differs from the Nyquist formula mainly in that 


new terms appear, corresponding to relaxation times 4RoC, 4RoC, etc. 


1. INTRODUCTION 


N spite of the vast amount of work on Brownian 

movement and statistical fluctuations in general,’ 
very little attention has been devoted to fluctuations in 
nonlinear systems. Take the case of an electric circuit 
with a resistor in equilibrium with a heat bath. It is 
always supposed that the resistance may be considered 
constant in a range of the size of the current fluc- 
tuations. Undoubtedly it is not easy to find an experi- 
mental situation in which this is not true. From a 
theoretical point of view, however, it is unsatisfactory 
that the usual treatments are so essentially confined 
to this linear case. In fact, the Langevin approach, 
using a random force obeying the relations of Einstein 
and Nyquist, does not seem to lend itself to a generali- 
zation to the nonlinear case. On the other hand, it can 
be concluded from statistical mechanics that the 
Fokker-Planck equation is of very general validity for 
the description of the macroscopic behavior of systems 
with many degrees of freedom.?* Once this equation is 
adopted, the remaining task is twofold. Firstly, the two 
functions occurring in the general Fokker-Planck 
equation must be determined; this is done in Secs. 2 
and 3. Secondly, the relevant properties of the fluc- 
tuations, namely the spectral density, must be found. 
This is done by an approximation method in Sec. 5, 
after some general relations have been derived in Sec. 4. 
Finally the results are applied to a few simple cases in 
Sec. 6. 

It should be emphasized that our present problem is 
different from the problem of noise passing through a 
nonlinear device.‘ In that case the statistical properties 
of the input noise are given, and the problem to find 
the properties of the output noise is a mathematical one. 





* On leave of absence from the University at Utrecht, Nether 
lands. 

1 See, e.g., Selected Papers on Noise and Stochastic Processes, 
edited by N. Wax (Dover Publications, New York, 1954); in 
particular, M. C. Wang and G. E. Uhlenbeck, Revs. Modern 
Phys. 17, 323 (1945); S. O. Rice, Bell System Tech. J. 23, 282 
(1944) ; 25, 46 (1945). Also: A. van der Ziel, Noise (Prentice Hall, 
Inc., New York, 1954); R. Becker, Theorie der W irme (Springer- 
Verlag, Berlin, 1955). 

2.N. G. van Kampen, Physica 20, 603 (1954); Fortschr. Physik 
4, 405 (1956). 

3N. G. van Kampen, Physica 23, 707 (1957). 

4 For references see D. M. Middleton, J. Appl. Phys. 22, 1143 
and 1153 (1951). 


Our problem, however, is to find the spectral density 
of the noise that is generated inside a nonlinear re- 
sistor. This cannot be done by purely mathematical 
arguments; the physics enters through the use of the 
fundamental equation (3). 


2. FORMULATION OF THE PROBLEM 


For simplicity we shall confine ourselves in this paper 
to the following simple system, previously discussed by 
MacDonald.° An electric circuit consists of a condenser 
C and a resistance R, in contact with a heat bath. It 
will be supposed that R is not constant but depends on 
the potential difference V, so that the current depends 
on V in a nonlinear way. Let the probability for the 
charge on C have a value between q and g+dqg be 
denoted by P(q,t)dg. The time dependence of P(q,t) 
obeys a Fokker-Planck equation of the general form 


aP #8 a 
—=—(ét(g)P]+—{n(q)P], (1) 
ag dq 


at 


where ¢(g) and n(g) are two as yet undetermined func- 
tions, which characterize the properties of the irre- 
versible process that takes place in the resistance. Let 
G(q) be the equilibrium distribution, 


G(q)= (24kTC)—! exp(—q?/2kTC), (2) 


where T is the temperature of the heat bath and & is 
Boltzmann’s constant. It can then be derived from the 
principle of detailed balance* that &(g) and (gq) are 
related by 


1 d 
n(q) = ——— —Lé(q)G(q) ]. 
G(q) dq 


(In case & is a constant, this equation reduces to the 
Einstein relation for Brownian movement.) With the 
aid of this relation » can be eliminated from (1), with 


the result 
@P a 0osP 
ie) 
at dg tdqg\G 


This equation determines both the large scale phe- 
nomenological behavior of the system and the small 


5D. K. C. MacDonald, Phil. Mag. 45, 63 (1954). 
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scale fluctuations. In principle the function £é(g) is 
determined by the physical mechanism that is respon- 
sible for the dissipation of energy, in this case the 
scattering of electrons in the resistor. On the other hand, 
by extracting the large scale features of (3), the con- 
nection between é(g) and the phenomenological 
function R(V) can be found. This is done in the next 
section. 


3. PHENOMENOLOGICAL EQUATION 
The average charge on the condenser is 
+00 
(Qe= f qP(q,t)dq. 


The rate of change is, according to (3) and (2), 
<« fa<co 
g= | ~~ (&)dq 
dt G dg 


= —(g&(q))/RTC+(E'(q)), (4) 


where the prime denotes the derivative with respect to 
the argument. This is to be compared with the equation 
for the macroscopic charge Q, 
: Sd : (5) 
—Q=— 1 Ste nascent, 5 
at R(V) CR(Q/C) 





Of course, Q is to be identified with (g).° If R were a 
constant, Eqs. (4) and (5) could be identified by putting 


t/kT=1/R. (6) 


We shall show that this relation remains true if R, and 
hence £, are not constant. 
If £ is not constant, it is tempting to write for (4) 


(d/dt)(q)= —(g)&((q))/RTC+€' ((q)). (7) 


This approximation assumes that the fluctuations are 
small compared to an interval in which & varies ap- 
preciably. In order to assess the validity of this as- 
sumption, first note that the function é is characteristic 
of the properties of the resistor. Hence & will depend on 
V=d¢/C, rather than on g and C separately. Now the 
fluctuations of V are of the order (k7/C)!, and can 
therefore be made arbitrarily small by taking C large. 
Hence (7) is certainly valid for sufficiently large C. 
Moreover, 
&' (g)=dt/dg=C>(dt/aV) 


is of order 1/C, so that the last term in in (7) should be 
dropped. Comparing the result with (5), one sees that 
(6) remains true, even if § and R depend on V. For 
further discussion see Appendix I. 

Of course, whenever one uses the phenomenological 


6 Although the definition of the phenomenological quantity Q 
is not precise enough to distinguish between (g) and, for instance, 


2 


(g*)t. 


VAN 





KAMPEN 


Eq. (5), it is tacitly assumed that the fluctuations are 
small. If the voltage fluctuations are large, owing to a 
small C, then (3) and (4) are still true, but (7) is 
incorrect while (5) becomes meaningless. Again, even 
if the fluctuations are small, (5) and (7) only describe 
the large scale behavior correctly, but cannot be used 
to describe the fluctuations themselves. Instead one 
will have to use (3); this will be done in the next 
sections. We only needed the large-scale behavior to 
find the identity (6). 


4. FLUCTUATIONS 


Let P(qo|q,t) denote the solution of (3) that reduces 
to 6(g—go) for ¢—+ 0; it may be regarded as the proba- 
bility of a transition from go to g in time /, The average 
charge at time / under the condition that the charge at 
t=0 was qo is 


(a()u= f PCaolasdade 


The correlation between the values of the charge at 
two different instants with interval ¢ is, in the equi- 
librium state, 


(aa a= f Glandastge f PCar|asada (8) 


This is the autocorrelation function of the stochastic 
variable g. The spectral density of the charge fluc- 
tuations is obtained from this by using the Wiener- 
Khintchin theorem! 


S(w) = (2 of (q(0)q(t))eq Coswidt. (9) 
0 


It is more customary to express results in terms of the 
spectral density Wy, of current fluctuations in the fre- 
quency scale (f=w/2m); one has 


W s=29w*S(w). 


Of course, it is not possible to solve (3) for arbitrary 
£; in fact, it seems that only for =constant an explicit 
solution can be found. It is therefore useful to reduce 
the equation to an eigenvalue problem to make it 
amenable to standard perturbation methods. 


Write (3) in the form 
0P/dt=ZP, (10) 


where & is a differential operator, acting in the space of 
real functions P(g). Let 1/G(q) be used as a weight 
function in this space, so that the scalar product is 
defined by 


+00 
(PuP2)= f [Psa Ps(Q)/G(@) Ma (PP). 


2 


It can then easily be checked that = is self-adjoint: 
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(P, =P») = (P2,ZP;). In addition & is negative definite: 
(P,ZP)=— f tG[ (d/dq) (P/G) Pdq<0. 


The value 0 obtains only for the equilibrium distribution 
P=G. Now put in (10) 


P(q,)=e™P)(q), 
so that P, is to be solved from the eigenfunction 
equation 


=P,=—)P). (11) 


Moreover P(g) must vanish sufficiently fast for 
g— +, so that the norm (P,,P,) is finite. 

One solution is of course A=0, Po(g)=G(q). If one 
has found a complete set of normalized eigenfunctions 
P,, the completeness relation 


da Pa(qg) Pr(q’) =G(q)6(q—-q’) 


holds. Consequently 


P(qo|q,t) = >a € P, (qo) P(q) /G(qo). (12) 
The autocorrelation (8) becomes 
(q(O)q(b))eqg=d € | f2onae] ; (13) 
ny 
and the spectrum of charge fluctuations 
2 » P 
S(w)=-> | fade] ; (14) 
wd \?+o" 


5. PERTURBATION CALCULATION 


We put &(g)=&(0)+é (g) and assume &“)(g) small. 
First the unperturbed problem with = &(0) =constant 
has to be solved. It is convenient to choose the unit of 
charge such that A7C=1, and the unit of time such 
that ¢(0)=1. Then the eigenfunction equation (11) 
takes the form 


Py" + Py’ + (A+1)P,=0. 
This is the differential equation for Hermite functions. 


The eigenvalues are \=n (n=0, 1, 2, «+ +) and the nor- 
malized eigenfunctions 


ha(q)=( (2) 'n! }-* exp(—}q*)H(q). 


Here H,(qg) is the mth Hermite polynomial.’ Sub- 
stitution in (12) yields 


P(qo| q,t)=exp(—3¢) X ([(2x)'n! J" (qo) Ha (qe. 
n=O 
7 We use the modified definition, denoted by He, in W. Magnus 
and F. Oberhettinger, Formulas and Theorems for the Special 
Functions of Mathematical Physics (Chelsea Publishing Com- 
pany, New York, 1949), p. 80. 
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From this one finds, for example, 
(9(1) a= qe‘, 
which is the regression equation for this linear case. 
Furthermore, one has 
(q(0)q(t))eq= (q(0)* eqe = €!. 
This autocorrelation function gives for the spectrum 


S(w) = (2/2) (14+), (15) 
or 


R 


al (RCw)? 
1+ (RCw)?)’ 
which is usually derived as a corollary of the Nyquist 
formula.’ 

Next put &(¢)=1+£&(q), and accordingly Z2== 
+=. Equation (11) becomes 


(HOLE + n+p, 0+-++) (Ag tP,9+---)=0. 


The standard formulas of perturbation theory then give 
for the shift of the nth eigenvalue, to first order, 


n= — (hin gZ ty) 


d P 
= (2) if exp(— 10 -(hy @)] dq 
dg 


=[(2r)'n!] +f exp(—}q*) (nH ,1)°dq. 


To find P,, let it be expanded in the unperturbed 
eigenfunctions h,, : 


Px (g)=L CumMtm(q)- 
One then has, for m¥n, 


(n—m)Cam= be (hme hy) 


= (2enim!)-1 fe exp(—3q°)nHn1 
X mH »_1dq. 


We shall also need cy», although it is of the second order 
in the perturbation. ¢,, is determined by the condition 
that 4,+P, should ‘be normalized: 


(1+¢:n)?= 1— > Carrs 


mn 
Finally we need the second-order shift of the eigenvalue, 


AnWP= YO (n— mM)" (hp EM)? = (n— mM) Cam. 


men m 


Using these results, one finds for the autocorrelation 
function (13) 


(q(0)q(t))eq= (1 e11)%e- ++ ED carte, 


n#1 
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which yields the spectrum 


2 Ay An 
Sta)=-| (+cu)( )+ E cat( )}. 
T AP+e" n#1 Neto? 


This is the modified spectral density to second order. 
The only first-order modification arises from the first- 
order shift of \;. The interesting feature, however, is 
the >> term, which is of second order. Obviously in this 
sum the A, may be replaced with A, =n. Each of the 
terms in the sum has the same shape as the unper- 
turbed spectrum (15), but for the fact that the re- 
laxation time RoC is replaced in the successive terms by 
3 RoC, RoC, ---. These terms in the spectrum will show 
up as low broad wings on both sides. In addition, the 
original peak is modified (broadened or narrowed 
according as A;>A, or Ay<A,). The integral of the 
total spectrum is of course not altered, because it is the 
mean square fluctuation of g in equilibrium; indeed, 








2 


f S(w)dw= (1-+¢);)?+ > 2 Car=1. 
0 


n=2 
(Because Cin= —Cn1, and Cy9=0.) 


6. APPLICATION TO TWO SPECIAL CASES 


Usually the resistance is symmetrical with respect 
to the direction of the current; the simplest non- 
linearity of this type is R(V) = Ro+R2V*. This amounts 
to putting &(g)=1+7q¢°, where y=—(RkTR)/R-C). 
The equations of the previous section yield for this case 


¢ni=0 unless n=3 orl, 


31> (3) ty, 
(1+¢n)?= i= iY’, 
A= 1+7—37’. 
Hence we find for the spectral density of the current 
fluctuations 


hw? 2 

W ,=4} (1— $7’) +37 |, 

AP+e 1+ (3w)?) 

A second example is obtained by putting R(V) 

=Ro+RiV, which amounts to é(g)=1+8q with 

B=—(R,/Ro)(kT/C). As an even function of V, this 

case may be regarded as a simple rectifier. The equa- 
tions of the previous section yield 


(16) 





Cn,i=0 unless n=2 or 1, 
C2,1=BV2, 
(1+¢3:)?= 1—28?, 
A= 1—26?. 


Hence the spectral density of the current fluctuation is 
(1—26")u* Pa? 
ale 


W,=4 “a e 
(1—26*)?+u* 1+ (3w)? 
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7. DISCUSSION OF EARLIER LITERATURE 


Kramers® studied Brownian movement in a field of 
force. This is different from our problem, because his 
nonlinearity is due to the external, nonrandom force, 
whereas the random force is still the same as in the 
linear Brownian movement. Our problem, on the other 
hand, amounts to finding the statistical properties of 
the random force in case the friction of the moving 
particle is no longer proportional to the velocity. How- 
ever, Polder® has noticed that, if in Kramers’ problem 
the friction coefficient is allowed to depend on the 
position of the particle, the resulting Fokker-Planck 
equation is also valid for the current fluctuations in a 
nonlinear electric circuit. The position of the particle 
is then the charge g on the condenser, the external force 
corresponds to a dependence of C on q, and the mass of 
the particle corresponds to a self-induction. 

MacDonald® formulated the problem of finding the 
spectral density of the fluctuations in an electric circuit 
of the type treated here. He introduced the hypothesis 
that (7) (without the last term) not only describes the 
large scale behavior, but also describes correctly the 
regression of small scale fluctuations. On the basis of 
this assumption he found for the spectral density, in 
the first case of our Sec. 6, 


9 9 


W ,=4(1-—$y)——_+}y——_. (17) 
1+«” 1+ (4w)? 

The remarkable resemblance with our formula (16) is 

deceptive, as (17) contains the first power of y where 

(16) has y?. The first order terms in (16) do not at all 

correspond to (17). 
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APPENDIX I 


Since the derivation of the relation (6) connecting 
and R is a very crucial step, we want to discuss it more 
fully. Essentially three arguments enter into it. 

(i) The same Fokker-Planck equation (3) describes 
both small scale and large scale phenomena. The idea is 
that these phenomena are merely different aspects of 
one and the same diffusion-like process in the space of 
observable quantities (‘‘a space,” see reference 3). 

(ii) The function §&(q) must not vary too rapidly. 
Firstly, for g—> + © it must not increase very strongly, 
certainly not like 1/G(q)~exp(}q’). Secondly, &(q) 
must not oscillate rapidly about some average trend, 
&(g) say. Then the large-scale phenomena would be 
determined by £ rather than by £, whereas the fluctua- 
tions are determined by & Actually both these condi- 
tions will be satisfied for sufficiently large C. 


8H. A. Kramers, Physica 7, 284 (1940). 
9D. Polder, Phil. Mag. 45, 69 (1954), 
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(iii) The system can be decomposed into two parts, the 
condenser determining the function G, and the re- 
sistance determining ¢. This made it possible to stipu- 
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(1), but considers €(g) and 4(g) as two mutually un- 
related functions. Actually there is a relation (Sec. 2), 
which in MacDonald’s notation takes the form 


late that & is a function of V=g/C only [although 
a priori & refers to the system as a whole, and may 
therefore be an arbitrary function £&(9,C) of two 
variables |. Subsequently it is possible to go the limit 
of large C, in order to compare & with R. 


G(q)=F()—kTCF'(q)/¢. (18) 
The equilibrium distribution (7) of MacDonald then 
reduces to the ordinary Gauss distribution. MacDonald 
proved on thermodynamic grounds that (q*)eq must be 
independent of the function R(V), but in fact the whole 
distribution function of g turns out to be independent 
of the resistance. It seems to me that this fact can be 


APPENDIX II 


Recently MacDonald studied the same problem 





again. He now also gives the Fokker-Planck equation generally postulated on statistical grounds. This 
TD). K. C. MacDonald, Phys. Rev. 108, 540 (1957). postulate would then conversely lead to (18). 
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Optical Properties of Hexagonal ZnS Single Crystals 


W. W. Piper, D. T. F. Magpie, ano P. D. JoHNson 
General Electric Research Laboratory, Schenectady, New York 


(Received December 20, 1957) 


The optical transmission of hexagonal zinc sulfide crystals has been measured in the spectral range from 
0.32 to 15 w. From the spacing of interference maxima, the dependence of index of refraction on wavelength 
has been determined. Measurements of the effects of temperature from 20°C to 120°C and of pressure up 
to 1700 atmos on the width of the forbidden energy band indicate an increase in band gap of 9X 10~* ev/ 
atmos with pressure and a decrease of 7X 10~ ev/C® with temperature for both ordinary and extraordinary 
rays. Approximately one-fifth of the shift with temperature is the result of dilatation of the lattice. The 





origin of the larger portion of the shift is discussed. 


INTRODUCTION 


TUDIES of hexagonal ZnS single crystals have 
included the effect of temperature on the wave- 
length of the absorption edge! and determination of the 
energy of the band gap by optical absorption and 
electrical conductivity measurements.’ In this paper 
we report further measurements of the optical properties 
of hexagonal ZnS crystals grown from the vapor phase. 
The effect of pressure up to 1700 atmospheres on the 
absorption edge is used to determine what fraction of 
the temperature shift of the absorption edge is due to 
lattice dilatation. These measurements were made for 
both the ordinary and the extraordinary rays in the 
crystal. 

The well-defined interference fringes observed in the 
transmission measurements make possible the deter- 
mination of the dependence of the index of refraction on 
wavelength in the spectral range 0.34 to 2.0 uw. A thick 
crystal was used to check the index of refraction in the 
range from 2 to 15 yw. 


EXPERIMENTAL 


The optical system employed for the transmission 
measurements is shown in Fig. 1. A Beckman hydrogen 


1C. Z. Van Doorn, Physica 20, 1155 (1954). 
2.W. W. Piper, Phys. Rev. 92, 23 (1953). 


discharge or a tungsten incandescent source was focused 
on the sample by a spherical mirror which acts as the 
limiting aperture of the apparatus. This arrangement 
minimized loss of radiation by scattering or refraction 
through small angles. The light-collecting optics have 
been described in a previous publication.’ The clear 
areas of the crystals used were not less than 2 mm 
square and the bean entering the monochormator 
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Fic. 1. Optical arrangement for transmission measurements. 


3D. T. F. Marple, J. Opt. Soc. Am. 46, 490 (1956). 
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Fic. 2. Interference spectra for 1-u-thick crystal. 


included only radiation which passed through a circle 
approximately 1 mm in diameter in the center of the 
crystal. The polarizer could be accurately aligned with 
respect to the optic axis of the crystal by placing an 
analyzer in the optical path temporarily and adjusting 
the elements for total extinction. For the wavelength 
region 0.32 to 0.75 w the detector was a 1P22 photo- 
multiplier; for longer wavelengths a lead sulfide cell 
was used. 

In Fig. 1 the sample holder is shown in the cell used 
for measurements at elevated temperatures. The sample 
holder was held rigidly in the center of the cylindrical 
nickel cell. Heating was accomplished by rf induction. 
Temperature was measured with a thermocouple in 
contact with the sample holder. The sample holder 
consisted of two nickel plates, separated by a nickel 
wire 0.001 inch in diameter which served as a spacer 
as well as a means of holding the crystal in place. With 
a small horizontal displacement of the holder, the 
unattenuated beam intensity could be measured. 
During the measurements argon flowed through the 
system. The high-pressure measurements were made 
with an American Instrument Company cell and 
Phillips “Spectro” grade iso-octane as the pressure 
transmitting fluid. The high-pressure cell was modified 
to accommodate the sample holder described above. 

Transmission spectra of three crystals were observed 
at room temperature and pressure with polarized 
radiation in the spectral range from 0.32 to 2.2 u. Two 
of these crystals, which were used for measurements 
of the wavelength variation of the refractive indices, 
had unusually flat and parallel faces as shown by their 
well-defined interference spectra. Figure 2 is a typical 
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example of these transmission spectra. These two 
crystals were one and two microns thick respectively, 
but the thickness could not be determined with enough 
accuracy for a useful absolute measurement of the 
refractive indices. All the measurements of temperature 
and pressure effects were made with a third crystal 
4.6 microns thick. On a fourth crystal, transmission 
spectra were obtained in the spectral range from 2 to 
15 microns with a Perkin-Elmer model 21 spectro- 
photometer. Interference maxima from order V=7 to 
N=50 were identified. The crystal thickness was 
23+0.5 uw. These data were used to determine an 
average refractive index at long wavelengths. With the 
same apparatus, transmission measurements on the 
two-micron-thick crystal were also extended to 15 y 
to check the assignment of the fringe order number 
made at shorter wavelengths. 

All crystals were grown from the vapor phase in a 
manner similar to that of Reynolds and Czyzak.‘ The 
c axis of each crystal was positively identified with the 
polarizing microscope and in one case was checked by 
x-rays. In each case the c axis of the plate-like crystals 
was in the plane of the iarge crystal faces. Light 
polarized parallel to this axis traverses the crystal as 
the extraordinary ray. 


INDEX OF REFRACTION 


If one assumes zero phase shift upon internal re- 
flection, interference maxima in transmitted radiation 
occur at wavelengths which satisfy the formula, 


\=2nd/N, ‘ (1) 


where m is the index of refraction, d the thickness of 
the sample, and NV can be any integer. If the order, NV, 
can be established and the thickness is known, m can 
be calculated at the wavelength of each maximum. 
The indices of refraction for the two rays were com- 
puted from the transmission data collected on the two 
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Fic. 3. Index of refraction of ZnS crystal 2s wavelength. 


‘D.C. Reynolds and C. J. Czyzak, Phys. Rev. 79, 543 (1950). 
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thin crystals and are shown in Fig. 3. The crystal 
thickness was assumed equal to the average of the 
thicknesses obtained when the published values of the 
index of refraction at 5893 A were substituted in Eq. 
(1). The index of sphalerite at several wavelengths was 
calculated according to the formula deduced by DeVore® 
and by Czyzak ef al.® and is also shown in Fig. 3. Within 
experimental error it may be concluded that this 
dispersion formula is still valid for both wurtzite and 
sphalerite at an absorption coefficient of 10‘ cm~'. The 
indices of wurtzite appear to be converging in the 
neighborhood of the edge, but the magnitude ‘of the 
dispersion in this region reduces the certainty of this 
observation. 

By using Eq. (1), the index of refraction of the 
thickest crystal at A=4 uw was determined to be 
2.26+0.06. This result agrees with DeVore’s value of 
2.284 for sphalerite at 1.54 yw. Over the wavelength 
range \=2 uw to \=15 w the index was constant within 
the error of deterimination of fringe positions (+1%). 


ABSORPTION EDGE 


Figure 4 shows the effect of pressure on the trans- 
mission when the electric vector of the polarized 
radiation traverses the crystal parallel and perpen- 
dicular to the c axis of the crystal, respectively. Trans- 
mission was determined at 1, 680, and 1700 atmos. 
Since all effects are linear within experimental error in 
this pressure range, the data for 680 atmos are not 
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Fic. 4. Effect of pressure on optical transmission of hex-ZnS at 
the absorption edge: dashed lines—ordinary ray; solid lines— 
extraordinary ray. : 

5 J. R. DeVore, J. Opt. Soc. Am. 41, 416 (1951). 

6 Czyzak, Baker, Crane, and Howe, J. Opt. Soc. Am, 47, 240 
(1957). 
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Fic. 5. Effect of temperature on optical transmission of the 
extraordinary ray in hex-ZnS. 


shown in Fig. 4. A small amount of strain birefringence 
of the entrance window of the high-pressure cell may 
slightly depolarize the radiation incident on the sample, 
accounting for the short-wavelength tail in the trans- 
mission curve of the ordinary ray at 1700 atmos. For 
both orientations of polarized radiation the absorption 
edge moves to higher energies by 9X 10~* ev/atmos. 
The position of the edge was also measured at 20°, 70°, 
and 120°C. From the data shown in Fig. 5 the tem- 
perature dependence of the edge is —7X 10~ ev/C°, in 
good agreement with the data of Van Doorn,’ which 
was taken at an absorption coefficient of 50 cm~. The 
shifts reported here were measured at 10% transmission 
which corresponds to an absorption coefficient of 5000 
cm~!, The magnitudes of these shifts are similar to 
those found in CdS."'8 


DISCUSSION 


As in CdS some, but not all, of the temperature 
coefficient can be accounted for by the variation of 
lattice constant with temperature. The tempera- 
ture coefficient corresponding to lattice dilatation, 
(0E,/0T),, may be obtained from the pressure co- 
efficient, provided the compressibility and the coefficient 
of thermal expansion are known, since 


dF, dE, ap aV 
TFiGaian Ga” 
aT], \apJr\av/7\ar/, 
For ZnS this part of the temperature coefficient amounts 
to —1.3X10~ ev/C° if the assumptions are made that 
the compressibility of wurtzite is isotropic and that the 


cubical thermal expansion is equal to that of sphalerite.® 
This leaves a shift of —6X10-* ev/C® which is asso- 





7R. Seiwert, Ann. Physik 6, 241 (1949); Chem. Zentr. 1, 2197 
(1950). 

8G. Hohler, Ann. Physik 6, 371 (1949). 

*Obtained from /nternational Critical Tables III (McGraw- 
Hill Book Company, Inc., New York, 1929), p. 44. 
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ciated with an explicit temperature dependence of the 
energy gap. 

Méglich, Riehl, and Rompe" attempted to explain 
this part of the coefficient for the temperature de- 
pendence of the band gap by suggesting that the 
lattice vibrations caused a temperature-dependent 
broadening of the energy levels and hence of the band 
gap. Their computation indicated too small an effect 
to explain the experimental results in CdS.* Later 
Radkowsky" derived a larger coefficient for polar 
crystals by including the broadening of energy levels 
due to the change in transition probability resulting 
from an electron interaction with the polar modes of 
vibration, an interaction neglected by Méglich, Riehl, 
and Rompe. More recently Radkowski’s expression for 
polar crystals was reproduced by Fan,'* who considered 
the shift in energy levels associated with the coupling 
of phonons and electrons. 

For polar crystals the formula, deduced by Radkowski 
and by Fan, which describes the change in the band gap 
from its value at absolute zero, is 


Qr(e*e)? 7 2 \! (m.*1+m,*) 
a eee. 
QM \hw'/ exp(hw,/kT)—1 
where @ is the volume of a unit cell, M is the reduced 
atomic mass and m,* and m,* are the effective masses 
in the conduction and valence bands, respectively. The 
longitudinal fundamental optical frequency, w; can be 


deduced*from the experimentally observed reststrahl 
frequency, w:, by the relationship 


wi= (€0/€.) dur, (4) 


where ¢» is the static dielectric constant and e,, is the 
optical dielectric constant. The appropriate effective 
ionic charge, e*, has been defined by Callen’ by the 
expression 

4re*?= MQw/?*(€,.7— ec). (5) 


For ZnS, e9=8.3, ¢,.=5.2, and A,=33.5 microns. When 
these quantities are substituted into Eq. (3), one 
obtains an average rate of change of the band gap 
between 300°K and 400°K of 


AE,= —8.6X 10-*[ (m.*/m)} 
+ (m,*/m)*]ev/degree. (6) 


10 Méglich, Riehl, and Rompe, Z. tech. Phys. 21, 6, 128 (1940). 
4 A. Radkowsky, Phys. Rev. 73, 749 (1948). 

2H. Y. Fan, Phys. Rev. 82, 900 (1951). 

18H. B. Callen, Phys. Rev. 76, 1394 (1949). 
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The agreement reported by Radkowski for ZnS is 
incorrect as a result of using an ionic charge of e, 
whereas the appropriate effective charge, e*, given by 
Eq. (5) is 0.42e. 

From Eq. (6) it is evident that the temperature 
coefficient not associated with lattice dilatation cannot 
be explained unless a rather large value of at least one 
of the effective masses is assumed. The validity of 
appealing to a large effective mass to be used in Eq. 
(3) is doubtful since this formula was derived using 
perturbation theory and therefore should be applicable 
only to systems in which the electron-phonon coupling 
is weak. The coupling constant, a, is 


q= AE go/hw1, (7) 


where AF,» is the shift in the band edge due to this 
interaction at absolute zero. For ZnS the coupling 
constant is 1.2 (m*/m)!. Therefore, with a large effective 
mass, an intermediate coupling treatment of the tem- 
perature dependence of the band edge is more appro- 
priate. Also it must be remembered that Fan’s work 
relates to the thermal band gap and that the thermal 
and optical band gaps agree only to first order in the 
interaction energy between electrons and phonons.!*!* 
If the coupling constant is not small the second-order 
term cannot necessarily be neglected. Finally, Fan’s 
expression relates to a very simple band structure and 
may not be completely appropriate if the structure in 
ZnS is complex. Until these considerations have been 
evaluated, it dces not seem possible to determine 
whether that part of the temperature coefficient which 
is not associated with a dilatation of the lattice can be 
explained satisfactorily by electron-phonon coupling 
or whether another effect not yet considered contributes 
to this coefficient. 
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below Its Magnetic Critical Point* 
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The adiabatic susceptibility of single crystals of ferric ammo- 
nium alum has been determined as a function of entropy and 
applied field below 0.1°K. Two methods of measurement have 
been employed: in addition to a standard ballistic bridge tech- 
nique, a moving-coil device has been developed to yield static 
values. A ballistic galvanometer of period 4.6 seconds was used 
in both circuits. The two single crystals utilized were both shaped 
as 1.6:1 prolate ellipsoids, one with major dimension along a 
cubic axis (1,0,0) and the other with major dimension isogonal to 
the cubic axes (1,1,1). The susceptibility vs entropy results for 
the single crystals obtained by the ballistic bridge do not display 


INTRODUCTION 


ERRIC ammonium alum was first investigated at 

very low temperatures by Kurti and Simon and 
is one of the most widely used paramagnetic salts in 
magnetic cooling.' However, its magnetic properties 
below 1°K have not yet been completely examined and 
there have been no studies reported on single crystals. 
A susceptibility maximum** appears at very low 
temperatures. This magnetic critical point occurs at 
an entropy of S/R=0.65 and a small permanent 
magnetization has been studied?“ in this region. The 
susceptibility showed an out-of-phase component in 
this cooperative region when ac measuring methods 
were employed.’ Kurti® has measured the magnetization 
of ferric alum in the ordered region as a function of 
entropy and applied field, and has shown that a negative 
magneto-caloric effect exists. This was taken by Kurti 
to be an indication that the ordering is antiferro- 
magnetic in the cooperative region and the Néel point 
is the temperature or entropy value at which these 
effects commence. 

In general, crystalline anisotropy may be expected 
to play some role in magnetic ordering, and such 
anisotropy would be manifested only in single-crystal 
measurements. Even in ferric alum, for which isotropic 
magnetic properties may be reasonably anticipated at 
higher temperatures, the appearance of magnetic 
anisotropy due to the ordering process cannot be 


* Supported by the Robert A. Welch Foundation. A preliminary 
account of this work was presented at the Fifth International 
Conference on Low-Temperature Physics and Chemistry, 
Madison, Wisconsin, August 26-31, 1957 (unpublished). 

t Shell Oil Company Fellow in Physics. Now at the Department 
of Physics, Amherst College, Amherest, Massachusetts. 
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ment of Physics, University of Kansas, Lawrence, Kansas. 

1N. Kurti and F. Simon, Proc. Roy. Soc. (London) A149, 
152 (1935). 

2 Steenland, de Klerk, Potters, and Gorter, Physica 17, 149 
(1951). 

*N. Kurti, J. phys. 12, 281 (1951). 

‘Kurti, Laine, and Simon, Compt. rend, 204, 754 (1937). 


any striking differences from those observed for powdered samples, 
but the moving coil measurements indicate that the region of 
nearly constant susceptibility below the magnetic critical point 
extends to even lower entropies. The differential susceptibility 
determined by the ballistic bridge in the presence of applied 
fields up to 300 gauss reveals the presence of magnetic anisotropy. 
The (1,1,1) data display a weak hump near 120 gauss, in contrast 
to the (1,0,0) results which reveal no hump and are consistently 
lower in magnitude. No adequate theoretical explanation of the 
ordering phenomena in ferric alum is as yet available. 


excluded. We have discovered magnetic anisotropy in 
ferric alum single crystals and herewith report our 
results. 


I. MAGNETIC MEASUREMENTS BY BALLISTIC 
BRIDGE TECHNIQUE 


Apparatus 


Two single crystals of FeNH,4(SO,4)2-12H,O were 
grown in our laboratory for these experiments. The 
method used was slow evaporation of an aqueous 
solution of commercial Baker’s C.P. salt. The two 
crystals obtained were not perfect, each having at 
least one internal plane of imperfection and a general 
cloudy appearance. These imperfections may have 
occurred during growth because of insufficient tempera- 
ture control. The single crystals thus grown were then 
shaped by filing to ellipsoids of revolution of length 
2.1 cm and diameter 1.3 cm, the final shape being 
checked by elliptical section templates. One sample, 
herein referred to as (1,0,0), was shaped so that its 
major dimension lay along a crystalline cubic axis. 
The other sample, hereafter labelled (1,1,1), was shaped 
so that its long dimension was isogonal to all three 
cubic axes. The mass of each of these samples was 
found to be 3.10 grams. A pressed-powder sample was 
also investigated for purposes of comparison with the 
single-crystal results. This sample was filed from a 
cylinder of compressed finely ground ferric alum to 
exactly the same shape and size as the two single- 
crystal samples. Its filling factor was determined at 
92%. 

Each of the ellipsoids could be mounted in a specimen 
holder which held the sample rigidly by means of four 
thin nylon threads. This holder fit snugly in a glass 
sample chamber tube and oriented the ellipsoid so that 
its long dimension was parallel to the axis of two 
concentric coils of a mutual inductance bridge. The 
secondary coil, consisting of two oppositely wound 
sections of 2400 turns each, was mounted on the sample 
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chamber so that the sample was in the center of one 
of the sections. The primary coil, mounted on the tail 
of the helium Dewar symmetrically with respect to 
the secondary, consisted of 850 turns. The rest of the 
bridge circuit was made up of a standard mutual 
inductance external to the cryostat, to provide a small 
undercompensation at 4°K, and a ballistic galvanometer 
of free period 4.6 seconds for detecting the secondary 
signal. An excellent survey of these well-known methods 
has been given by de Klerk.® 

The Rice Institute 21-kilogauss iron electromagnet 
was available for the magnetizations and the helium 
bath could be reduced to as low as 0.94°K. Thus 
entropies near S/R=0.20, well into the cooperative 
region, could easily be obtained. 


Procedure 


The galvanometer was calibrated against the known 
susceptibility of the sample in the temperature range 
from 1-4°K according to the Curie-Weiss law: 
M=CH)/(T—A), where Ho=5 gauss is the applied 
primary field, M the magnetization (magnetic moment 
per unit volume), C the Curie constant for ferric 
alum=9.0157°K, and A=($r—a)fC, with a the 
demagnetization coefficient for Ho applied parallel to 
the long dimension of the ellipsoid and f the filling 
factor (=1 for single crystals). In the above, the 
correction to the local field caused by magnetic dipole 
interaction has been described by the Lorentz 
approximation. 

The entropy of the specimen at helium bath tempera- 
ture and under the influence of a strong magnetizing 
field was calculated by using the Brillouin term 
only. As the field strength could be determined to 
only about 1%, Stark splitting and dipole-dipole 
interaction corrections to the entropy reduction were 
neglected. Final entropy values reported here, following 
isentropic demagnetizations, are considered known 
with sufficient accuracy for the present experiments. 

The heat leak to the specimen was estimated to be 
2-3 ergs per second, so data-taking was limited to the 
5 to 6 minutes following demagnetization. However, 
for those demagnetizations in which the initial bath 
temperature was relative high (~1.2°K), it was found 
that the heat leak could be reduced by a factor of 5 by 
lowering the bath temperature to 0.95°K during the 
last ten minutes of the exchange gas removal. 

At the very low temperatures following a demag- 
netization, only a 3-gauss field was used to determine 
the susceptibility. We estimate the residual fields at 
the sample due to all causes to be less than 0.1 gauss 
with the precautions taken. 


Results on Entropy-Dependent Susceptibility 


These measurements were made by demagnetizing 
at a desired entropy value, observing the galvanometer 


5D. de Klerk, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1956), Vol. 15, pp. 38-209. 
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deflections as a function of time as soon as possible 
following the demagnetization (15 to 20 seconds), and 
extrapolating the deflections back to the time of 
demagnetization. Only deflections corresponding to 
an increase of current in the primary (i.e., the primary 
field changing from 0 to } gauss) were recorded. In the 
ordered region where hysteresis appears, it was neces- 
sary to take the deflections in pairs; two successive 
deflections for this field increasing in one direction, 
then two deflections for this field increasing in the 
opposite direction, etc., the average extrapolated 
deflection then being used to calculate the susceptibitity. 
Under these circumstances the first deflection in each 
pair was greater than the second by several millimeters 
out of some 10 cm and the difference in the extrapolated 
deflections is taken to be proportional to twice the 
remanent moment. 

The data for each sample were taken over several 
weeks. Between the data-taking periods the sample was 
allowed to warm to the temperature of the liquid 
nitrogen in the outer Dewar, but the several warmups 
apparently did not affect the sample, as evidenced by 
the good reproducibility of the data for any one sample. 

The results of these measurements are shown in Fig. 1, 
where X, is the effective susceptibility per unit volume 
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Fic. 1. Magnetic susceptibility (ratio of magnetic moment 


per unit volume to applied field) of ferric ammonium alum as a 
function of entropy below 0.1°K as obtained with a ballistic 
mutual inductance bridge. The samples indicated were all 1.6:1 
ellipsoids of revolution, two being shaped from single crystals 
with major dimensions parallel to a cubic axis and to a direction 
isogonal to all three cubic axes, respectively, and the third a 
pressed powder of filling factor 0.92. The galvanometer had a 
free period of 4.6 sec and the measuring field was 0.5 gauss. 








MAGNETIC ANISOTROPY 
M/Ho. The pressed-powder curve has the same flat 
maximum observed by previous workers.?:* The peak 
value, corrected to spherical shape by the equation 


Xo=X,/[1+ (4r—a) [Xe] 


is 0.25, to be compared with 0.24 for the polycrystalline 
2:1 ellipsoid and 0.27 for the powder sphere of Steenland 
et al.’ The flat maximum for the present sample extends 
from S/R=0.60 to S/R=0.35. The (1,1,1) single- 
crystal data agree well with those for the pressed 
power in regard to both shape and magnitude. The 
(1,0,0) single-crystal data also agree above the magnetic 
critical point, but in the region of the maximum, the 
latter data have a peak value lower by 5% than that 
of the other two samples and we have no satisfactory 
explanation for this. The shape of the maximum for 
the (1,0,0) curve also is different in that it begins quite 
abruptly at S/R=0.65, is not quite as flat, and decreases 
more gently towards lower entropy values. As men- 
tioned, small remanent magnetizations of the same size 
found by other workers? were detected; however, no 
systematic study of them was undertaken by us. 


Results on Field-Dependent Isentropic 
Differential Susceptibility 


Fields of 0 to 300 gauss could be applied to the sample 
by an auxiliary solenoid: that was slipped on the Dewar 
tail following demagnetization. These fields are hence 
applied parallel to the primary field of the mutual 
inductance and to the long dimension of the ellipsoid. 
The procedure after demagnetization for obtaining the 
data was as follows: (a) record the galvanometer 
deflections caused by a }-gauss primary field in the 
presence of the auxiliary solenoid field, (b) repeat 
observations in zero auxiliary field, (c) continue with 
new setting of auxiliary field, etc. The warmup rate 
of the zero-auxiliary-field deflections was used to 
correct the field-dependent deflections for heat-leak 
effects. Five or six demagnetizations from the same 
entropy value were sufficient to establish a curve 
because three auxiliary-field settings could be used on 
each, 

Figure 2 displays X, vs H curves for all three samples 
at S/R=0.24+0.01. There is obvious evidence of 
anisotropic behavior. The pressed-powder curve steadily 
decreased with no inflection or critical points, as already 
found by Kurti® and by the Leiden Group.? However, 
the results for the (1,1,1) single crystal reveal a definite 
broad hump centered about a solenoid field of 120 gauss. 
On the other hand, the (1,0,0) sample curve shows no 
visible signs of such a hump, although its rate of 
descent with increasing field is distinctly steeper than 
the powder results. All the data show an increase in 
scatter above a solenoid field of 160 gauss, reflecting 
increased fluctuation of the battery current in the 
solenoid circuit at the higher currents, but this is not 
too disturbing since nothing new appears to be develop- 
ing at high fields, * 
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Fic. 2. Isentropic differential volume susceptibility of ferric 
alum as a function of external applied field as obtained by the 
ballistic bridge at lowest available entropy for the three samples 
described in the caption of Fig. 1. The measuring field was 0.5 
gauss. 


Since the (1,1,1) curve has the most interesting 
features, these measurements were repeated on the 
(1,1,1) sample at two higher values of entropy, S/R 
=().39 and 0.48. The results are shown in Fig. 3. The 
“humping” is visible in all three curves. Although 
these effects are small, it is apparent that the hump is 
more pronounced and moves towards higher solenoid 
fields as the entropy decreases. 


II. STATIC SUSCEPTIBILITY MEASUREMENTS 


The appearance in paramagnetic salts of time 
effects in the cooperative region® caused us to worry 
that the dropoff of susceptibility below S/R=0.35 
exhibited in Fig. 1 might be partly due to the particular 
measuring technique employed. Thus, if the growth 
of the magnetization after switching on the primary 
changed in character owing to relaxation phenomena, 
the galvanometer might not integrate the secondary 
signal so completely as in the absence of relaxation 
and so lead to smaller deflections. To test these grounds 
for concern, it was decided to repeat some of the 
measurements using a “static” measuring technique. 
A moving-coil apparatus recently developed in our 
laboratory for making susceptibility measurements on 
demagnetized salts was employed.’ In this technique 
the sample is subjected to a sfeady measuring field. 
The magnetization is detected by moving a coil about 
the sample. The manner in which the galvanometer 
integrates the signal then depends only on the coil 
motion and on the steady-state magnetization in the 


® See D. de Klerk, National Bureau of Standards Symposium 
on Low Temperature Physics, 1951 (unpublished), p. 211. 

? Details of the apparatus are given in the accompanying paper 
by us, where long relaxation time effects are indeed present in 
single-crystal Cr-methylamine alum [Phys. Rev. 110, 332 (1958), 
following paper ]. 
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Fic. 3. Isentropic differential volume susceptibility of ferric alum as a function of external applied field as obtained by the 
ballistic bridge for the (1,1,1) sample at three entropy values below the magnetic critical point $/R=0.65. 


sample. This galvanometer is the same one that was 
employed in the mutual inductance bridge. 

The results of the moving coil measurements on the 
two single-crystals, together with the ballistic data for 
the (1,1,1) sample from Fig. 1, are shown in Fig. 4. 
The steady applied field in all instances was 0.33 gauss. 
It appears that the shapes of the maxima have changed 
slightly. The decrease at lowest entropies is less, the 
(1,0,0) points even appearing to remain at peak value 
down to S/R=0.25. The good agreement between the 
two methods of measurement would seem to indicate 
that if relaxation mechanisms are present they are not 
greatly affecting the integrating characteristics of 
this particular galvanometer when used on the ballistic 
bridge. It is interesting to note that the peak values for 
the two single crystals now agree, in contrast to the 
ballistic results of Fig. 1. For this reason we are inclined 
to believe that the two single-crystal curves in Fig. 1 
should coincide, but for some experimental reason they 
did not. 

Field dependency studies were made with the 
moving-coil apparatus for small fields only. The 


magnetization was observed to be a linear function of 
steady measuring field for fields up to 10 gauss. 


DISCUSSION 


One would like an explanation of the magnetic 
anisotropy revealed in the above results as well as an 
understanding of the interactions which bring about 
Fig. 1 and Fig. 4. It is well known that sixfold de- 
generacy of the ground state of the ferric ion (3d°*,°S) 
is partially lifted by a “medium” crystalline field 
through the intermediate action of spin-orbit interaction 
in second-order approximation.* The resulting pattern 
of Kramers’ doublets in our specimen can be estimated 
from the paramagnetic resonance spectrum work of 
Bleaney and Trenam,’ and use is made of the specific 
heat studies by Kapadnis."° The lowest pair of states are 
predominantly S,=+§; the levels S,=+ occur 0.10 
cm™ higher in energy; the predominantly S,=+} 
levels are 0.18 cm™! above the ground states. Thus, 

8 J. H. Van Vleck and W. G. Penney, Phil. Mag. 17, 961 (1934). 

®B. Bleaney and R. S. Trenam, Proc. Roy. Soc. (London) 
A223, 1 (1954). 

” D. G. Kapadnis, Physica 22, 159 (1956). 








MAGNETIC ANISOTROPY 
at the temperature where magnetic ordering first 
occurs, only the lowest pair of Stark states are occupied. 

No anisotropy can be produced by the Stark effect 
alone in ferric alum, however, because of the alum 
structure." The ferric ions form a face-centered cubic 
lattice, so that there are four such ions to a unit cell. 
The trigonal axes of distortion of the water octahedra 
which surround each ion have different directions. 
Associating each of the four unit-cell body diagonals 
with one of the four ions of the cell, the trigonal axis 
orientation of each ion is given approximation by its 
body diagonal, as shown in Fig. 5. Thus the macroscopic 











0.40r- a 
| Fe NH4(SO,),"I2H,O 
SUSCEPTIBILITY vs 
Wm $ ENTROPY 
e°@ 
} J . &\ OROP COIL MEASUREMENTS 
j e / o 
0.35} e @ SINGLE CRYSTAL (111) 
| © SINGLE CRYSTAL (100) 
\ — BALLISTIC RESULTS 
Xe \ ON SINGLE CRYSTAL 
\ (it) 
030 \? 
\s 
0.25 
0.20 
S/R * 
om 0.2 04 a”.|lUC Lo i2 “4 





Fic. 4. Volume susceptibility of ferric alum as a function of 
entropy as obtained by the “moving-coil” apparatus for the two 
single crystal samples. The steady applied measuring field was 
0.33 gauss. The same galvanometer of period 4.6 sec was em- 
ployed. For ease of comparison the (1,1,1) ballistic curve of Fig. 1 
is repeated here. 


symmetry precludes any magnetic anisotropy from the 
crystalline fields* and the experimental results given by 
us have no ready theoretical interpretation. 

From the above Stark level description, one might 
reasonably expect the theory of magnetic ordering in 
the chromic alums, recently proposed by O’Brien,” 

41H. Lipson and C. A. Beevers, Proc. Roy. Soc. (London) 


AL48, 664 (1935). 
2M. C. M. O’Brien, Phys. Rev. 104, 1573 (1956). 
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Fic. 5. One cell of the face-centered cubic-lattice arrangement 
of the ferric ions in FeNH,4(SO,4)2-12H:O. The heavy dash 
through each of the ions shows the orientation of the trigonal 
axis of symmetry of the surrounding water octahedron. In a cell 
the four different orientations are approximately parallel to the 
four body diagonals. 


could be easily adapted to the ferric alum problem. 
The only important change would be that the spin is 
§, instead of the value $ appropriate to the chromic 
alums for which the theory was devised. In these 
chromic alums the susceptibility vs entropy shows a 
very sharp maximum in accord with the theory of 
Miss O’Brien. However, the measurements on ferric 
alum given in Figs. 1 and 4, show a broad flat maximum. 
Kurti® has shown that the absolute temperature 
does not change during the entropy drop which is 
roughly associated with the flat maximum. However, 
receni work by Cooke e/ a/."* indicates a serious disagree- 
ment with Kurti on the values of S vs T. Thus the 
susceptibility vs temperature cannot yet be plotted with 
any degree of certainty. We cannot claim to know the 
state of magnetization associated with the ordering 
phenomena. Perhaps the formation of domain structure“ 
plays an essential role in determining the magnetic 
properties of this alum below its magnetic critical point. 
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A moving-coil apparatus is described which makes possible the measurement of static susceptibilities of 
paramagnetic salts cooled by adiabatic demagnetization to temperatures below 1°K. The sample studied 
was a 2:1 ellipsoid of revolution, with major dimension along a cubic axis, shaped from a single crystal of 
chromic methylamine alum. In contrast to data obtained by the customary mutual inductance bridge 
method with ballistic galvanometer detection under comparable conditions, the new technique made possible 
the direct study of a long relaxation time in the magnetizing process, which was observed whenever the 
crystal was cooled below its Néel point. An additional sharp peak in the susceptibility as a function of 
entropy was also found in this region. It is pointed out that the theory of magnetic ordering in the chromic 
alums can successfully account for the genera] dependence of susceptibility on entropy. 


INTRODUCTION 


” the customary bridge methods for establishing the 
magnetic susceptibility of paramagnetic salts at 
very low temperatures, the characteristic time constants 
of the measuring circuits are important. For example, 
the period of a ballistic galvanometer or the frequency 
of the current used in a bridge are important below the 
Néel point where relaxation effects in magnetizing the 
salt may modify the response of the detecting device. 
In chromic alums this phenomenon has been observed 
in ballistic bridge measurements':? as “double de- 
flections” and also as an increased effective damping 
of the galvanometer.’ It is manifested in ac measure- 
ments by the appearance of an out-of-phase component 
x” of the complex susceptibility and the in-phase com- 
ponent x’ falls below the value given by the ballistic 
bridge method. In both of these techniques the non- 
reproducibility of susceptibility values has been noted 
below the Néel point‘ for chromic methylamine alum. 
For these reasons we have devised a new method which 
avoids some of these difficulties and herein report our 
results on a single crystal of chromic methylamine alum 
at temperatures reached by adiabatic demagnetization. 


APPARATUS 


We shall describe a moving-coil device which gives 
a ballistic galvanometer a deflection when moved from 
a region surrounding the specimen to a region of empty 
space. The salt is magnetized by a steady external 
solenoid whose own field is uniform over the entire 





* Supported by the Robert A. Welch Foundation. 

t Shell Oil Company Fellow in Physics; now at Physics De- 
partment, Amherst College, Amherst, Massachusetts. 

t Welch Foundation post-doctorate fellow; now at Physics 
Department, University of Kansas, Lawrence, Kansas. 

1D. de Klerk, Proceedings of the National Bureau of Standards 
Symposium on Low Temperature Physics, 1951, Washington, 
D. C. (unpublished), p. 211. 

? Beun, Steenland, de Klerk, and Gorter, Physica 21, 651 (1955). 

*R. P. Hudson and C. K. McLane, Phys. Rev. 95, 932 (1954). 

* Beun, Steenland, de Klerk, and Gorter, Physica 21, 767 (1955). 
[See also thesis by J. A. Beun, Leiden University, 1957 (un- 
published). ] 

° E. Ambler and R. Hudson, J. Chem. Phys. 27, 378 (1957). 
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region of coil motion. Since the magnetic moment of 
the specimen is now observed under static measuring 
field conditions, one would expect that a true static 
susceptibility may be inferred from the galvanometer 
deflections. In addition, this technique is ideally suited 
for studying remanent and spontaneous magnetic 
moments in zero applied field. As we shall see, the 
method also allows an investigation of time effects of 
relatively long duration, i.e., greater than 5 seconds in 
the magnetization process. 

The apparatus which has worked satisfactorily is 
shown in Fig. 1. The sample chamber was constructed 
from a length of 32-inch o.d. nickel-silver tubing of wall 
thickness 0.008 inch which provides a smooth track 
for the coil device. A coil form was machined from a 
5-inch length of “Dilecto” tubing with an inside 
diameter of 0.765 inch so that there was sufficient 
clearance on the sample chamber when taken to low 
temperatures. The coil winding consists of two sections, 
each was 2 inches long and contained 2940 turns of 
A.W.G. No. 40 magnet wire wound in six uniform 
layers and connected in series opposition. By moving 
the coil so that the sample is effectively shifted between 
centers of the two sections, an emf is developed pro- 
portional to twice the magnetic moment per unit volume 
of the specimen. The limiting positions of the coil are 
precisely determined by two stops attached to the 
sample chamber as shown in Fig. 1. The 8-inch-long 
measuring field solenoid, mounted on the helium Dewar, 
is located symmetrically with respect to the coil motion 
and provides a field of 81.3 gauss/amp. 

Since this solenoid together with the coil in fixed 
position can be used for ballistic mutual inductance 
measurements, it has been labeled as the “‘primary” 
on Fig. 1. 

The coil is supported by four thin silk threads which 
terminate above the radiation trap in a four-legged 
spider, allowing the coil motion to be controlled by a 
single thread running to the top of the Dewar. One of 
the four support threads is surrounded by a length of 
thin insulating spaghetti through which the coil leads 
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are passed. Just under the top plate of the Dewar the 
single control thread is wound on a pulley, the rotation 
of which is determined by a rack and gear as shown in 
Fig. 1. The dimensions of the various components are 
such that a 0.60-inch linear displacement of the rack 
exactly moves the coil from one stop to the other. 

The bellows shown in Fig. 1 provide a vacuum seal 
at the point where the rack passes through the Dewar 
top plate. Since the rack is attached to the closed upper 
end of the bellows, the action of the bellows controls 
the coil motion. The bellows contracts under normal 
running conditions, with the space over the bath 
evacuated. The frame and cam arrangement of Fig. 1 
provides a means for elongating the bellows against 
this vacuum. The cam is designed with a 30° arc of 
0.40 inch radius, a 180° arc of radius gradually changing 
from 0.40 to 1.00 inch, followed by a 30° arc of 1.00 inch 
radius. By means of a bearing which travels on the 
cam’s periphery, a 240° rotation of the cam lifts the 
frame, and hence the bellows, the required 0.60 inch. 
Because of the cam shape, the motion of the coil is such 
that it has zero velocity at the stops and maximum 
velocity at a point halfway between. This cam design 
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Fic. 1. Apparatus for making static susceptibility measurements 
below 1°K. At the left is a detail of the control mechanism on 
top of the cryostat head. The sample chamber and the moving 
coil, in its raised position, are diagrammed on the right. Operation 
of this equipment is described in the text. 


was suggested by a similar apparatus employing sample- 
motion for isothermal susceptibility measurements. 

The bellows, frame, and cam are contained in a 
housing not shown in Fig. 1. This housing, when 
mounted in the support illustrated, guides the frame 
and supports the cam axle. The housing support seals 
the bellows to the Dewar plate by means of an “O” 
ring. The rotation of the cam is determined by a slave 
selsyn attached to its axle. The operator manually 
controls the master selsyn by a crank located near the 
galvanometer scale where he makes observations. 

The moving coil had its electric lead wires attached 
to a galvanometer (Leeds and Northrup, sensitivity 
4.7X10-* amp/mm at scale distance of 3 meters, free 
period 4.6 sec). This short period galvanometer was 
operated slightly underdamped to take data most 
efficiently. The same galvanometer was used when the 
apparatus served as a conventional ballistic bridge. 
The time for moving the coil under measuring condi- 
tions (less than one-half second) constitutes about one- 
tenth of the galvanometer period, so that we cannot 
claim the circuit completely integrates the current 
pulse.’ This effect is quite apart from any properties 
of the sample. Hence a variable integrating error can 
result only from inability to reproduce successive coil 
motions precisely. It was found that under the condition 
the crank motion corresponded to a coil lift, deflections 
were reproducible to } mm in 10 to 50 cm. 

No evidence was found for an increase in the heat 
leak to the sample during the measuring periods. Nor 
was there any significant increase in the evaporation 
rate of liquid helium below the \ point caused by the 
coil motion. 


PROCEDURE 


A sample, in the shape of an ellipsoid of revolution 
24.9 by 13.0 mm with major dimension along a crystal- 
line cubic axis, was filed from a raw single crystal of 
Cr(CH3NH;)(SO,)2-12H,O. By means of four taut 
nylon threads, the sample was mounted rigidly in a 
specimen holder, which when placed in the sample 
chamber, orientated the ellipsoid as shown in Fig. 1. 
The sample was slowly precooled to liquid nitrogen 
temperatures (over a period of 5 hours) and further 
cooled rather swiftly to 4°K by the liquid helium 
transfer. Between helium transfers the sample was 
always maintained at or below liquid nitrogen tem- 
perature. 

The galvanometer deflection 6 was calibrated against 
magnetic moment per unit volume between 1.15°K- 
4.2°K by fitting 6 vs bath temperature data with the 
expression 

6=A/(T—A)+B. (1) 


Here A= ({x—a)C accounts for magnetic interaction 





6 W. E. Henry, Phys. Rev. 88, 559 (1952). 
7F. K. Harris, Electrical Measurements (John Wiley and Sons, 
Inc., New York, 1952), p. 321 ff. 























334 C. W. DEMPESY 
t Cr (CHyNH, (S0,);12 Hp 
o 
Daa H= 0.33 GAUSS 
S/R= 0.35 
Md 
we} ONS od 
aN 
\cr38 sec | 
mF i 
LN(48) | se 
2 \ 
et iS ie 
gor 
Lene t ' 
ON- (MIN) —> 


Le) 





2 4 $ 6 


Fic. 2. Results of a demagnetization at an entropy value well 
below the Néel point of chromic methylamine alum. The gal- 
vanometer deflections obtained with the moving-coil apparatus 
are plotted as a function of time after demagnetizing. Straight 
line extrapolations of the readings back to zero time, from which 
the static susceptibilities were derived, have been drawn in. The 
inset is a plot of the natural logarithm of the difference between 
the observed and extrapolated deflections vs time, showing the 
exponential nature of the approach to equilibrium magnetization. 
The time scale for the inset is the same as that of the main figure. 


in the Lorentz approximation, with a the demagneti- 
zation coefficient, and C the Curie constant per unit 
volume. Taking C=0.00612°K, and a=2.30 for our 
sample, we obtain A=0.012°K. The measuring field 
applied during the calibration was 5.7 gauss. In the 
absence of the measuring field, a small temperature- 
dependent deflection 69 was observed which we at- 
tributed to a residual field at the sample of magnitude 
less than 0.1 gauss. Hence each observed deflection had 
to be corrected by subtracting the corresponding 4 
before applying the calibration expression. The constant 
B must thus arise from the inhomogeneity of the 
measuring field near the ends of the solenoid. Both 
constants A and B could be reproduced within +1% 
in successive calibrations extending over 8 runs and 
three weeks. 

The salt was cooled, by standard demagnetization 
techniques, with the Rice Institute 21-kilogauss iron 
electromagnet. The final entropy was calculated using 
the Brillouin term only, the Stark and dipole inter- 
actions contributing negligible corrections® within our 
accuracy. At the very low temperatures the steady 
external measuring field was only 0.33 gauss. 

Above the Néel point? (S/R=0.53) the deflections 
observed as a function of time following a demagneti- 
zation reflected a normal small warming of the sample 
due to heat leak. Because of the previously mentioned 
residual fields, we adopted the procedure of taking 
deflections for the measuring field applied in opposite 
direction (6+ and 6~) and using the average of the two, 
extrapolated to the time of demagnetizing, to calculate 
the susceptibility. Since 6+>6- in our data, and “plus” 
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meant H down, the residual field due to earth, building, 
magnet, etc., had a downward component at the sample. 

Well below the Néel point, unexpected, time de- 
pendence of 6 developed as shown in Fig. 2. For example, 
successive 6* deflections exhibited a rapid rise for 60-100 
seconds, approaching a uniform rate of upward drift. 
Upon reversing the field, the 6~ deflections displayed 
the same behavior. We would emphasize that such time 
dependence was observed each time the field was 
switched to a new direction, as long as the salt was 
below the Néel point. It was never found above the 
Néel point.® 

Inset in Fig. 2 is a plot of the natural! logarithm of the 
difference between the actual deflections and a straight- 
line extrapolation of the steady upward drift. It is seen 
that the data fit an exponential curve with a relaxation 
time 7 of 38 sec. 

We interpret these deflections as follows: the mag- 
netization process when a field is suddenly applied goes 
through two distinct stages. First, the magnetization 
rises rapidly to approximately 90°% of its equilibrium 
value in a time less than that required to get the initial 
deflection (roughly 8 sec). Thereafter, it proceeds 
toward its equilibrium value exponentially. The slow, 
steady upward drift is a natural consequence of the 
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Fic. 3. Static and dynamic susceptibilities (ratio of magnetic 
moment per unit volume to applied field) of chromic methylamine 
alum below 0.1°K as a function of the entropy, as obtained by 
the moving-coil and ballistic mutual inductance bridge methods, 
respectively. The sample was a 2:1 ellipsoid of revolution shaped 
from a single crystal with a cubic axis parallel to the long dimen- 
sion. The same galvanometer of free period 4.6 sec, and measuring 
field 0.33 oersted, were employed throughout. 

’ Nor was it observed in any of our moving coil measurements 
made on ferric ammonium alum; see C. W. Dempesy and R. C. 
Sapp, preceding paper [Phys. Rev. 110, 327 (1958) ]. Further 
details of the moving coil apparatus are in a thesis by C. W. 
Dempesy, Rice Institute, 1957 (unpublished). 
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warming of the specimen toward temperatures nearer 
the susceptibility maximum, see Fig. 3. We wish to 
emphasize that the unobserved first stage of magneti- 
zation must necessarily be a more rapid rise than can 
be described by an extrapolation of the observed 
exponential tail. 

Just below the Néel point (0.45 <S/R<0.53) some 
demagnetizations show a distinctive behavior indicative 
of a rather sharp peak in the apparent susceptibility. 
Here 5+ exhibited a fairly steep descent followed by a 
slower drift downward, such as might conceivably 
result fram a small amount of spontaneous magneti- 
zation. When superimposed on relaxation and warmup 
effects, this behavior made the extrapolations back to 
zero time most difficult. 

In every case the extrapolations were made in the 
following way: slow steady rates of change of deflection 
were attributed to the natural heat leak and were used 
as the basis for extrapolating. These drifts were either 
upward or downward depending on which side of the 
susceptibility maximum (see Fig. 3) the experiment was 
done. All exponential increases were assumed to result 
from relaxation effects. The few anomalous cases where 
the deflections first fell rapidly before leveling off were 
tentatively attributed to a sharp peak in susceptibility 
just below the Néel point. By using this consistent 
procedure, reproducible values of 6 were obtained in all 
regions. 

Well below the Néel point there was evidence for 
remanent moments. The throw following the removal 
of a “plus” field, 50+, became greates than that after a 
“minus” field, 60°. A small remanent moment, M,, 
which either adds to or subtracts from the larger 
moment induced by the fixed residual field, provides a 
means of explaining this latter observation. The differ- 
ence (é9t—69°) is hence proportional to twice M,, 
while the average 6) corresponds to the steady residual 
moment. The mean of 6* and é~ which is proportional 
to the average magnetization, is taken to compute the 
susceptibility when small remanence effects occur. 

From the average (extrapolated to zero time) 
deflections, 6, were derived values of effective suscepti- 
bility per unit volume x.=M/Ho, where Ho is the ap- 
plied field. Using the calibration constants already 
described, we have 


X,= (C/A)(K6—B). (2) 


In Eq. (2), K is a scale factor equal to the ratio of the 
applied field for calibration in the 1° to 4°K range to 
the field used after cooling where to keep deflections 
on scale only 0.33 gauss were used. Any use of a gal- 
vanometer shunt can also be included in the value of K. 

As we have indicated, the apparatus was also used 
as a conventional ballistic bridge by leaving the coil 
fixed and abruptly turning on the primary field current. 
Deflections taken by this method following demagneti- 
zation showed none of the above mentioned long re- 
laxation time effects or anomalous behavior at the peak 
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of the susceptibility. Nevertheless, in spite of its seeming 
good behavior, the ballistic bridge measurements below 
the Néel point must be interpreted as giving misleading 
results because of the long relaxation effect noted above. 
Above the Néel point the two methods give indis- 
tinguishable results. 


RESULTS 


These two sets of data, shown in Fig. 3, give a direct 
comparison of X, obtained by static and dynamic 
methods with all other conditions held constant. It is 
seen that for the entropies between 0.53 and 1.0 the 
two methods give identical values of X,. Immediately 
below the Néel point a wide divergence occurs. While 
the ballistic points fall steadily with decreasing entropy, 
a striking peak is found in the moving coil data. The 
two curves appear to converge at lower entropies. 

Special mention must be made of the lowest entropy 
points, where well-known experimental difficulties 
cause a large uncertainty. To attain an entropy of 
0.19R with our equipment, it was necessary to use the 
lowest possible bath temperature,i0.95°K. It then 
proved to be impossible to pump out the exchange gas 
as thoroughly at this temperature, leading to much 
larger warmup rates and attendant extrapolation 
difficulties, 

As far as magnitudes are concerned, our X, values, 
corrected to spherical shape by the formula 


Xe 
pice pect, (3) 
1+(44—a)X, 


agree reasonably well with those from Hudson and 
McLane’s’ single-crystal sphere I. Exact agreement is 
not necessarily to be expected because the Lorentz-type 
correction in Eq. (3) may be inadequate. Nonrepro- 
ducibility of X, between different samples has been for 
other laboratories a particularly troublesome property 
of chromic methylamine alum.*~* 

A secondary maximum just below the Néel point 
was reported by Hudson and McLane.’ It is interesting 
to note that this is just the location of the peak in our 
static curve. Although there is some scatter in our 
ballistic data, no clear indication of a secondary hump 
can be seen. It has also been shown’ that remanence is 
largest just below the Néel point and y” goes through 
a sharp maximum’ at $/R=0.53. 

No systematic study of remanence was attempted 
with our moving-coil equipment. At S/R=0.50, small 
remanent moments estimated to be about 0.002 gauss 
were detected. Upon taking into account the small 
measuring field used by us, this is consistent with the 
data of the N.B.S.° and Leiden groups.‘ 

Considerable scatter in our estimates of the relaxation 
time 7 prevent us from reporting more than a general 
description of its entropy dependence. Above the Néel 
point (r=0) there are no observable relaxation effects. 
Below S/R=0.53 the value of 7 rises rapidly to about 
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17+5 sec at S/R=0.50; thereafter it changes slowly 
to 3048 sec at S/R=0.35 and is perhaps slightly 
greater at S/R=0.19. 


DISCUSSION 


The work reported here was stimulated by discussions 
with Professor J. H. Van Vleck concerning the shape of 
x vs S in paramagnetic salts at low temperatures. He 
stressed to us the need for measurements on chromic 
alum, It was most valuable to work on the same batch 
of single crystals of chromic methylamine alum as was 
used by Dr. Hudson and his collaborators at the Na- 
tional Bureau of Standards. The steep descent of the 
susceptibility below the Néel point was crucial in the 
comparison made by O’Brien® with the theory which 
she had developed with Van Vleck on the ordering in 
the chromic alums. Gardner and Kurti!® had found a 
flat maximum with very little decrease between 
S/R=0.50 and 0.35. However, their use of a powder 
specimen and a 5-gauss primary field in their ballistic 
bridge may have decidedly influenced their data. The 
period of their galvanometer was not stated. 

We have verified that, at least for our sample and 
experimental arrangement, both static and dynamic 
measurements confirm the general behavior of the 
susceptibility previously reported®* and support the 
theory by O’Brien. By keeping the specimen at or 
below liquid nitrogen temperatures during the entire 
period of investigation, no lack of reproducibility was 
encountered. The moving coil technique has revealed 
the true static susceptibility as having a sharp addi- 
tional peak below the Néel point and has brought out 
the existence of a long relaxation process in the mag- 
netization of the specimen at the lowest entropy values. 

These latter effects may result from phenomena not 
included in the O’Brien theory, such as the formation 
of antiferromagnetic domains as suggested by Néel.” 
In this picture a net magnetization arises in the domain 
walls although the domains themselves may be anti- 
ferromagnetically ordered as in the theory of O’Brien. 
A long relaxation time might result from irreversible 
wall displacements associated with changes in mag- 


9M. C. M. O’Brien, Phys. Rev. 104, 1573 (1956). 

1 W. E. Gardner and N. Kurti, Proc. Roy. Soc. (London) 
A223, 542 (1954). 

LL. Néel, Proceedings of the International Conference on T heo- 
retical Physics, Kyoto and Tokyo, September, 1953 (Science Council 
of Japan, Tokyo, 1954), p. 703. 
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netization. Gardner and Kurti’s data’’ might reasonably 
be correlated with the other results?* by supposing that 
antiferromagnetic domain formation is suppressed in 
finely powdered specimens. 

Ambler and Hudson* reported curvature in a plot of 
susceptibility vs time at the beginning of a period of 
observing the natural drift rate of their sample (a 
single-crystal sphere of chromic methylamine alum). 
They ascribed this time-lag effect to inhomogeneous 
heating of the sample by the unavoidable surface heat 
leak. This effect must be distinct from the relaxation 
phenomena reported in the present paper, because 
(a) we found no such effect by the ballistic bridge 
method at any entropy value, and (b) the relaxation 
behavior vanished at and above the Néel point (S/R 
=0.53), while Ambler and Hudson’s thermal effect 
persisted up to about S/R=1.0, where the diffusivity 
of the salt became sufficiently large to suppress in- 
homogeneous temperature distributions. 

The existence of a relaxation process with a long 
characteristic time naturally brings up the question of 
how fast an adiabatic demagnetization should be carried 
out, particularly in its later stages after the field has 
been decreased below the “‘critical field’ and the sample 
is in a partially ordered phase. If an equilibrium state 
is achieved only over times of the order of one minute, 
say, measurements taken just after a rapid reduction of 
the field to zero are not characteristic of the system in 
equilibrium at the chosen entropy value. Obviously the 
long relaxation time and the small remanent magnetic 
moments do not necessarily go together, as in the 
chromic methylamine alum, since the relaxation effect 
was not found in ferric ammonium alum. It will be 
interesting to see in which paramagnetic salts one finds 
the long relaxation times. 


ACKNOWLEDGMENTS 


The authors wish to express their thanks to Professor 
C. F. Squire and President W. V. Houston of The Rice 
Institute for their continued interest in this research. 
We are indebted to Dr. R. P. Hudson of the National 
Bureau of Standards for supplying the single crystal. 
Professor J. H. Van Vleck of Harvard University 
stimulated our efforts with a most valuable discussion. 
The aid of Mr. Earl Harmening in the construction of 
the moving coil mechanism and the assistance of Mr. 
A. C. Thorsen with much of the experimental work are 
gratefully acknowledged. 





PHYSICAL REVIEW VOLUME 


110, 


NUMBER 2 APRIL 15, 1958 


Thermovoltaic Effect in Gamma-Irradiated Borosilicate Glass 


BERNHARD Gross 
Instituto Nacional de Tecnologia, Rio de Janeiro, Brazil 
(Received December 2, 1957) 


Borosilicate glass was irradiated with a high dose of gamma rays from a cobalt-60 source. After irradiation 
the glass was heated while a temperature gradient was maintained between its surfaces. During the heating 
an external current was observed. The direction of the current in the dielectric corresponded to a transport 
of negative charge to the electrode with the higher temperature. 


LECTRON storage and space charge formation 

have been observed in borosilicate glass! and other 
dielectrics* after irradiation with high-energy electron 
beams. Heating of the irradiated dielectrics produced 
considerable discharge currents caused by the migration 
of space charge layers. Homogeneous irradiation by 
gamma rays does not leave space charges in the dielec- 
tric and therefore may not be expected to give “dis- 
charge” currents during heating after irradiation. How- 
ever, such currents were observed when the dielectric 
was heated in a temperature gradient. 

A sample of the borosilicate glass used in the former 
experiments! (Corning 707, diameter 4.4 cm, height 
1.75 cm) was irradiated with gamma rays from a Co™ 
source’ with a dose of 4 megarep.‘ Painted Aquadag 
electrodes were applied to both surfaces of the sample. 
The sample was placed on a metal disk of 5 cm diameter 
and 2 cm height and another such disk was put on top 
of the sample. This arrangement was then heated in an 
electric oven where a temperature gradient was main- 
tained. The temperature of the top electrode was 
higher than that of the bottom electrode. Temperatures 
were measured by two thermocouples in contact with 
the two metal disks. The disks were connected with the 
external current- and voltage-measuring equipment. 
During the heating the system was kept in short 
circuit except when voltage measurements were made. 
Temperatures reached values up to 300°C and temper- 
ature differences between electrodes reached values of 
30 to 50°C. 

Results are shown in Figs. 1 and 2. Curve I in 
Fig. 1(a) shows the current observed during the first 
heating of the sample; it reaches a peak value of 
6X10-" amp. The top electrode became the negative 
pole and the bottom electrode the positive pole. The 
corresponding electrode temperatures are shown in 
Fig. 1(b). The position of the sample was now inverted 
with regard to the heating arrangement and the heating 
experiment was repeated. Curve II of Fig. 1(a) gives 
the new current values and Fig. 1(c) gives the corre- 


1B, Gross, Phys. Rev. 107, 368 (1957). 

2 B. Gross, J. Polymer Sci. 27, 135 (1958). 

3 The samples were irradiated at the Naval Research Labora- 
tory, Washington, D. C. The author is greatly indebted to Dr. 
Allen Schooley and Dr. I. Blifford who arranged for the irradiation. 

41 rep corresponds to the absorption of 83.8 ergs of radiation 
energy in 1 gram of air. 


sponding electrode temperatures. The intensity of the 
current was considerably below that of the first experi- 
ment and it was necessary to go to much higher temper- 
atures than before. The second peak of the current- 
time curve is obviously caused by the increase in rate 
of heating occurring at 144 min. In spite of the reversed 
position of the sample, the top electrode is again the 
negative pole. Therefore the direction of the current 
through the sample is a function of the direction of the 
temperature gradient, not a function of any property 
of the sample. In both experiments the current corre- 
sponds to a transport of negative charge to the “hot” 
electrode. 

During the first experiment the external circuit was 
opened after 73 min and after 99 min and the rise in 
voltage between the electrodes was measured. This is 
shown in Fig. 2. The appearance of voltages of the 
































| 
C 50 100 150 min 
Fic. 1. (a) Curve I: Current during first heating. Curve IT: 
Current during second heating, with sample in reversed position. 
(b) Temperatures of top electrode (71) and of bottom electrode 
(72) during first heating. (c) Temperatures of top electrode (7) 
and of bottom electrode (72) during second heating. 
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Fic. 2. Increase of voltage between electrodes which occurs 
when the external circuit is opened after 73 min (curve I) and 
after 99 min (curve II), during the first heating cycle. 


order of 10 volts excludes the possibility of interpre- 
tation as a thermoelectric effect occurring at the elec- 
trodes. After the second experiment the deep yellow 
color of the irradiated sample had practically disap- 
peared ; renewed heating did not produce further cur- 
rents. Therefore with the fading of the color centers 
the sample became exhausted. 
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GROSS 


The irradiated dielectric, although macroscopically 
neutral, contains positive and negative carriers. In- 
crease of temperature increases diffusion of the carriers ; 
in a temperature gradient diffusion will be directed 
preferentially against the temperature gradient, i.e., 
toward higher temperatures. If the diffusion coefficient 
of one type of carriers exceeds that of the other type, 
a net external current results. The polarity of the 
observed current indicates a higher diffusion coefficient 
for the negative carriers, as seems natural when 
electron migration is admitted. 
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Ordering and Disordering Processes in Cu;Au. I* 
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Data are reported which describe the isothermal change of Young’s modulus with time in a single crystal 
of Cu;Au following a sudden change in temperature below the critical temperature when a specimen is 
initially in various states of equilibrium long-range order. The results are compared with a modification of 
the kinetic theory of ordering and disord2ring proposed by Rothstein and Dienes. It appears that both 
processes proceed in two distinct but merging stages, one of which is described well by the theory in each 
case. The other is plausibly ascribed to the growth and dissolution of isolated clusters of disordered atoms, 
similar to those deduced by Chipman from x-ray evidence. Phenomena observed in the immediate neighbor- 
hood of the critical temperature occur when these clusters are sufficiently large and numerous to be 


contiguous. 


INTRODUCTION 


HE present research is concerned with the kinetics 
of long-range ordering and disordering in a single 
crystal of Cu;Au below the critical temperature 7,. The 
face-centered cubic structure of this crystal may be 
regarded as four identical interpenetrating simple cubic 
lattices. At temperatures below 7. (about 390°C) the 
equilibrium atomic arrangement is such that the gold 
atoms preferentially occupy one of these sublattices and 
the copper atoms the remaining three. This long-range 
order is described by a parameter S defined by the 
formula S=4(r,—}), where r, is the fraction of gold 
atoms on the chosen sublattice. It is convenient, in what 
follows, to designate the gold and copper atoms A and 
B atoms, respectively, and their ordered lattice sites a 
and B sites. 
The variation of equilibrium order with temperature 
* Publication assisted by Ernest Kempton Adams Fund for 
Physical Research of Columbia University. 
+ Now at R.C.A. Laboratories, Princeton, New Jersey. 


is in principle susceptible of measurement by x-ray 
diffraction methods, but the data so far obtained both 
by the same and different observers are discordant.!~“ 
It appears that the value of S decreases from unity at 
T=0°K to somewhat less than 0.8 at 7=T7,., but the 
course of the variation remains uncertain. The very 
careful measurements of Chipman yielded the value 
S=0.8 at the single temperature 380°C. Above 7, S=0. 

Specification of S alone implies nothing about the 
way in which the disordered atoms are distributed on 
the lattice sites, A on 6 and B ona. Significant features 
of the average distribution can be inferred from meas- 
urements, again by x-ray methods, of short-range order 
parameters defined by the formula a;=4(4n;/c,;—1), 
where 7, is the average number of A atoms among the 
c; atoms in the ith shell of atoms about an A atom, 


1Z. W. Wilchinsky, J. Appl. Phys. 15, 806 (1944). 

2 J. M. Cowley, J. Appl. Phys. 21, 24 (1950). 

5D. T. Keating and B. E. Warren, J. Appl. Phys. 22, 286 (1951), 
‘D. R. Chipman, J. Appl. Phys. 27, 739 (1956). 
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irrespective of its site. For example, it can be shown 
that a;= —45S*, provided the distribution of disordered 
atoms is random. Accordingly, m= 1.08 corresponding 
to S=0.8, for this distribution. The value of m, com- 
puted from the measured value of ay, is 0.45; hence the 
actual number of nearest neighbor A atoms at 380°C is, 
on the average, less than half that characteristic of a 
random distribution.‘ 

Rothstein’ and Dienes’ have proposed theories of the 
kinetics of ordering and disordering based upon the 
assumption that the distribution of disordered atoms is 
at all times random, consistently with the instantaneous 
value of S. Their expression for the time rate of change 
of S is 


dS/dt= 5 (1—S)*v2 exp(— U/kT) 
—[S+ 3% (1—S)* Jv, exp[—(V+U)/kT]. (1) 


Here V is the increase in energy of the system associated 
with a disordering atomic interchange, U the energy 
barrier against an ordering atomic interchange and 1, 
v, the frequency factors for ordered and disordered 
atoms, respectively. 

Equation (1) yields immediately the relation between 
equilibrium order and temperature proposed by Bragg 
and Williams, provided their approximations additional 
to the assumption of random disorder are included. 
Bragg and Williams neglect the variation of vibrational 
energy with order, implying equality of »; and v2, and 
equate V to VoS, where Vo is a constant of the material. 
The right hand member of Eq. (1) set equal to zero is 
then the equilibrium equation of their theory.® 

Rothstein’s object is to develop an approximate 
theory which will describe the isothermal change in a 
property of the material following sudden change in 
temperature below 7,. Equation (1) is integrated 
subject to the condition that U and V are constant at 
constant temperature. The result is, approximately,’ 


(1—S)=(1—S,) tanh(ét+y) if S;>S,, 


=(1—S,) coth(di+y} if S;<S,, (2) 


where 5S; is the initial and S, the final (equilibrium) 
value of S, 6 is defined by the formula 


6= {x'6r1¥2}! expl— (U+V 2)/kT ), (3) 


and y is a constant whose experimental value depends 
in part upon the time required to effect the temperature 
change. 

Now let » be a measure of some order dependent 
property of the material at constant temperature. 
Rothstein assumes that, approximately 


p= pot B(I—S), (4) 


5 J. M. Cowley, Phys. Rev. 77, 669 (1950). 

6 J. Rothstein, Phys. Rev. 94, 1429(A) (1954). 

7G. J. Dienes, Acta Met. 3, 549 (1955). 

8R. H. Fowler and E. A. Guggenheim, Statistical Thermo 
dynamics (Cambridge University Press, New York, 1939), p. 600. 

®In this approximation, the quantities (1—5S) and ¥(1—S)? 
are neglected in comparison with unity in the bracket of Eq. (1). 
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where B is a function of the temperature alone. Ac- 
cordingly, the isothermal time variation of p following 


sudden heating or cooling is given by the expressions 


(p— po)/(pe— po) = tanh (6+) 


for sudden heating, (5a) 
= coth (6t+7) 
for sudden cooling. (5b) 


Here p, is the equilibrium value of the quantity and po 
is the value it would have if the material were perfectly 
ordered at the temperature of measurement. 

Recently Nowick and Weisberg” devised an approxi- 
mate method for the integration of Eq. (1) in which the 
form of the functions U(S) and V(S) need not be 
specified. The right-hand member is expanded in a 
Taylor’s series about the equilibrium value S, of S in 
terms of the small quantity (S—S,), and terms of the 
third and higher orders are rejected. The resulting 
expression, quadratic in S, is readily integrated. In 
their application of the method these authors set 
U=constant, but it will be argued in Sec. 8 that the 
quantity 0=(U+4V) rather than U is in fact more 
nearly independent of S. On the assumption that Q is 
constant, the integrals of Eq. (1) have the form of Eqs. 
(5) very nearly provided 


6=A exp(—Q/kT), (6) 
where 


A= ('sryv2)*{4(3S,+1)(S,4+3)}! 
(1+5S.) 
(3.S.4+1)(S.4+3) 


and V,’ denotes the value of dV/dS at S=S,. The 
experimental data confirm the validity of the approxi- 
mations involved in the reduction of the integrals to 
this form. 

It follows from Eq. (1) that the initial isothermal 
ordering rate in a specimen quenched from equilibrium 
at a temperature 7;<7, to a final temperature 7, is a 
maximum when 7, is given very nearly by the ex- 
pression 


(1/T;)=(1/T) + (k/0Q). (7) 


Terms of the second and higher orders in the ratio V/20Q 
are neglected in comparison with unity in this approxi- 
mation. 

The assumption that the atomic distribution is at all 
times random, consistently with the instantaneous value 
of S, is a conspicuous defect in the foregoing equilibrium 
and kinetic theories. It is noteworthy that any theory 
that offers a description of isothermal relaxation from an 
initial order corresponding to equilibrium at a tempera- 
ture 7; to a final order corresponding to equilibrium at a 
temperature 7 in terms of a single parameter, e.g., S, 

WA. S. Nowick and L. R. Weisberg, Acta. Met. (to be 
published). 
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involves the tacit assumption that 
the order assumes a succession of 
associated with temperatures between 7, and 7. The 
question arises 
tions are not random, what are they? 
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INTRODUCTION 


N the customary bridge methods for establishing the 

magnetic susceptibility of paramagnetic salts at 
very low temperatures, the characteristic time constants 
of the measuring circuits are important. For example, 
the period of a ballistic galvanometer or the frequency 
of the current used in a bridge are important below 
Néel point where relaxation effects in magnetizing 


the 
the 
pol Ff the der 
PUHse GF tile a 


salt may modify the re device. 


In chromic alums this phenomenon has been observed 
in ballistic bridge measurements!? as ‘double de 
flections” and also as an increased effective damping 
of the galvanometer It is manifested in ac measure 
ments by the appearance f an out-of phase component 
x" of the complex susceptibility and the in-phase com 
ponent x’ falls below the value given by the ballistis 
bridge method. In both of these techniques the non 
reproduc ibility of susceptibility values has been noted 
below the Néel point! ® for chromic methylamine alum 
For these reasons we have devised a new method which 
avoids some of these dithculties and herein report our 
results on a single crystal of chromic methylamine alum 


at temperatures reached by adiabatic demagnetization. 


APPARATUS 


We shall describe a moving-coil device which gives 
a ballistic galvanometer a deflection when moved from 
a region surrounding the specimen to a region of empty 
space. The salt is magnetized by a steady external 
solenoid whose own field is uniform over the entire 


* Supported by the Robert A. Welch Foundation. 

t Shell Oil Company Fellow in Physics; now at Physics De- 
partment, Amherst College, Amherst, Massachusetts. 

t Welch Foundation post-doctorate fellow; now at Physics 
Department, University of Kansas, Lawrence, Kansas. 

1D. de Klerk, Proceedings of the National Bureau of Standards 
Symposium on Low Temperature Physics, 1951, Washington, 
1). C. (unpublished), p. 211. 

* Beun, Steenland, de Klerk, and Gorter, Physica 21, 651 (1955). 

*R. P. Hudson and C. K. McLane, Phys. Rev. 95, 932 (1954). 

* Keun, Steenland, de Klerk, and Gorter, Physica 21, 767 (1955) 
[See also thesis by J. A. Beun, Leiden University, 1957 (un 
published). ] 

5 E. Ambler and R. Hudson, J. Chem. Phys. 27, 378 (1957). 
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order and the state of disorder immediately above 7, 
observed by Sykes and Jones, is 5.3 cal/g. Cowley’s 


0.16. Ac 
The value computed with the 
0.47 of Peierls’ theory is 0.061 ev 
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4 | 4 . , ‘ 
region of coll motion. Since the magnetic moment olf 


the specimen is now observed under static measuring 
ypect that a true stati 


susceptibility may be inferred from the galvanometer 


held conditions, one would ¢ 


deflections. In addition, this technique is ideally suited 


for studying remanent and = spontaneous magneti 
moments in zero applied field. As we shall see, the 
method also allows an investigation of time etfects of 


relatively lone chy 


n, 1.¢€., preatei bli sO 
the magnetization process 

The apparatus which has worked satisfactorily 4 
shown in Fig. 1. The sample chamber was constructed 
from a length of f-inch o.d. nickel-silver tubing of wal 
thickness Q.008 inch 


for the coil device 


whic provides a smooth trac k 
\ coil form was machined from 
Driles to” 


inch so 


tubing with an inside 


that 


length ol 
0.7605 


5-inch 


diameter. of there was suthcient 


clearance on the sample chamber when taken to low 
temperatures. The coil winding consists of two sections, 
each was 2 inches long and contained 2940 turns of 
A.W.G. No. 40 


layers and connected in series opposition, By 
the coil so that the sample is effectively shifted between 


magnet wire wound in six uniform 


moving 


centers of the two sections, an emf is developed. pro- 
portional to twice the magnetic moment per unit volume 
of the specimen. The limiting positions of the coil are 
precisely determined by two stops attached to the 
sample chamber as shown in Fig. 1. The &-inch-long 
measuring field solenoid, mounted on the helium Dewar, 
is located symmetrically with respect to the coil motion 
and provides a tield of 81.3 gauss amp. 

Since this solenoid together with the coil in fixed 
position can be used for ballistic mutual inductance 
measurements, it has been labeled as the “primary” 
on Fig. 1. 

The coil is supported by four thin silk threads which 
terminate above the radiation trap in a four-legged 
spider, allowing the coil motion to be controlled by a 
single thread running to the top of the Dewar. One of 
the four support threads is surrounded by a length of 
thin insulating spaghetti through which the coil leads 
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the observed frequencies of the composite os illatorand couple controls fluctuations in the power supplied the 


lamps. Specimen temperatures in excess of 600°C can 


with this radiation furnace, and 


the quartz crystal alone with the formulas of the 
. ' lus be obtained tabilized 
method.'* and this is related to the Young’s modulus ve obtainer i 


of the specimen material /r by the expression within 0.1°¢ 


furnace serve purpose 


this vacuum 
O40inch radius, a D800 are of radius gradually changing 


from O40 to TOO neh, follow 


: ‘ , +s | | ‘ ] ‘ 
Phe cam lesipned wi a ar | period 1.6 sec). This short period gaivanometer Was 


operated slightly underdamped to take data most 


efhciently. The same galvanometer was used when the 


radius. By means of a bearing which travels on the apparatus served as a conventional ballistic bridge. 


cam’s periphery, a 240° rotation of Ihe time for moving the coil under measuring condi- 


frame, and hence , required 0.00 Inch tions (less than one-half second) constitutes about one- 


Because of the cam shape, the motion of the coilis such — tenth of the galvanometer period, so that we cannot 
: 


claim t current 
Chis effect is quite apart from any properties 


that it has zero velocity at the stops and maximum he circuit: completely integrates the 


design 


Phis cam 


Veloclt iT 2 point Naliw 


pulse.’ 
of the sample. Hence a variable integrating error can 
result oniv trom inability to reproduce successive coil 
motions precisely. It was found that under the condition 
the crank motion corresponade dtoa coil lift, detlections 
were reproducible to } mm in 10 to 50 em 

No evidence 
eak to 


was there any 


the heat 


Nor 


evaporation 


caused by 1! c 


was found for mrease in 
the sample during the measuring periods 
signitiiant increase in the 


rate of liquid helum below the 


A pornt 


' . coll mMotbon 


| PROCEDURE 


\ sample, in the shape of an ellipsoid of revolution 
24.9 by 13.0 mm with major dimension along a crystal- 
line cubic axis, was filed from a raw single crystal of 
Cr(CH3sNH,)(SO4)2°-12H2O. By means of four taut 
a nylon threads, the sample was mounted rigidly in a 
| \ specimen holder, which when placed in the sample 
chamber, orientated the ellipsoid as shown in Fig. 1. 
The sample was slowly precooled to liquid nitrogen 
. temperatures (over a period of 5 hours) and further 

Ui cooled rather swiftly to 4°K by the liquid helium 
transfer. Between helium transfers the sample was 
always maintained at or below liquid nitrogen tem- 

(AMBER perature. 

The galvanometer deflection 6 was calibrated against 

> a magnetic moment per unit volume between 1.15°K 
4.2°K by fitting 6 vs bath temperature data with the 
expression 
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6= A/(T—A)+B. (1) 


‘ . sah olend > =— (4¢—n)\C' acc “J ‘ tic j Pract 
Fic. 1. Apparatus for making static susceptibility measurements Here A= ({r—a)C accounts for magnetic interaction 


helow 1°K. At the left is a detail of the control mechanism on 


top of the cryostat head. The sample chamber and the moving 
coil, in its raised position, are diagrammed on the right. Operation 
of this equipment is described in the text 





*W. E. Henry, Phys. Rev. 88, 559 (1952). 
7F. K. Harris, Electrical Measurements (John Wiley and Sons, 
Inc., New York, 1952), p. 321 ff. 
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Fic. 2. Results of a demagnetization at an entropy value well 
below the Néel point of chromic methylamine alum. The gal- 
vanometer deflections obtained with the moving-coil apparatus 
are plotted as a function of time after demagnetizing. Straight 
line extrapolations of the readings back to zero time, from which 
the static susceptibilities were derived, have been drawn in. The 
inset is a plot of the natural logarithm of the difference between 
the observed and extrapolated deflections vs time, showing the 
exponential nature of the approach to equilibrium magnetization. 
The time scale for the inset is the same as that of the main ficure 


in the Lorentz approximation, with a the demagneti- 
zation coefficient, and C the Curie constant per unit 
volume. Taking C=0.00612°K, and a=2.30 for our 
sample, we obtain A=0.012°K. The measuring tield 
applied during the calibration was 3.7 gauss. In the 
absence of the measuring field, a small temperature- 
dependent deflection 69 was observed which we at- 
tributed to a residual field at the sample of magnitude 
less than 0.1 gauss. Hence each observed detlection had 
to be corrected by subtracting the corresponding 6, 
before applying the calibration expression. The constant 
B must thus arise from the inhomogeneity of the 
measuring field near the ends of the solenoid. Both 
constants .4 and B could be reproduced within +1°, 
in successive calibrations extending over 8 runs and 
three weeks. 

The salt was cooled, by standard demagnetization 
techniques, with the Rice Institute 21-kilogauss iron 
electromagnet. The final entropy was calculated using 
the Brillouin term only, the Stark and dipole inter- 
actions contributing negligible corrections® within our 
accuracy. At the very low temperatures the steady 
external measuring field was only 0.33 gauss. 

Above the Néel point® (S’R=0.53) the deflections 
observed as a function of time following a demagneti- 
zation reflected a normal small warming of the sample 
due to heat leak. Because of the previously mentioned 
residual fields, we adopted the procedure of taking 
deflections for the measuring field applied in opposite 
direction (6+ and 6~) and using the average of the two, 
extrapolated to the time of demagnetizing, to calculate 
the susceptibility. Since 6*>6” in our data, and ‘‘plus” 


AND RR. ££. SAPP 
meant H down, the residual! tield due to earth, building, 
magnet, etc., had a downward component at the sample. 

Well below the Néel point, unexpected time de 
pendence of 6 developed as shown in Fig. 2. For example, 
successive 6* deflections exhibited a rapid rise for 60-100 
seconds, approaching a uniform rate of upward drift. 
Upon reversing the field, the 6~ deflections displayed 
the same behavior. We would emphasize that such time 
dependence was observed each time the field was 
switched to a new direction, as long as the salt was 
below the Néel point. It was never found above the 
Néel point.* 

Inset in Fig. 2 is a plot of the natural logarithm of the 
difference between the actual deflections and a straight 
line extrapolation of the steady upward drift. It is seen 
that the data fit an exponential curve with a relaxation 
time 

We interpret these deflections as follows: 


of 38 sec. 
the mag 
netization process when a field is suddenly applied goes 
through two distinct stages. First, the 


magnetization 
rises rapidly to approximately 90°, of its equilibrium 
value in a time less than that required to get the initial 
deflection 
toward its equilibrium value exponentially. The slow, 


(roughly & sec Thereafter, it proceeds 


steady upward drift is a natural consequence of the 
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hic. 3. Static and dynamic susceptibilities (ratio of magnetic 
moment per unit volume to applied field) of chromic methylamine 
alum below 0.1°K as a function of the entropy, as obtained by 
the moving-coil and ballistic mutual inductance bridge methods, 
respectively. The sample was a 2:1 ellipsoid of revolution shaped 
irom a single crystal with a cubic axis paralle! to the long dimen 
sion. The same galvanometer of free period 4.6 sec, and measuring 
field 0.33 oersted, were employed throughout 


* Nor was it observed in any of our moving coil measurements 
made on ferric ammonium alum; see C. W. Dempesy and R. C. 
Sapp, preceding paper [Phys. Rev. 110, 327 (1958) ]. Further 
details of the moving coil apparatus are in a thesis by C. W. 
Dempesy, Rice Institute, 1957 (unpublished). 








RELAXATION 
warming of the specimen toward temperatures nearer 
the susceptibility maximum, see Fig. 3. We wish to 
emphasize that the unobserved first stage of magneti- 
zation must necessarily be a more rapid rise than can 
be described by an extrapolation of the observed 
exponential tail. 

Just below the Néel point (0.45 < S/R 
demagnetizations show a distinctive behavior indicative 
of a rather sharp peak in the apparent susceptibility. 
followed by a 


0.53) some 


Here 6* exhibited a fairly steep descent 
drift might 
result from a small amount of spontaneous magnetl 


slower downward, such as conceivably 


zation. When superimposed on relaxation and warmup 


etfects, this behavior made ic extrapolations back to 
zero time most dithicult. 

In every case the extrapolations were made in the 
following way: slow steady rates of change of detlection 
were attributed to the natural heat leak and were used 
as the basis for extrapolating. These drifts were either 
upward or downward depending on which side of the 
suscepubility maximum (see Fig. 3) the experiment was 
done. All exponential increases were assumed to result 
from relaxation effects. The few anomalous cases where 
the deflections tirst fell rapidly before leveling off were 
tentatively attributed to a sharp peak in susceptibility 
just below the Néel point. By using this consistent 
procedure, reproducible values of 6 were obtained in all 
regions. 

Well below the Néel point there was evidence for 
remanent moments. The throw following the removal 
* became greater than that after a 
remanent moment, M,, 
from the larger 


of a “plus” treld, 6 
held, 6)°. A 
either adds to or 


smal] 
which subtracts 
moment induced by the tixed residual tield, provides a 
Lhe differ- 
is hence proportional to twice M,, 


“minus” 


means of explaining this latter observation, 
ence (69% —46 
while the average 6) corresponds to the steady residual! 
moment. The mean of 6° and 6— which is proportional 
to the average magnetization, is taken to compute the 
susceptibility when smal! remanence effects occur. 


From the average (extrapolated to zero ume 


detections, 6, were derived values of effective suscepti- 
Mo Ho, where Hy is the ap 


calibration constants already 


bility per unit volume x 
plied held. Using the 
described, we have 


X.=(C A)(K6— B). (2) 


In Bq. (2), A isa scale factor equal to the ratio of the 
applied field for calibration in the 1° to 4°K range to 
the held used after cooling where to keep detlections 
on scale only 0.33 gauss were used. Any use of a gal- 
vanometer shunt can also be included in the value of A. 

As we have indicated, the apparatus was also used 
as a conventional ballistic bridge by leaving the coil 
fixed and abruptly turning on the primary field current. 
Detlections taken by this method following demagneti- 
zation showed none of the above mentioned long re- 
laxation time effects or anomalous behavior at the peak 
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of the susceptibility. Nevertheless, in spite of its seeming 
good behavior, the ballistic bridge measurements below 
the Néel point must be interpreted as giving misleading 
results because of the long relaxation effect noted above. 
Above the Néel point the two methods give indis- 
tinguishable results. 


RESULTS 


These two sets of data, shown in Fig. 3, give a direct 
comparison of X, obtained by Static and dynamic 
methods with all other conditions held constant. It is 
seen that for the entropies between 0.53 and 1.0 the 
two methods give identical values of X,. Immediately 
below the Néel point a wide divergence occurs. While 
the ballistic points fall steadily with decreasing entropy, 
a striking peak is found in the moving coil data. The 
two curves appear to converge at lower entropies. 

Special mention must be made of the lowest entropy 
well-known experimental difficulties 
cause a large uncertainty. To attain an entropy of 
O19R with our equipment, it was necessary to use the 
lowest possible bath temperature, 0.95°K. It then 
proved to be impossible to pump out the exchange gas 
as thoroughly at this temperature, leading to much 
warmup and 


points, where 


larger rates attendant extrapolation 
ditheulties. 
As far as magnitudes are concerned, our X, values, 


corrected to spherical shape by the formula 


Xe 
X ' (3) 
1+ ({4—a)Xx, 


agree reasonably well with those from Hudson and 
McLane’s® single-crystal sphere I. Exact agreement is 
not necessarily to be expected because the Lorentz-type 
correction in Eq. (3) may be inadequate. Nonrepro- 
ducibility of X, between different samples has been for 
other laboratories a particularly troublesome property 
of chromic methylamine alum.~° 

A secondary maximum just below the Néel point 
was reported by Hudson and McLane.’ It is interesting 
to note that this is just the location of the peak in our 
static curve. Although there is some scatter in our 
ballistic data, no clear indication of a secondary hump 
can be seen. It has also been shown’ that remanence is 
largest just below the Néel point and y” goes through 
a sharp maximum at S/R=0.53. 

No systematic study of remanence was attempted 
with our moving-coil equipment. At S,R=0.50, small 
remanent moments estimated to be about 0.002 gauss 
were detected. Upon taking into account the small 
measuring field used by us, this is consistent with the 
data of the N.B.S.° and Leiden groups.‘ 

Considerable scatter in our estimates of the relaxation 
time 7 prevent us from reporting more than a general 
description of its entropy dependence. Above the Néel 
point (r=) there are no observable relaxation effects. 
Below S R=0.53 the valué of 7 rises rapidly to about 
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17+5 sec at $/R=0.50; thereafter it changes slowly 
to 3048 sec at S/R=0.35 and is perhaps slightly 
greater at S/R=0.19. 


DISCUSSION 


The work reported here was stimulated by discussions 
with Professor J. H. Van Vleck concerning the shape of 
x vs S in paramagnetic salts at low temperatures. He 
stressed to us the need for measurements on chromic 
alum. It was most valuable to work on the same batch 
of single crystals of chromic methylamine alum as was 
used by Dr. Hudson and his collaborators at the Na- 
tional Bureau of Standards. The steep descent of the 
susceptibility below the Néel point was crucial in the 
comparison made by O’Brien® with the theory which 
she had developed with Van Vleck on the ordering in 
the chromic alums. Gardner and Kurti'® had found a 
flat maximum with very little decrease between 
S/R=0.50 and 0.35. However, their use of a powder 
specimen and a 5-gauss primary field in their ballistic 
bridge may have decidedly influenced their data. The 
period of their galvanometer was not stated. 

We have verified that, at least for our sample and 
experimental arrangement, both static and dynamic 
measurements confirm the general behavior of the 
susceptibility previously reported?* and support the 
theory by O’Brien. By keeping the specimen at or 
below liquid nitrogen temperatures during the entire 
period of investigation, no lack of reproducibility was 
encountered. The moving coil technique has revealed 
the true static susceptibility as having a sharp addi- 
tional peak below the Néel point and has brought out 
the existence of a long relaxation process in the mag- 
netization of the specimen at the lowest entropy values. 

These latter effects may result from phenomena not 
included in the O’Brien theory, such as the formation 
of antiferromagnetic domains as suggested by Néel."! 
In this picture a net magnetization arises in the domain 
walls although the domains themselves may be anti- 
ferromagnetically ordered as in the theory of O’Brien. 
A long relaxation time might result from irreversible 
wall displacements associated with changes in mag- 


9M. C. M. O’Brien, Phys. Rev. 104, 1573 (1956). 


1 W. E. Gardner and N. Kurti, Proc. Roy. Soc. (London 


A223, 542 (1954). 

LL. Néel, Proceedings of the International Conference on Theo 
retical Physics, Kyoto and Tokyo, September, 1953 (Science Council 
of Japan, Tokyo, 1954), p. 703. 
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netization. Gardner and Kurti’s data!’ might reasonably 
be correlated with the other results? * by supposing that 
antiferromagnetic domain formation is suppressed in 
finely powdered specimens. 

Ambler and Hudson® reported curvature in a plot of 
susceptibility vs time at the beginning of a period of 
observing the natural drift rate of their sample (a 
single-crystal sphere of chromic methylamine alum). 
They ascribed this time-lag effect to inhomogeneous 
heating of the sample by the unavoidable surface heat 
leak. This effect must be distinct from the relaxation 
phenomena reported in the present paper, because 
(a) we found no such effect by the ballistic bridge 
method at any entropy value, and (b) the relaxation 
behavior vanished at and above the Néel point (SR 
=0.53), while Ambler and Hudson’s thermal effect 
persisted up to about S R=1.0, where the diffusivity 
of the salt became sufficiently large to suppress. in- 
homogeneous temperature distributions. 

The existence of a relaxation process with a long 
characteristic time naturally brings up the question of 
how fast an adiabatic demagnetization should be carried 
out, particularly in its later stages after the field has 
been decreased below the ‘critical field” and the sample 
is ina partially ordered phase. If an equilibrium state 
is achieved only over times of the order of one minute, 
say, measurements taken just after a rapid reduction of 
the field to zero are not characteristic of the system in 
equilibrium at the chosen entropy value. Obviously the 
long relaxation time and the small remanent magnetic 
moments do not necessarily go together, as in. the 
chromic methylamine alum, since the relaxation effect 
was not found in ferric ammonium alum. It will be 
interesting to see in which paramagnetic salts one finds 
the long relaxation times. 
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Thermovoltaic Effect in Gamma-Irradiated Borosilicate Glass 
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Borosilicate glass was irradiated with a high dose of gamma rays from a cobalt-60 source 


\fter irradiation 


the glass was heated while a temperature gradient was maintained between its surfaces. During the heating 


an external current was observed. The direction of the current in the dielectric corresponded to a transport 


of negative charge to the electrode with the higher temperature 


LECTRON storage and space charge formation 
have been observed in borosilicate glass! and other 
dielectrics’ after irradiation with high-energy electron 
beams. Heating of the irradiated dielectrics produced 
considerable discharge currents caused by the migration 
of space charge layers. Homogeneous irradiation by 
gamma rays does not leave space charges in the dielec- 
tric and therefore may not be expected to give ‘dis- 
charge” currents during heating after irradiation. How- 
ever, such currents were observed when the dielectric 
vas heated in a temperature vradien 
A sample of the borosilicate glass used in the former 
experiments! (Corning 707, diameter 4.4 cm, height 
175 om 
source’ with a dose of 4 megarep.! Painted Aquadag 


was irradiated with gamma rays from a Co® 


electrodes were applied to both surfaces of the sample. 
The sample was placed on a metal disk of 5 cm diameter 
and 2.cm height and another such disk was put on top 
of the sample. This arrangement was then heated in an 
electric oven where a temperature gradient was main- 
tained. The top 
higher than that of the bottom electrode. Temperatures 
were measured by two thermbcouples in contact with 
the two metal disks. The disks were connected with the 
external current- and voltage-measuring equipment. 


temperature of the electrode was 


During the heating the system was kept in- short 
circuit: except: when voltage measurements were made. 
Temperatures reached values up to 300°C and temper- 
ature differences between electrodes reached values of 
30 to 50°C, 

Results are shown in Figs. 1 and 2. Curve I in 
Fig. 1(a) shows the current observed during the first 
heating of the sample; it reaches a peak value of 
6X10 " amp. The top electrode became the negative 
pole and the bottom electrode the positive pole. The 
corresponding electrode temperatures are shown in 
Fig. 1(b). The position of the sample was now inverted 
with regard to the heating arrangement and the heating 
experiment was repeated. Curve IL of Fig. 1(a) gives 


the new current values and Fig. 1(c) gives the corre- 


1B. Gross, Phys. Rev. 107, 368 (1957). 

2K. Gross, J. Polymer Sci. 27, 135 (1958). 

3 The samples were irradiated at the Naval Research Labora 
tory, Washington, D.C. The author is greatly indebted to Dr. 
Allen Schooley and Dr. I. Blifford who arranged for the irradiation. 

41 rep corresponds to the absorption of 83.8 ergs of radiation 
energy in 1 gram of air. 
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sponding electrode temperatures. The intensity of the 
current was considerably below that of the first experi- 
ment and it was necessary to go to much higher temper- 
atures than before. The second peak of the current- 
time curve is obviously caused by the increase in rate 
of heating occurring at 144 min. In spite of the reversed 
position of the sample, the top electrode is again the 
negative pole. Therefore the direction of the current 
through the sample is a function of the direction of the 
temperature gradient, not a function of any property 
of the sample. In both experiments the current corre- 
sponds to a transport of negative charge to the “hot” 
electrode. 

During the first experiment the external circuit was 


opened after 73 min and after 99 min and the rise in 
voltage between the electrodes was measured. This is 


shown in Fig. 2. The appearance of voltages of the 


























0 50 100 150 min 

Fic. 1. (a) Curve I: Current during first heating. Curve IT: 
Current during second heating, with sample in reversed position. 
(b) Temperatures of top electrode (7:) and of bottom electrode 
(72) during first heating. (c) Temperatures of top electrode (7) 
and of bottom electrode (7) during second heating. 
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Fic. 2. Increase of voltage between electrodes which occurs 
when the external circuit is opened after 73 min (curve I) and 
after 99 min (curve IT), during the first heating cycle. 


order of 10 volts excludes the possibility of interpre- 
tation as a thermoelectric effect occurring at the elec- 
trodes. After the second experiment the deep yellow 
color of the irradiated sample had practically disap- 
peared ; renewed heating did not produce further cur- 
rents. Therefore with the fading of the color centers 
the sample became exhausted. 
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GROSS 


The irradiated dielectric, although macroscopically 
neutral, contains positive and negative carriers. In- 
crease of temperature increases diffusion of the carriers ; 
in a temperature gradient diffusion will be directed 
preferentially against the temperature gradient, 1e., 
toward higher temperatures. If the diffusion coetlicient 
of one type of carriers exceeds that of the other type, 
a net external current results. The polarity of the 
observed current indicates a higher diffusion coethcient 
natural 


for the negative carriers, as ‘seems when 


electron migration is admitted, * 
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Data are reported which describe the isothermal change of Young’s modulus with time in a single crystal 
of Cu;Au following a sudden change in temperature below the critical temperature when a specimen is 
initially in various states of equilibrium long-range order. The results are compared with a modification of 
the kinetic theory of ordering and disordering proposed by Rothstein and Dienes. [t appears that both 
processes proceed in two distinct but merging stages, one of which is described well by the theory in each 
case. The other is plausibly ascribed to the growth and dissolution of isolated clusters of disordered atoms, 


similar to those deduced by Chipman from x-ray evic 


ence. Phenomena observed in the immediate neighbor 


hood of the critical temperature occur when these clusters are sufficiently large and numerous to be 


contiguous. 


INTRODUCTION 


HE present research is concerned with the kinetics 
of long-range ordering and disordering in a single 
crystal of Cu;Au below the critical temperature 7... The 
face-centered cubic structure of this crystal may be 
regarded as four identical interpenetrating simple cubic 
lattices. At temperatures below 7, (about 390°C) the 
equilibrium atomic arrangement is such that the gold 
atoms preferentially occupy one of these sublattices and 
the copper atoms the remaining three. This long-range 
order is described by a parameter S defined by the 
formula S=4(r,.—}), where r, is the fraction of gold 
atoms on the chosen sublattice. It is convenient, in what 
follows, to designate the gold and copper atoms .1 and 
B atoms, respectively, and their ordered lattice sites a 
and @ sites. 
The variation of equilibrium order with temperature 


* Publication assisted by Ernest Kempton Adams Fund for 
Physical Research of Columbia University. 
+t Now at R.C.A. Laboratories, Princeton, New Jersey. 


is in principle susceptible of measurement by x-ray 
diffraction methods, but the data so far obtained both 
by the same and different observers are discordant.! 4 
It appears that the value of S decreases from unity at 
T=0°K to somewhat less than 0.8 at T7=7,, but the 
course of the variation remains uncertain. The very 
careful measurements of Chipman yielded the value 
S=0.8 at the single temperature 380°C. Above 7, S= 0. 

Specification of S alone implies nothing about the 
way in which the disordered atoms are distributed on 
the lattice sites, A on Band B ona. Significant features 
of the average distribution can be inferred from meas- 
urements, again by x-ray methods, of short-range order 
parameters detined by the formula a,= 4(4n,/c,—1), 
where 7, is the average number of -1 atoms among the 
c; atoms in the ith shell of atoms about an 1 atom, 


'Z. W. Wilchinsky, J. Appl. Phys. 15, 806 (1944), 

2 J. M. Cowley, J. Appl. Phys. 21, 24 (1950) 

‘—. T. Keating and B. E. Warren, J. Appl. Phys. 22, 286 (1951), 
‘PD. R. Chipman, J. Appl. Phys. 27, 739 (1956). 
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irrespective of its site. For example, it can be shown 
that ay= —45S*, provided the distribution of disordered 
atoms is random.® Accordingly, )= 1.08 corresponding 
to S=0.8, for this distribution. The value of , com- 
puted from the measured value of ay, is 0.45; hence the 
actual number of nearest neighbor A atoms at 380°C is, 
on the average, less than half that characteristic of a 
random distribution. 

Rothstein® and Dienes’ have proposed theories of the 
kinetics of ordering and disordering based upon the 
assumption that the distribution of disordered atoms is 
at all times random, consistently with the instantaneous 
value of S. Their expression for the time rate of change 
of S is 
U/kT 


r 
* j¥1 EXPL — | | 


as dt °, ( 1 7 AS “po exp 


—fSt-si—s +U)/kT). (1 


Here V is the increase in energy of the system associated 
with a disordering atomic interchange, l the energy 
barrier against an ordering atomic interchange and », 
vy the frequency factors for ordered and disordered 
atoms, respectively. 

Equation (1) yields immediately the relation between 
equilibrium order and temperature proposed by Bragg 
and Williams, provided their approximations additional 


to the assumption of random disorder are included.. 


Bragg and Williams neglect the variation of vibrational 
energy with order, implying equality of »; and v2, and 
equate V to VoS, where Vo is a constant of the materiai. 
The right hand member of Eq. (1) set equal to zero is 
then the equilibrium equation of their theory.® 
Rothstein’s object is to develop an approximate 
theory which will describe the isothermal change in a 
property of the material following sudden change in 
temperature below 7. Equation (1) is integrated 
subject to the condition that U° and V are constant at 
constant temperature. The result is, approximately,’ 


(1—S)= (1—S,) tanh(6f-+y) if S,>S,, 
(1—S,) coth(6t+y) if PS eek re 


(Z) 


where S, is the initial and S, the tinal (equilibrium) 
value of S, 6 is defined by the formula 


b= {1%or1v2}! expl— (U+V/2)/kT], (3) 


and ¥ is a constant whose experimental value depends 
in part upon the time required to effect the temperature 
change. 

Now let p be a measure of some order dependent 
property of the material at constant temperature. 
Rothstein assumes that, approximately 


p= pot BUS), (4) 


6 J. M. Cowley, Phys. Rev. 77, 669 (1950). 

® J. Rothstein, Phys. Rev. 94, 1429(A) (1954), 

7G. J. Dienes, Acta Met, 3, 549 (1955). 

8R. H. Fowler and E. A. Guggenheim, Statistical Thermo 
dynamics (Cambridge University Press, New York, 1939), p. 600 

9In this approximation, the quantities (1—S) and 7% (1—.S)? 
are neglected in comparison with unity in the bracket of Eq. (1). 
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where B is a function of the temperature alone. Ac- 
cordingly, the isothermal time variation of p following 


sudden heating or cooling is given by the expressions 


(p— po) /(p.— po) = tanh (6l+ 7) 


for sudden heating, (5a) 
=coth(6l+y) 
for sudden cooling. (5b) 


Here p, is the equilibrium value of the quantity and px 
is the value it would have if the material were perfectly 
ordered at the temperature of measurement. 

Recently Nowick and Weisberg’ devised an approxi- 
mate method for the integration of Eq. (1) in which the 
form of the functions U'(S) and V(.S) need not be 
specified. The right-hand member is expanded in a 
‘Taylor’s series about the equilibrium value S, of S in 
terms of the small quantity (S—S,), and terms of the 
third and higher orders are rejected. The resulting 
expression, quadratic in S, is readily integrated. In 
their application of the method these authors set 
U'=constant, but it will be argued in Sec. 8 that the 
quantity O=(U'+}3V) rather than U’ is in fact more 
nearly independent of S. On the assumption that Q is 
constant, the integrals of Eq. (1) have the form of Eqs. 
(5) very nearly provided 


6= A exp(—Q/kT), (6) 
where 


A= (fsnive) {4038.4 1) (S,4+3)}3 


(1+S.) (i— 
>” 4 —_ 
(30-1) (S.4-3) 16 


and V.’ denotes the value of dV/0S at S=S,. The 
experimental data confirm the validity of the approxi- 
mations involved in the reduction of the integrals to 
this form. 

It follows from Eq. (1) that the initial isothermal 
ordering rate in a specimen quenched from equilibrium 
at a temperature 7;<7, to a final temperature Ty is a 
maximum when 7, is given very nearly by the ex- 
pression 


(1/T,)=(1/T)+(k/Q). (7) 


Terms of the second and higher orders in the ratio V./20 
are neglected in comparison with unity in this approxi- 
mation. 

The assumption that the atomic distribution is at all 
times random, consistently with the instantaneous value 
of S, is a conspicuous defect in the foregoing equilibrium 
and kinetic theories. It is noteworthy that any theory 
that offers a description of isothermal relaxation from an 
initial order corresponding to equilibrium at a tempera- 
ture 7; toa final order corresponding to equilibrium at a 
temperature 7, in terms of a single parameter, e.g., S, 


1 A. S. Nowick and L. Met. 


published). 


R. Weisberg, Acta. (to be 
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involves the tacit assumption that during the process 
the order assumes a succession of equilibrium values 
associated with temperatures between 7; and 7,;. The 
question arises: if these equilibrium atomic distribu- 
tions are not random, what are they? 

The postulate of random disorder does not appear in 
the equilibrium theory of order proposed by Bethe! and 
applied to CusAu by Peierls.'* A detailed description of 
the average atomic distribution at all temperatures, in 
terms of the constitution of the first shell of atoms about 
A and B atoms on both a@ and 8 sites, can readily be 
deduced from Peierls’ work. The departure from ran- 
domness can then be evaluated in terms of a quantity 
defined by the formula 


@x=3(1—S)e, (8) 


where ¢x is the average number of -1 atoms in the first 
shell about an 4 atom on an a-site according to Peierls, 
and 3(1—S) is the value of the same quantity on the 
random disorder assumption. A few values of gx are 
given in Table II below. The factor « may be included 
in the derivation of the right-hand members of Eq. (1), 
and a new expression for 6 obtained as before. It is 
found that the small difference between the values of 6 
computed with this expression and with Eq. (6) is 
insignificant in the interpretation of the data here 
reported. 

It is of interest that Peierls’ computation of the 
equilibrium long- and short-range order near 7’. is in 
much better agreement with x-ray data than that of the 
earlier theory. For example, his value of the short-range 
order parameter a; at 380°C is approximately —0.28. 
The value obtained by Chipman! from his x-ray ob- 
servations is —0.283, and that computed with the 
Bragg and Williams theory is —0.092. 

The configurational energy W’ of the atomic array is 
regarded, in these theories, as the sum of the mutual 
energies 04.4, tan, and vg of pairs of adjacent like and 
unlike atoms. The total energy can then be expressed 
in the form" 


W=constant+ 20144, (9) 


where 244 is the number of pairs of adjacent 1 atoms 
and v=3(taatien)—?tan. This equation permits an 
evaluation of the quantity 7 with the aid of such 
calorimetric measurements as those of Sykes and 
Jones," together with Cowley’s measurements of the 
short range order parameter at various temperatures 
above 7. (2). In accordance with the definition of a, 
previously cited, naa=$(1+3a,).V, where \ is the 
total number of atoms in the crystal. The total change 
in configurational energy between the state of complete 


1H. A. Bethe, Proc. Roy. Soc. (London) A150, 552 (1935). 

2R. Peierls, Proc. Roy. Soc. (London) A154, 207 (1936). 

13 FC. Nix and W. Shockley, Revs. Modern Phys. 10, 1 (1938 

144. Sykes and F. W. Jones, Proc. Roy. Soc. (London) A157, 
213 (1936). See also Rubin, Leach, and Bever, Trans. Am. Inst. 
Mining Met. Engrs. 203, 420 (1955). 
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order and the state of disorder immediately above 7, 
observed by Sykes and Jones, is 5.3 cal g. Cowley’s 
value of a; at the same temperature is —0.16. Ac- 
cordingly 7=0.059 ev. The value computed with the 
relation kT’./27=0.47 of Peierls’ theory is 0.061 ev. 
Until a complete theory of order is written, experi- 
ment, guided by such approximations as the foregoing, 
must be relied upon to reveal true descriptions of the 
equilibrium atomic configurations and of the isothermal 
relaxation from one such configuration to another 
following sudden change in temperature below 7. 
Measurements of various order dependent properties of 
the material supplement one another to this end. 
Electrical resistivity is employed as an indicator of 
order in a recent study of ordering kinetics'® and lattice 
parameter in another'®; the Young’s modulus of 
elasticity serves the same purpose in the present work. 


EXPERIMENTAL METHOD 
Specimen Material 


The specimen material, of atomic composition 
25.150, Au and 74.85°¢ Cu, was prepared by the firm 
of Baker and Company in the form of a circular cylin- 
drical rod. A single crystal rod of diameter 4.9 mm is 
grown by the Bridgman method and annealed at 850°C 
for + hours to minimize segregation. A specimen of 
suitable length (about 3.6 cm) is cut from the crystal 
and. further annealed at 600°C for 5 hours to eliminate 
strains due to cold work. The direction cosines of the 
cylinder axis with respect to the principal axes of the 
crystal are 0.165, 0.595, and 0.784. The critical tem- 
perature of the material lies between 388.2°C) and 
389.5°C, The value 7, 389°C is adopted here. 


Measurement of Young’s Modulus 


Young’s modtilus is measured by the composite 
piezoelectric oscillator method described by Lord!’ 
modified in respect to the means for measuring the 
resonant frequency of the oscillator and for heating the 
specimen. The resonant frequency of the composite 
oscillator (~38 ke sec) is measured by measuring the 
frequency generated by a crystal controlled electranic 
oscillator in which the crystal is replaced by the piezo- 
electric element of the composite oscillator, as shown 
in Fig. 1. It is found that the two frequencies differ by 
not more than 5 cps. The oscillator output is applied 
across one pair of plates of a cathode-ray oscilloscope 
and that of a calibrated electronic oscillator of variable 
frequency across the other. The frequencies of the two 
oscillators are identical when the oscilloscope pattern 
is stationary. 

The fundamental frequency of free longitudinal 
vibration of the specimen cylinder fz is computed from 


FF) Burns and S. L. Quimby, Phys. Rev. 97, 1567 (1955), 
'® Feder, Mooney, and Nowick, Acta Met. (to be published) 
17N. W. Lord, J. Chem. Phys. 21, 692 (1953). 
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the observed frequencies of the composite oscillator and 
the quartz crystal alone with the formulas of the 
method,'® and this is related to the Young’s modulus 
of the specimen material /:7 by the expression 


Er = Apoodeo? fr? (Lao Lr)[1 + \n’G°a" Log" }, (10) 


where p is the density, / the length, a the radius of the 
cylinder and ¢, the mean Poisson’s ratio. The quantities 
6 and (Lo Lr) are evaluated with the data of Siegel!" 
and Nix and MacNair,” respectively. The value of the 
term containing & is 0.0012, The measured value of peo 
is 12.12+0.08 g/cm*. Changes in length due to change 
in order during the kinetic experiments are so small as 
to be without significant effect on the value of Jy 
computed with Eq.(10)2! Throughout thepresent 
paper Young’s modulus is evaluated in arbitrary units 
(acu.) which are related to cgs units by the formula 
Lge O.7F90K 10, The precision of the measure- 
ments is +0.03 a.u., but their accuracy, as measured 
by the reproductibility of data taken after recon- 
structing the oscillator and remounting it, Is +0.3 a.u. 


Temperature Control 


I} 


as those described in reference 15 hence the description 


© eXperimental arrangements are nearly the same 


is here abbreviated. The « omposite oscillator is mounted 
horizontally on glass threads along the axis of a Pyrex 
wlass tube 2 inches in diameter and 12 inches long. The 
tube is evacuated from one end and means are provided 
for admitting helium in bursts at the other for quench- 
ing. The oscillator is irradiated radially by four General 
Klectric Company 250-watt reflector infrared heat 
lamps arranged quadrantally about the axis. Its tem- 
perature is stabilized with a calibrated chromel-alumel 
thermocouple of No. 30 wire constructed by inserting 
each wire into a hole 10 mils in diameter drilled radially 
at the center of the specimen’s length. Thermal contact 
with the specimen is insured with a minute application 
of Dupont conductive silver No. 4887 which, in the 
course of experiment, is fired at 400°C. The thermo- 


Uy Au 





3 | 3 
< iM | 50Ke O2,t | 
nd — | a | 
: 1 
is | 02p¢ | 4 \ | 
Lon } | / | 
— | } t S6SN7 _{cRO 
Po el gd _t% 
| | I0v + | | CALIBRATED 
Fe | < < t—jOSC ¥ 
Siok | | sox? Ssx —_LOSCILLATOR 
eae et ee zal 
hic. 1. The piezoelectric oscillator circuit 


1s P.M. Sutton, Phys. Rev. 91, 816 (1953), 

WS. Siegel, Phys. Rev. 57, 537 (1940 

~™ FOC. Nix and D. MacNair, Phys. Rev. 60, 320 (1941), 

2! Measurements of isothermal change of length with time in 
quenched specimens have recently been made in this laboratory 
by Mr. William Gross. A report is in preparation. 
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couple controls fluctuations in the power supplied the 
lamps. Specimen temperatures in excess of 600°C can 
be obtained with this radiation furnace, and stabilized 
within 0.1°C, 

The radiation furnace serves an additional purpose. 
When the composite oscillator is irradiated the tem- 
perature of the quartz crystal, which must be known, 
is not the same as that of the attached specimen. In 
order to relate the two temperatures, as described in 
reference 17, it is necessary 10 measure the temperature 
variation of the resonant frequency of the quartz 
crystal alone, and of a composite oscillator in which 
the specimen is replaced by a copper cylinder when 
both components of the latter are at the same tempera- 
ture. To this end, the irradiated element in the furnace 
is a hollow copper cylinder 1.4 inches in diameter anid 
5 inches long which is completely closed to radiation. 
The item to be heated is mounted inside this cylinder, 
and the control thermocouple is brazed to the outside. 
The temperature within the cylinder is uniform to 1°C 
at 400°C and is stabilized within 0.02°C.*° 


Experimenta! Procedure 


The procedures for producing rapid changes in 
temperature, which are described in reference 15, are 
executed by one observer. Another records frequencies 
and corresponding times. The calibrated oscillator is 
set at a predetermined frequency higher or lower than 
that of the piezoelectric oscillator and the instant when 
the oscilloscope pattern is stationary is noted on a 
stopwatch. Observations can be made every 6 seconds 
if desired. The specimen cools roughly 3 deg sec down 
to 5° from the end temperature, after which about 8 
seconds are required to stabilize at the end temperature. 
Heating is effected at about 1.5 deg’sec, and only 2 
seconds are required for stabilization. The specimen is 
never undercooled or overheated more than 0.2°. 


RESULTS AND DISCUSSION 
1. Young’s Modulus at Equilibrium Order, E, 


The heat treatment preceding the measurement of 
Young’s modulus corresponding to equilibrium order 
is as follows. The specimen is annealed at 370°C for 70 
hours, after which its temperature is raised to 380°. 
Observations are made at intervals of 2° as the tem- 
perature is lowered to 370°, 5° te 350°, 10° to 200°, and 
20° to room temperature. The specimen is then reheated 
to 380°C and observations made at intervals of 1° as 
the temperature is raised to 384°, 0.5° to 391°, 1° to 
394°, 2° to 400°, 5° to 420°, and 10° to 470°. The 
temperature is held:constant at each point until the 
modulus appears to reach a stationary value. This 
period varies from a minimum of 20 minutes at 380° 


2 Details of a modification of this furnace for the production of 
temperatures as high as 1000°C are reported by L. R. Weisberg 
and G. R. Gunther-Mohr, Rev. Sci. Instr. 26, 896 (1955). 
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TABLE I. Variation of Young’s modulus at equilibrium order 
with temperature. 


T°C E.(a.u. T°C E,(a.u.) 
290.0 162.91 385.9 148.20 

300.0 - 161.96 386.4 147.95 

310.0 160.99 386.8 147.66 
320.0 ~_ 159.82 387.3 146.95 

329.9 158.62 387.8 146.54 
340.1 157.23 388.0 146.47 

350.0 155.78 389.0 135.82 

355.1 154.99 390.0 135.60 
359.9 154.06 392.0 135.21 

365.0 153.18 394.0 134.88 

370.0 152.26 396.0 134.58 

371.9 151.85 398.0 134.27 

374.1 151.46 400.0 134.03 

376.0 151.03 405.0 133.36 
378.0 150.57 410.0 132.75 

379.9 150.07 415.0 132.19 
381.1 149.91 420.0 131.61 

382.0 149.61 430.0 130.53 

383.0 149.33 440.0 129.57 

384.0 149.06 450.0 128.56 

384.4 148.80 460.0 127.57 

384.9 148.60 470.0 126.59 

385.4 148.43 


and above 415°, to many hours at temperatures near 


re 

The variation of Young’s modulus at equilibrium 
order, /,, with temperature is given in Table I. The 
values are uniformly 8.7 a.u. or about 5.6°¢ lower than 
those computed with the values of the s,, reported by 


19 


Siegel." 
2. Young’s Modulus at Perfect Order, E, 


The quantity /o, as it appears in place of po in Eas. 


(5), is the value Young’s modulus would have at the - 


temperature of observation if the order were perfect. 
To obtain this it is necessary to know the value at a 
given temperature and the temperature coefficient. 
Both quantities are evaluated with the aid of the 
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Fic. 2. Isothermal time variation of Young’s modulus following a 
quench from 385°C to the indicated temperature 


AND 3. 1. 


QUIMBY 


careful measurements of equilibrium lattice constant 
reported by Feder, Mooney, and Nowick.!* In the fol- 
lowing description of the procedure for determining /:» 
all data appertaining to the lattice constant are to be 
ascribed to these authors. 

The lattice constant at 25°C is measured following 
anneals to equilibrium at various temperatures between 
220°C and T, and subsequent quench to 25°. ‘The 
equilibrium lattice constant at 25° is deduced from these 
data. Incident to the measurements it is found that the 
anneal times required to attain equilibrium below 290° 
are extremely long, varying from 6 hours at 290° to 
over 1000 hours at 210°. Anneal times of adequate 
duration were not employed in the measurements of /, 
below 280°, hence the latter do not represent equi- 
librium values and are not given in Table I. Correlation 
of lattice constant with /, between 280° and 7, yields 
a smooth curve which permits valid extrapolation to 
low temperatures. Observations of /: below 280° depart 
abruptly and systematically from this curve, indicating 
failure to attain equilibrium. The extrapolation yields 
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Fic. 3. Isothermal time variation of Young’s modulus following a 
quench from 385°C to the indicated temperature 


the value of £, at 25° and this is equated to Eo on the 
assumption that the order is practically perfect at that 
temperature. 

The observed variation of / with temperature be- 
tween 40° and 230° is linear, with a temperature 
coefficient: — 0.0636 a.u./°C. This temperature 
coefficient at constant order, namely the equilibrium 
order at 280°.% Now it has been shown that the tem- 


is a 


perature coefficient of Young’s modulus is nearly 
independent of order between 40° and 230°.!7 The same 
is true of the thermal exjansion®”? and the temperature 
coefficient of electrical resistivity. Hence the value 
—0,0636 a.u./°C is accepted as the temperature co- 
efficient at perfect order. Lastly, this quantity is con- 
stant in the interval 40° to 230° and is assumed to 
remain so in the interval 230° to 7... ‘ 


28 Feder ef al. (reference 16) argue with some cogency that the 
value of S, at 280°C is 0.94. 
4 C, Sykes and H. Evans, J. Inst. Metals 58, 255 (1936). 











ORDERING AND 
The foregoing procedure yields the formula, 
ky = [165.00 —0,0636( 7 — 300) | a.u. (1 


It is appropriate here to anticipate the result that, 
while values of the quantity y computed from obser- 
vations of /2 with Eqs. (5) are sensitive to the assumed 
value of /o, those of the more significant quantity 6 
are not. 


3. Young’s Modulus at Constant Order, E. ,, 


This quantity is introduced to afford a rough esti- 
mate of the total order dependent change in /: to equi- 
librium following sudden change in temperature below 
T.. Consider a specimen initially in equilibrium at 
temperature 7, = /:,, whose temperature is suddenly 
changed to Ty. Let Fe. would 
assume if the order remained 
change. An approximate value of /:.,.’, denoted | ee 
is computed with the temperature coethicient at perfect 


‘ denote the value 


constant during the 


order. Thus 

hig. = [E.4+0.0036(T,— Ty) } a.u. 12 
Actually, the temperature coefficient of 40 is undoubt 
edly order dependent at clevated temperatures since 
the data above 7. in Table I 
present assumption, it changes at 7 
—().0636 acu. °C for S=1 tothe value 
for § 
3, and 4are uncertain by an unknown amount, constant 


indicate that, on the 
from the value 
0.0995 au. °C 


0. Hence the ordinates of the curves of Figs. 2, 


for each curve. However, the observed absolute values 


of /. can be recovered frora these curves with the aid of 


hg 12 lable eg 


and 


4. Kinetics of Ordering and Disordering 
below T 


Figures 2 to 3 depict the isothermal variation of / 


with time following rapid change in temperature below 
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Fic. 5. Isothermal time vari 
ation of Young’s modulus fol 
lowing rapid changes in tempera 
ture as indicated <q | 
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T.. The zero of time on these graphs and those that 
follow is the instant at which the temperature change 
is initiated. Young’s modulus increases with increasing 
order, while length and electrical resistivity decrease ; 
therefore, to facilitate Comparison with similar studies 
of the latter phenomena increases in / are plotted 
downward and decreases upward. The following features 
of the graphs are particularly to be noted for future 
reference: 

(a) Despite the rapidity with which the temperature 
changes are effected, roughly half the total order de- 
pendent change in & occurs before the first observation 


] ] 


is made: hence only the latter half of the complete 


ordering and disordering process is observed. In Figs. 


2 and 3 the observed change varies from 48°, of the 
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Fic. 6. Isothermal disordering curves at 382°C following rapid 
heating from the indicated temperature can be superposed by 
shift of the time scale. 
total at 377° to 65% % at 325°, and in Fig. 4 it varies 
from 319% at 382° to 68% at 347.5°. 

(b) The initial isothermal disordering rate increases 
monotonically as the ordering temperature is raised, 
whfie the initial ordering rate following a quench from 
385° is a maximum in the neighborhood of 355°. 

(c) Referring to Fig. 5: Disordering at 387° (two 
degrees below 7.) is enormously slower than disordering 
at 382°. Also, ordering at 382° following a quench from 
387° is much slower than that following a quench from 
385°. (The initial state of order for the former ordering 
curve is not the equilibrium value at 387° but that 
represented by the terminal point on the disordering 
curve labeled **382° to 387°.” 

(d) Isothermal disordering curves following rapid 
heating from various lower temperatures can be super- 
posed by shift of the time scale. An example is shown in 
Fig. 6. 

(e) Isothermal ordering curves following quench 
from various higher temperatures cannot be superposed 
by shift of the time scale. The higher the initial tem- 
perature, the slower the ordering at the same value of 
E. Examples are shown in Fig. 7. Reproducibility of the 
data is indicated by two sets, taken several weeks apart, 
plotted on the curve labeled “385° to 340°.” 


5. Dependence of Young’s Modulus on Order 


Before attempting a comparison of the feregoing 
data with theory it is relevant to examine the way in 
which Young’s modulus depends upen order. ‘The 
equilibrium value /, and its variation with order 
(£y—£,) may be employed for this purpose. In Fig. 8 


AN Si Li. QUIMBY 

the latter quantity is related to the variation in equi- 
librium contigurational energy, referred to perfect 
order, measured calorimetrically by Sykes and Jones.”* 
Here the temperature is the independent variable for 
the evaluation of both quantities. In accordance with 
Eq. (9), it is suggested that the order dependent change 
in Young’s modulus is proportional to the change in the 
number of “wrong” bonds, 14.4. If this is true, Young’s 
modulus depends upon the short-range and not upon 
the long-range order. 

The kinetic theories reviewed in the introduction 
are concerned with the temporal variation of the number 
of wrong atoms. If descriptions of the curves of Sec. 4 
are to be sought in these theories, then it must be 
assumed that the ratio of wrong bonds to wrong atoms 
remains constant during the observed portions of the 
processes. Estimates of this ratio may be deduced from 
Peierls’ theory as described in Sec. 7, and it is found 
that its variation is 2.2°7 or less in these intervals. If 


the distribution of wrong atoms were random, the 
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Fic. 7. Isothermal ordering curves following quench from 


different initial temperatures cannot be superposed by shift. ot 
the time scale. The dashed curves are curves to the left of them 
translated parallel to the time axis. .\ repeated measurement is 
shown on the 385° to 340° curve. 


2 See reference 14. The critical temperature of the specimen 
used by these authors was 664°K. Accordingly, their energy 
measurements were replotted as function of 7/7... The energy 
values cited in Fig. 8 correspond to the critical temperature 
602°K of the specimen used in the present research. 














ORDERING AND 
variation would be still less. It is proposed therefore to 
present in the next section a comparison of theory with 
observation, 


6. Comparison of Theory and Observation 


The quantitative basis for the following comparison 
of theory and observation is due in large measure to the 
work of Feder, Mooney, and Nowick.!® These authors 
present a careful analysis of all available kinetic and 
equilibrium data, including the present measurements 
of Young’s modulus and their own of lattice parameter. 
The latter extend over the temperature interval 200°C 
to 300°C, in which many of the approximations made in 
the theory disappear in virtue of the high state of 
equilibrium order present in the material. In conse- 
quence certain constants of the theory can be evaluated 


with plausible accuracy. Values employed without 
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hic. &. Correlation of order dependent change in Young's 


kk 
modulus with order dependent change in configurational energy 


at equilibrium, Temperature is the independent variable 


further reference in what follows are 


(3;71¥2)'= 3.6K 10" sec!; Q=2.03ev; V,.’=05 ev, 


a constant. In addition, the authors obtain a relation 
between S, and 7 which, conforming exactly to Chip- 
man’s observation at 380°C, is probably the most 
reliable now available. It is here used to evaluate the 
quantity .f in Eq. (6). 

The maximum in the early ordering rate, evident in 
Figs. 2 and 3, is in accord with Eq. (1) as previously 
noted, It appears to occur at about 355°, but it is not 
possible to estimate the temperature at which the initial 
ordering rate is a maximum within ten degrees. The 
value given by Eq. (7), with 7,= 385°, is 366°, but the 
accuracy of this is also uncertain because the tempera- 
ture change from 7, to Ty is not effected instan- 
taneously. 

Disordering data of the sort depicted in Fig. 4, but 
taken with various initial and tinal temperatures, are 
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hic. 9. Analysis of observations of isothermal disordering in 
accordance with Eq. (5a). The ordinates of several curves are 
altered as indicated to separate the curves 


plotted in Fig. 9 in such manner as to exhibit in detail 
the agreement with Eq. (5a). The initial and final 
temperatures are given for each curve, as is also, 
attached to an arrow, the fraction of the total change 
completed at the instant the observation indicated by 
the arrow was taken. The agreement with Eq. (3a) is 
seen to be excellent over the /afler portion of each plot. 
The slopes of the representative lines are corresponding 
values of the quantity 6. The early data indicate dis- 
ordering rates greater than the theoretical. 

Ordering data of the sort depicted in Figs. 2 and 3, 
but again taken with various initial and final tempera- 
tures, are plotted similarly in Fig. 10. The numbers 
attached to the arrows have the same meaning as 
before. Good agreement with Eq. (5b) subsists over 
the early portion of each plot. The late data indicate 
ordering rates less than the theoretical. The lengths 
of the lines adjacent to the curves at (= 3"25* show the 
uncertainty in the value of the ordinate at that instant 
due to the uncertainty in the measured value of F. 

In accordance with Eq. (6), 


Ind= —O/kT+1nA. 
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Fic. 10. Analysis of isothermal ordering in .accordance with 
Eq. (5b) The ordinates of two curves are altered as indicated to 
prevent overlap with others. 
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Fic. 11. The variation of 6 with temperature. The initial tem 
peratures for ordering and disordering are 385°C and 340°C, 
respectively, unless otherwise indicated by numbers attached to 
the points. 


Values of 6, obtained from numerous graphs similar to 
those of Figs. 9 and 10, are plotted to a logarithm 
scale as ordinates in Fig. 11. The abscissa is 1000 7°K, 
where 7 is the temperature at which the process ox 
curred. The initial temperature for ordering is 385°, 
and for disordering 340°, unless otherwise specitied by 
one or more numbers attached to a point. For example, 
the three numbers attached to the value of 6 for iso- 
thermal disordering at 382° show that the same value 
was obtained on heating to 382° from 377°, 370°, and 
340°; those attached to the value of 6 for ordering at 
310° show that the same value was obtained on quench- 
ing to 310° from 340° and 325°. 

As the value of S, approaches unity the terms con- 
taining S, in A of Eq. (6) cancel each other to unity, 
and Iné varies linearly with 1 7 very nearly. The 
dashed line of Fig. 11, taken from Fig. 8 of reference 16, 
represents well the low temperature observations of 
Feder, Mooney, and Nowick. The solid line is a graph 
of Eq. (6), computed with the values of S, and V.’ 
quoted in Sec. 6. The latter are obtained quite inde- 
pendently of the data plotted in the figure: hence no 
adjustable parameter is employed in the computation. 

The condition that the observed portions of re- 
laxation curves such as those of Figs. 2, 3, and 4 should 
superpose on shift of the time scale is that a value of 6 
conforming to the theory should exist and remain 
constant throughout. Accordingly, the result depicted in 
Fig. 6 is consistent with the data of Fig. 9, and that 
depicted in Fig. 7 with the data of Fig. 10. 

It remains to account for the notable departures 


r 


} 


Mae Se AL. 
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from the theory exhibited in Figs. 9 and 10, and for the 
extreme slowness of both the ordering and disordering 
processes in the immediate neighborhood of 7, revealed 
in Fig. 5. 


7. Atomic Distributions 


The symbols here employed in the description of an 
atomic distribution have the following 
A*=A atom on ana site; 44=A atom on a @ site; 
A,,*= A atom on ana site with m Al atoms in the first 
shell of surrounding atoms; 4,,*= B atom on an a@ site 
with m A atoms in the first shell; etc. 

The equilibrium atomic distributions at 
temperatures, described in terms of the numbers of 
B,,“ and A,,% present in the medium and computed with 
Peierls’ theory, are given in Table IT. Values of the 
quantities @ and @y of the theory are also given. ‘The 
quantity @ is the average number of .1% in the first shell 
about a B* and @ x is the average number of 1% in the 
first shell about an .1¢ The average number of .1° 
about an .4%, denoted wy by Peierls, is related to @y 
by the formula rad x 
fractions of A atoms on a@ and 3 sites, respectively. The 


meanings: 
l 
> 
a] 


Various 


Wyey, Where rq nad we are the 


average number of 1% about an .1°%, denoted Ay by 
Peierls, is negligible at all temperatures. Hence, from 
Peierls’ Eq. (19), at temperatures below 7, 
approximation to the number of wrong bonds is given 
1a iy. where .V is the total 


a close 


by the expression 144 
number of atoms. 
High accuracy cannot, of course, be claimed for the 
numbers that appear in Table II, but there is no doubt 
that they are qualitatively correct 1 
Various types of atomic environment that exist in the 


in respect to the 
medium and the way in which the relative fractions of 
these types vary with temperature. 


8. Significance of the Quantities Q, U, and V 


Figure 12 is a schematic representation of the 


mutual configurational energy, referred to perfect 
order, of a B@ and an A? in an otherwise ordered lattice. 
The positions a, 6, ¢ denote 3 sites in successive shells 


TABLE II 


The numbers of &,,.% and 1,,% at various temperatures 
expressed in units of 10 “V, after Peierls 


7x: 00 300 62 3k0 
Ss 0.98 0.94 0.90 0.87 
Bye 161 297 3.06 3.73 
Bye 1.61 5.11 8.12 9.92 
B.* 0.484 2.69 5.55 8.14 
B;* 0.045 0.461 1.33 2.36 
By 0.022 0.094 ().22 
1% 3.57 9:82 14.9 18.1 
Ay 0.181 1.36 3.00 5.08 
Ao 0.0026 0.067 (281 0.561 
A 3% 0.024 
o 0.7252 1.066 1.258 1.400 
ox 0.04976 0.1383 ().222 


2 0.2811 
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about the a site. The peaks of the curve are, in fact, A A A, A A Ay A A Ai, 
much higher than drawn, since the value of U’; is many B® 18, BB \Bo ® S «“, 
times that of The quantity (= U,+3V, is a con- . "s ~. * AA . . B - B “ 
stant, and is the activation energy for diffusion of an aa i a a A A A - 

1 in the Jattice. 

The activation energy for the initial disordering 5 8 IV A A_A Vv A_A Ay, 
process, which produces an A® in the position (a), is Ae B) A 282 A Bee? nes 'Be 
(Uy+V,), which may be written (V+ 3V,). The sea 4A, BB 2A, 8 B 4A, iA2 

ee ~£ . f ee By 4 l2v 
activation energy for the reverse (orde ring) process 1s B B a» & -2 2&2 @ 

{,, which may be written (O—3V,). Accordingly, any 
decrease in the value of 1) must tcrease the disordering “. A B Avy A @)_A vin AA Ay 
rate and decrease the ordering rate. Similar considera- ®@ © A 2Be Bs 2 e®e 1Be 16° A 1Be 1B3 
lions apply to transitions of the .1% between positions ~@® ® pe BB . @® ® = 
(a) and After reaching position (b) the .1% may —a”6=h [he Za” h— (CU a 
wander Nanas the lattice with no change in contigu- 
rational energy. x A ® A Xl A ® A xil 
385 IBs 18 es @_® 2B, 'By 
‘ 4A, IA,’ 8) ®) ®re, 4A, A @®_A A an 2A, 


9. Notion of Clusters 


of various atomic contigura- 
(100) plane in a 


Figure 13 is a drawing 
tions lying in the Cu-Au layer of a 
partially disordered lattice. The uncircled letters A and 
B indicate rightly occupied a and 3 sites, and the circled 
letters wrong occupied sites. Planes containing only 8 
sites lie above and below the plane of the figure. These 
atomic configurations are called “clusters.” The atomic 
in terms of the numbers of B,,7% and -1,,.%, 
in terms of v, are given 


constitution, 
and the configurational energy, 
for each cluster. It will be observed that, 
with Eq. (9), the energy is 27 times the number of -1-1 


in accordance 


pairs in the cluster. 

The initial disordering process in an ordered lattice 
is the simple interchange of an 17 and a B%. This forms 
Cluster [, called, after Rothstein, an 
“associated pair.”” Clusters If and TIT result 
A° leaves the first shell about the B¢, and 
“dissociated wrong pair.”’ A simple 


vhich may be 
wrony 
when the 
these constitute a 
free energy computation shows that the disorder at low 
predominantly of dissociated 
If, and HI are the primary 
the 


temperatures consists 
wrong pairs. Clusters I, 
clusters from which the remainder are built: by 
successive addition of a single wrong pair. The following 
remarks concerning the clusters.are pertinent: 

(a) Comparison of the atomic distributions of arrays 








of clusters with those of Table IT strongly suggests 
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Fic. 13. Typical clusters of wrong atoms in a Cu-Au layer of a 


100) plane in a partially disordered lattice. The wrong A and B, 


atoms are circled 


that disordering and ordering do in fact proceed by the 
yrowth and dissolution of clusters. It is not difficult to} 
construct an array of clusters of Types I to VI inclusive 
that reproduces Peierls’ distribution at 200°C very 
Values of wx and @y are reproduced exactly, 
with an error of 3°, in @ resulting from neglect of the 
1.2°, of B37, since the latter are not present in these 
The computed number densities of the several 
with the assumption that the 


clusters.) 
types are 
clusters are effectively isolated. 

(b) The presence of an appreciable number of A 3° 
The — of a cluster 
is the inception of order in which the 4 atoms occupy a 
sublattice. Hence only clusters lying in 
mutually perpendicular planes can be contiguous. 
Evidently, from Table IT, clusters are contiguous only 
in the neighborhood of 7.. 

(c) The process of ordering and disordering here 
proposed yields exactly the atomic arrangement at 
380°C deduced by Chipman‘ from an analysis of the 
diffuse scattering of x-rays. According to Chipman this 
analysis ‘strongly suggests very tiny antiphase do- 
mains, one layer thick in a Cu-Au layer and containing 
about 9 atoms. The plate-like antiphase domains would 
be distributed at random throughout the crystal on 
any of the three sets of (100) planes.” 

(d) The energy of formation of the primary clusters 
is 6v or &z, and that of the first derived series is 22 or 42 
additional. The remaining clusters of all types, in- 
cluding those derived from Nos. X, XI, and XII and 
their progeny, form with successive increases in energy 
of only 22. The exponential form of the Boltzmann 
factors governing the rate of production of right and 
wrong atoms leads inevitably to the conclusion that 
relaxation toward equilibrium order following sudden 


consistent 


reveals cluster contiguity. 


different 
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change in temperature below 7, procedes by two 
distinct but merging stages. One of these stages is 
controlled principally by an atomic interchange energy 
2v and the other by an energy approximately 67. The 
ratio of the Boltzmann factors, expl(Q+3V1)/kT ], 
corresponding to these two values of the quantity V; 
of Sec. 8 varies from 11 at 300°C to 8 at 389°C. 

(e) During the growth and dissolution of large 
clusters the change in the number of wrong (1.4) bonds 
is equal to the change in the number of wrong A (or B) 
atoms. The ratio of wrong bonds to wrong atoms 
associated, respectively, with clusters of Type I and of 
Types IT and ITI is 3 and 4. Justification further to that 
mentioned in Sec. 5 is thus afforded for the correlation 
of theory and experiment here attempted. 

(f) The clusters are not to be regarded as fixed, 
either in space or time. They are continually forming 
and dissolving. The equilibrium is dynamic. A specitied 
numerical distribution of cluster types represents an 
average over a long time of a great many instantaneous 
atomic configurations. 

(g) The configurational energy of each cluster de- 
picted in Fig. 13 is a minimum for the number of wrong 
atoms in the cluster. Other clusters of higher energy 
containing the same number of wrong atoms will be 
present, but those of lower energy will predominate. 


10. Kinetics of Cluster Arrays 


On the present view, each curve of Figs. 9 and 10 
depicts the kinetic behavior of an array of clusters. 
Referring to Fig. 9, at the termination of each two stage 
disordering process the number of large clusters is in- 
creased, as is likewise the number of clusters of Types I, 
II, and III. In accordance with Sec. 8 above, growth 
of the large clusters, governed by 22, proceeds much 
more rapidly than that of the small clusters, governed 
by 67 or 8v. This is indicated by the departure of the 
initial observations from the straight lines that describe 
the course of the second stage. At the higher tempera- 
tures the entire first stage is completed before the first 
observation is recorded. 

The curves of Fig. 10 reveal the two distinct merging 
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stages of ordering. Values of 6 deduced from the straight 
lines agree well with those deduced from the lines of 
lig. 9, as shown in Fig. 11. The early stage of ordering 
and the late stage of disordering represent, respectively, 
the dissolution and formation of small clusters governed 
by an atomic interchange energy approximately 67. 
The late stage of ordering, comprising roughly 10°; of 
the total change, represents slow dissolution of large 
clusters. 

The considerable retardation in both the ordering 
and disordering rates that occurs in the immediate 
neighborhood of 7, will now be considered. Heretofore, 
clusters have been treated as isolated in an ordered 
matrix. As the temperature is raised the size and 
number density of clusters increases, in accordance 
with Table IT; in the neighborhood of 7. the clusters 
are no longer isolated. In this event many atoms lying 
between disordered clusters are so situated that an 
interchange of an 1% and a-B%, or an 1% and a B*, 
effects no change in contigurational energy. Such atoms 
will not on the average participate in either an ordering 
or a disordering process. They are effectively neutral. 
The resultant decrease in the number of atoms available 
for participation decreases the numerical magnitude of 
dS ‘dt, alike whether its sign is positive or negative. 
The tails of the ordering and disordering curves between 
387° and 382°, of Fig. 5, are quite similar. 

It will be noted in Fig. 11 that the values of 6 for 
ordering following a quench from 385° are about 20 
less, at the same final temperature, than those following 
a quench from a lower temperature. Examples occur at 
340° and 300°. This represents a remnant effect. of 
contiguous clusters present at 385°. The same phe- 
nomenon was observed by Feder, Mooney, and Nowick. 
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Symmetry of the H Center in KCl and KBr 


W. Date Compton anp Ciieporp C. Kick 
United States Naval Research Laboratory, Washington, D.C. 
(Received December 23, 1957) 
HM centers were produced in KCl and KBr by x-irradiation at temperatures near liquid helium. The sym- 
metry of these centers was determined by observing the dichroism produced in the absorption band after 
bleaching with polarized /7-band light. It was found that the optical dipole moment of the 47 center is 





parallel to (110 


The polarized bleaching light tends to reorient the /Z centers as well as to bleach them. 


The oscillator strength of the /Z center was found to be greater than about 0.3 that of the / center in KC} 
and greater than about 0.5 that of the F center in KBr. 


INTRODUCTION 


COMPARISON of the absorption spectrum of an 

alkali halide crystal before and after x-irradiation 
shows that strong absorptions are introduced into the 
crystal by the irradiation.! In most alkali halides the 
spectral absorption after x-raying is found to be ap- 
preciably simpler if the irradiation is made at tempera- 
tures well below room temperature. This is particularly 
true for irradiations near liquid-helium temperatures. 
Duerig and Markham® report that only two prominent 
absorption bands appear in KCI, KBr, and NaC] if 
these materials are irradiated and measured at 3°RK. 
These are the / band and a band at shorter wavelength 
that they called the 47 band. Upon warming the crystal 
to 77°K, they found that the 4/7 band bleached, that 
the # band was reduced, and that the 1, band appeared. 
Table IT gives the spectral location of the Fy H, and Vy 
bands in these materials. 

Markham, Platt, and Mador* studied the 
temperature bleaching of centers formed by x-irradi- 
ation of KBr at 5°K. They found that both the # and 
H bands were bleached by optical irradiation into the 
F band at 3°K. Since no photoconductivity was ex- 
pected from the F band at 5°K, it was suggested that 
the bleaching is caused by a tunneling of the electron 
from the excited / center to a neighboring // center.! 
It was suggested, then, that the color centers are not 
uniformly distributed but are concentrated in certain 
regions of the crystal. 

Teegarden and Maurer® extended the study of the 
H center with particular reference to KCL. The band 
in KCI was found (1) to bleach thermally at 57°K with 
a release of free charge, (2) to bleach optically with a 
quantum efficiency of about 0.01 with no observable 
photocurrent, and (3) to be produced at 35°K by 
optical irradiation in a Vy band that had been produced 
by x-irradiation at 77°RK. 


low- 


1 See F. Seitz, Revs. Modern Phys. 26, 7 (1954), for a compre- 
hensive review of this subject. 

2?W.H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952). 

3 Markham, Platt, and Mador, Phys. Rev. 92, 597 (1953). 


‘NF. Mott and R. W. Gurney, Flectronic Processes in Tonic 


Crystals (Oxford University Press, New York, 1940), p. 134; G. 
Glaser, Nachr. Akad. Wiss. Gottingen, Math.-physik. KI. 3, 31 
(1937), 

®K. Teegarden and R. Maurer, Z. Physik 138, 284 (1954). 


Seitz® tentatively proposed that the 17 center consists 
of a hole trapped at a positive- and negative-ion vacancy 
pair. Such a center should provide free holes upon 
warming. These free holes could either annihilate F 
centers or be trapped by free positive-ion vacancies to 
form V,; centers during the warmup to 77°K. 

Varley’ and more recently Saint-James* have sug- 
gested that the HM band arises from an interstitial 
halogen atom that has trapped a hole. 

Because of the relative simplicity of the absorption 
curves after x-irradiation at these low temperatures, 
it was thought that further knowledge of the H center 
would be valuable in attempting to understand the 
coloration processes. This paper gives the results of a 
study of the bleaching of the 7 center that is induced 
by irradiation with polarized light absorbed by the 
center. The symmetry of the #7 center is deduced from 
these results and compared with the symmetry of the 
models proposed by Seitz, Varley, and Saint-James. 
This work utilized the optical properties of anisotropic 
color centers that was first used by Ueta* in establishing 
the symmetry of the M center in KCl. 


ANALYSIS OF POLARIZED BLEACHING 
EXPERIMENTS 


The symmetry of a color center is determined by the 
distribution of lattice defects that compose the center. 
The highest symmetry that a center can have is that of 
the lattice. For such a center, in a NaCl-type lattice, 
the amount of energy that can be absorbed from a light 
beam by an electron or hole that is trapped by the 


TABLE I.* Spectral location of the F, 7, and V, bands at 
temperatures below 30°K 


F (mu H (mu Vi (mp) 
KCl 540 345 356 
KBr 2 380 410 
NaCl 454 330 345 


8 See reference 2. 


®F. Seitz, Phys. Rev. 89, 1299 (1953); Revs. Modern Phys. 
26, 7 (1954). 

7 J. H.O. Varley, J. Nuclear Energy 1, 130 (1954). 

* 1). Saint-James, J. phys. radium 17, 907 (1950); J. 
radium 18, 260 (1950); 

9M. Ueta, J. Phys. Soe. Japan 7, 107 (1952). 
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TABLE II. Anisotropy produced by bleaching with polarized light. 


Bleached with [100] light 
Absorption measured with light 


Centers with optical 


dipole moments oriented polarized along 


parallel to [ 100} 
(100 (O.D.) 100 
decreases 
110 The initial rate of decrease of 
(O.D.);00 is twice that of (O.D oro 
(111) A(O.D.) 190= A(O.D.)or0 


defects will not depend upon the polarization of the 
light. The optical dipole moment associated with this 
transition will not have a preferred orientation relative 
to the lattice and the center will appear isotropic. The 
F center is an example of such an isotropic center. 

If the arrangement of the defects composing the 
center is such that only certain orientations in the 
lattice are possible, then the symmetry of the center 
will be lower than that of the lattice. The dipole moment 
associated with an optical transition of a trapped 
electron or hole will have a preferred orientation relative 
to the lattice. Such a center will absorb light most 
strongly if the electric vector of the light is parallel to 
the center’s optical dipole moment. The M center is 
an example of such an anisotropic center. 

If an absorption band becomes anisotropic after ir- 
radiation with polarized light absorbed by the band, 
then the color center responsible for the absorption is 
anisotropic. The symmetry of the center can be deter- 
mined by noting the manner in which the absorption 
band is bleached by light of various polarizations. 

Table II presents a summary of the changes that 
would be introduced in an absorption band in a NaCl- 
type crystal by bleaching with polarized light, if the 
band results from centers whose dipole moments are 
parallel to (100), (110), or (111). The light is presumed 
to enter the [001] face of the crystal. If the crystal is 
bleached with light polarized along [100], the absorp- 
tion is measured with light polarized along [100] and 
(010 ]. Similarly absorption is measured with [110 ] and 
[110] light after bleaching with [110] light. ‘The 
notation (O.D.),09 indicates that the optical density 
[=logio(Jo/1), where J» is the intensity of incident 
light and J is the intensity of transmitted light | was 
measured with the light polarized along [100]. 

The symmetry of a simple anisotropic center can be 
determined, then, by comparing the results obtained 
from polarized bleaching of the absorption band with 
the information given in Table IT. 


EXPERIMENTAL PROCEDURE 


Figure 1 is a block diagram of the apparatus. A 
Bausch and Lomb grating monochromator (M) was 
used with a regulated tungsten or regulated hydrogen 
discharge lamp (LL). The crystal (S$) was cooled to 


110} light 


Absorption measured with light 
polarized along 


Bleached with | 


(010) {110} {110} 


No change in 
(O.D.)or0 


A(O.D.) 110 = A(O.D.) 5 
The initial rate of decrease of 
(O.D.)iy0 is tive times that of (O.D.)ij5 


No change in 
(O.D.i4 


(O.D.) 110 


decreases 


temperatures near liquid helium in the cryostat (C 
described by Russell and Klick." An 0,040-inch thick 
beryllium window (B) was rotated into position for 
x-raying and the quartz windows (()) were rotated into 
position for the optical measurements. The signal from 
a 1728 photomultiplier (?M) was amplified by a 
General Radio de amplifier and electrometer and 
recorded. A Wollaston prism (/’), that transmits to 
wavelengths longer than 230 my, was used to polarize 
the measuring and bleaching light. 

The bleaching lamp, an H-4 mercury lamp or a 
tungsten lamp with appropriate filters to select: the 
spectral region desired, was inserted in place of the 
photomultiplier. The x-ray tube (tungsten target) was 
operated at 50 kvp and 20 ma. ‘The photomultiplier and 
prism were removed so that the x-ray tube could be 
placed close to the beryllium window. 

Crystals of KBr were obtained from Harshaw Chemi 
cal Company, the KCI from Optovac Company, and 
the KCI(TI) were grown in this laboratory by the 
Bridgman technique. The pure KCI crystals from 
Optovac Company were free from ‘Tl impurities within 
the limits of detection of our absorption and excitation 
apparatus. Sample thicknesses varied between one and 
two mm. 

The absorption measurements were made as follows. 
A transmission spectrum of the crystal before x-raying 
was taken as a measure of the light incident upon the 
crystal. The optical density after x-raying was com- 
puted as the logarithm of the ratio of the transmission 
prior to x-raying to the transmission after x-raying; 
the same procedure was followed for computing the 
optical density after bleaching. 

Absorption spectra that were taken in this way 
required that the photomultiplier and prism be ac- 
curately relocated after each x-irradiation or bleaching 


eb Aen 


Klick, Phys. Rev. 101, 1473 (1956 


Fic. 1. Block diagram 
of the apparatus 
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and that the lamp brightness remain constant during, 


various measurements. Variations in the alignment or 
lamp brightness manifest themselves as slight variations 
in the absorption background. These were insignificant 
in most cases. 

RESULTS AND DISCUSSION 

The absorption curves shown in Fig. 2 were obtained 
after a one hour x-irradiation at a temperature near 
liquid helium, Although the # and // bands are the 
most prominent, a small absorption band appears 
between them in KBr.'! No information was obtained 
about the nature of this absorption. 

Data on the anisotropic bleaching of the H band in 
KCI are shown in Figs. 3 and 4. The x-irradiations and 
bleaching were made near liquid-helium temperatures. 
Figure 3(A) was taken with light polarized along [110] 
while 3(B) was taken with light polarized along [110]. 
Curves 1 were taken after x-raying. Curves 2 were 
taken after the crystal had been bleached with 3.4-ev 


Fic. 2. Absorption : 
spectrum of KCI and 
KBr. The crvstals were 
x-irradiated and meas 
ured at temperatures 
near liquid helium p 
? ee 
o ee 
4 3 ip 28 24 
ENERGY 


(3650 A) light polarized along [110]. It is seen that 
(O.1D.);19 decreased more than (O.D.)yyo. 

Consider Fig. 4 where data are presented on the 
anisotropy. induced by bleaching with light polarized 
along [100]. Figure 4(A) was measured with light 
polarized along [100] while 4(B) was measured with 
light polarized along [010]. Curves 1 and 2 were taken 
after x-irradiation and bleaching, respectively. It is 
seen that (O.1D.),;90 decreased more than (O.D.)oyo. 

A comparison of these data with Table I] indicates 
that the centers giving rise to the H band in KCl 
behave as if they had optical dipole moments oriented 
parallel to (110). 

The results obtained on KBr are more complicated. 
They are shown in Fig. 5. 5(A) and 5(B) were measured 
with light polarized along [110 ] and [110], respectively. 
Curves 1 were taken after x-raying. Curves 2 were 
taken after a brief bleach with 3.4-ev light polarized 
along [110]. The absorption measured with light 
polarized parallel to the bleaching light decreased 


1 Puerig and Markham (reference 2) observed this band and 
labeled it Vo 
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at temperatures near liquid 03 ] 
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while the absorption measured with light polarized at 
right angles to the bleaching light increased markedly. 
Thus there were more centers that could absorb [110] 
light after the bleach than there were before the bleach. 
The crystal was now bleached with light parallel to 
[110]. Curves 3 indicated that, although a genera! 
bleaching occurred for both polarization directions, 
(O.D.):t0 was now greater than (O.D.);1o. This is the 
reverse of that shown in curves 2. 

Curves 2 of Fig. 5 suggest that the H centers in 
KBr reorient under the action of the bleaching light. 


hic. 4. Absorption spectrum 
of the H band in KCl. 4 
measured with light polarized 
along [100]. B--measured with 








light polarized along [010]. 
Curves 1--after x-irradiation 
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A comparison of the data of Fig. 5 with Table TI 
indicates that the dipole moments cannot be parallel 
to (100), for anisotropy cannot be induced into dipoles 
oriented parallel to [100] and [010] by irradiating with 
[110] light, even if the centers are reoriented by 
the light. 

Another KBr crystal was strongly bleached with 
3.4-ev light polarized along [100]. It was found that 
(O.D.);00 was zero after the bleach while (O.D.)o10 
had not changed. Thus, the optical dipole moments 
cannot be parallel to (111). A similar crystal was 
strongly bleached with 3.4-ev light polarized along 
[110]. After the bleach it was found that (O.D.) 110 was 
nearly zero while (O.D.):i9 had increased slightly. 

The above experimental results are consistent with 
the assumption that the optical dipole moments of the 
H centers in KBr are oriented parallel to (110) and 
that these centers can be made to reorient by the 
absorption of light. 

No major reorientation of the dipoles was observed 
in KCl. However, a brief bleach with [110] light pro- 
duced a decrease in (O.D.)i19 that was appreciably 
greater than five times the decrease in (O.D.)ii0. This 
ratio should be five. A slight reorientation of the centers 
would result in a ratio greater than five. Thus, it seems 
likely that this process occurs in KC], but to a much 
lesser degree than in KBr. As a result of the reorienta- 
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tion of the centers, the initial rates of decrease of the 
absorption that are given in ‘Table I] could not be 
experimentally verified. 

It is concluded from the experimental results that 
the H centers in KCI and KBr have optical dipole 
moments oriented parallel to (110). The models pro- 
posed by Seitz,® Varley,’ and Saint-James* can now be 
compared with this observation. 

The model suggested by Seitz has an axis of symmetry 
along (100) or (111) depending upon whether the va- 
cancies are nearest neighbors or occupy sites along the 
body diagonal of the crystal. The optical dipole moment 
associated with these centers will likely have the 
direction of the symmetry axis. In neither case would 
the model agree with the experimental! results. 

The models by Varley and Saint-James would be 
expected to appear isotropic in the experimental ar- 
rangement used here. 

It is evident from Figs. 3 and 4 that the #7 band in 
KC! changes shape somewhat under the action of the 
3.4-ev bleaching light. The peak appears at slightly 
higher energies after the bleach than before. Such an 
effect is not evident in the KBr data. The shift in the 
H band in KCI could arise from a Vy, band that lies 
under the #7 band and which bleaches with a higher 
efficiency than does the H band. 

It should be noted that the anisotropy that is pro- 
duced in the 7 band in KC! and KBr does not result 
from the anisotropic bleaching of a V,; band that may 
be under the H band. The work of Lambe and West” 
shows that the Vy band cannot be anisotropically 
bleached With polarized light. 

The F- and H-absorption bands that were produced 
by x-irradiation at temperatures near liquid helium 
are not represented by simple Gaussian curves. A plot 
of the data in the manner described by Russell and 
Klick" shows that the F-band curves are broader on 
the high-energy side of the peak absorption while the 
H-band curves are broader on the low-energy side of 
the peak absorption. 

As was reported by Markham, Platt, and Mador,’ 
irradiation with F light resulted in a simultaneous 
reduction of the Ff and H bands. If the bleaching results 
from a tunneling of the excited /-center electron to a 
nearby H center, then it is of interest to determine 
whether the nearness of the F and // centers produces 
nonisotropic F centers. This was tested by bleaching 
the F band in KBr with light polarized along [110]. 
No anisotropy was introduced into either the / or // 
bands, within the accuracy of the experiment. Like- 
wise, no anisotropy was introduced into the F band 
when the 7 centers in KBr were reoriented (as shown in 
Fig. 5) by a brief, bleach with 3.4-ev light. 

The results of the simultaneous bleaching of the F 
and H bands with F light at temperatures near liquid 
helium can be used to determine the relative oscillator 


2 J. Lambe and E. J. West, Phys. Rev. 108, 634 (1957). 
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strengths of the F and HW centers. If one H center 
bleaches for each F center that bleaches, then the 
relative oscillator strength of the two centers is given 
by the ratio of the changes in area under the absorption 
curves. This ratio gives the minimum value of the 
oscillator strength of the // center, for some F centers 
may bleach without bleaching 7 centers. The half- 
widths of the absorption curves that were used in this 
calculation were taken from the present data and are 
given in Table IIT. Using these values, it was found 
that the H-center oscillator strength, fi, was 


fu/ fer 20.3401 for KCl, 


and 


fu fr2054 0.1 for KBr. 


Figure 6 is a plot of the optical density at the peak 
of the F and // bands as a function of x-ray time. After 
an hour of x-irradiation the crystal was bleached by a 
simultaneous irradiation into the Ff and H bands. This 
removed nearly all of the absorption. The crystal was 
now x-rayed for another 5 minutes. The / and HM bands 


Papier UT. Half-widths of the F and Hf bands at temperatures 
near liquid helium. 


F band (ev H band (ev 
KC] 0.168 0.75 
KBr 0.1605 O45 


were substantially greater than after the original 
5-minute x-irradiation. It appears that a substantial 
number of the defects produced by the x-rays are not 
removed by the bleaching light and that these are 
available for trapping electrons or holes during a 
subsequent x-irradiation, 

The effect of thallium impurity upon the production 
of the H band was examined in KCI. No differences 
between the pure crystal and a crystal that contained 
less than 10 parts per million of Tl were noted after an 
hour of x-irradiation. However, an hour x-ray of a 
crystal containing about 1000 parts per million of Tl 
showed such a large absorption at somewhat lower 
energies that the HZ band was not resolvable. It is 
presumed that this large absorption is the same as has 
been reported by Yuster, Delbecq, and Smaller in 
KCICTI) after x-irradiation at liquid-nitrogen tempera- 
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ture,'* and which has been ascribed to the Cl.~ molecule. 
Thus, the presence of the Tl impurity did not appre- 
ciably alter the HW band. 


CONCLUSIONS 


The results of dichroic bleaching of the H band 
indicate that the center responsible for the absorption 
has an axis of symmetry parallel to (110). It has been 
suggested by Seitz® that the H center consists of a hole 
trapped at a positive- and negative-ion vacancy pair, 
and by Varley? and Saint-James* that the center is a 
hole trapped by an interstitial chlorine atom. These 
models are inconsistent with the observed symmetry 
of the center. Although many models can be proposed 
that satisfy this symmetry, the present information 
does not allow one to choose among them. A specific 
model probably cannot be proposed until a search for 
the paramagnetic resonance of the center has been 
made. 
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The optical constants of single-crystal Ge, obtained from the ellipticity of reflected polarized light, 
exhibit two maxima. The real part of the index of refraction has maxima of 5.66 at 6000 A and 4.24 at 
3900 A. The extinction coefficient has a maximum of 2.3 at 4900 A and another, just outside the range 
of the measurements, at about 3100 A with a value of about 3.3. The data are consistent with the Kramers 
Kronig relations, and it is concluded that the absorption curve has only two maxima and rapidly approaches 
zero beyond 2500 A. There are significant differences between the five published measurements of the 
optical constants of Ge in the visible. Of the two previous works that used single-crystal material, the 
present results disagree with one and agree with the other which, however, covers over 700 A of the visible 


INTRODUCTION 


HE optical constants of single-crystal Ge have 

been obtained in the wavelength range 3600 
7000 A from measurements of the state of polarization 
of reflected polarized light. The need for accurate 
values in the visible and ultraviolet became apparent 
when plots of data from the several reports in the 
literature showed disagreements both as to the mag- 
nitudes and the characteristics of the wavelength 
dependence of the optical constants. These discrep- 
ancies are attributed to the fact that three’ * of the 
five measurements were made on evaporated films 
whose optical constants may differ not only from bulk 
material but also from film to film, depending upon 
method of preparation and history.’ Of the two previous 
measurements on single crystals, one* gives reliable 
values but is limited to wavelengths longer than 6300 A 
and only the absorption coefficient was measured. The 
remaining literature report gives constants measured 
by reflection from single-crystal material.? The gross 
lack of agreement of these results with the present 
measurements may be caused by a relatively thick 
oxide film on the surface used by these workers, which 
was not taken into account in calculating optical 
constants. The large effect of even very thin films on 
the values of optical constants calculated from retlection 
data is shown in this report and was taken into account 
in designing the experiment and in calculating the 
results of the present measurements. 


PRINCIPLES 


Consider a beam of plane polarized monochromatic 
light in 45° azimuth obliquely incident upon a reflecting 
surface. This beam may be resolved into two in-phase 
orthogonal plane wave components of equal amplitude 

one in the plane of incidence the other normal to it. 
After reflection these components will in general be 


'W.H. Brattain and H. B. Briggs, Phys. Rev. 75, 1705 (1949) 
2H. M. O'Bryan, J. Opt. Soc. Am. 26, 122 (1936). 

A. H. Gebbie, Ph.D. thesis, Reading, 1952 (unpublished). 
*W.C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 
°>D. G. Avery and P. L. Clegg, Proc. Phys. Soc. (London) B66, 

512 (1953). 


out of phase by the angle A and the ratio of their ampli- 
tudes (parallel to perpendicular) will be reduced to the 
value tan¥. The angles A and W are the experimental 
quantities of the present work. ‘Their magnitudes 
depend only upon the angle of incidence and the optical 
constants of the reflecting substance if the reflecting 
surface is film-free. The dependence is expressed by® 


1—e* tan¥ n?— k? —sin°@—i2nk\ ! 
= ( ) : (1) 
1+e4 tanv tang sing 


where @ is the angle of incidence and the complex 
index of refraction is 

n=n—-tk. (2) 
k is often called the extinction coefficient and is related 
to the absorption coethcient by k=ad/4r. Separating 
the real and imaginary parts of Eq. (1) yields 


(cos? sin’2W sin?A) 
n°’ — k? = tan’ sin*d +sin*p@, (3) 
(1+sin2W cosA)* 
sind sind 
2nk= tan’ sin*d (4) 


(1-++sin2W cosA)? 
n and & are calculated from Eqs. (3) and (4) using 
experimental values of A and ¥. 
Both A and W are affected by the presence of a 
surface film according to the equations 


6A=al, ; (5) 
v= —BL, (6) 


where / is film thickness and the coeflicients a and 8 
are functions of a, k, @ and the index of refraction of 
the film. Equations (5) and (6) are valid for L <100 A, 
The functions a and 8 for Ge have been given pre- 
viously.’ Their magnitudes are such that a 10 A oxide 
film on Ge causes calculated k values to be too large 
by from 2%, to 30° in the range of & values reported 
here. Calculated values are correspondingly too small 


R. W. Ditchburn, J. Opt. Soc. Am. 45, 743 (1955) 
*R. J. Archer, J. Electrochem. Soc. 104, 619 (1957). 
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by from 0.6% to 5%. It is clearly necessary to take 
into account the effect of surface films in evaluating 
optical constants from retlection data by applying to 
the experimental measurements the corrections given 
by Eqs. (5) and (6). 

The apparatus for measuring A and W is shown 
schematically in Fig. 1. Incident elliptically polarized 
light is obtained with this arrangement, the ellipticity 
depending upon the orientations of the wave plate and 
the polarizer. These orientations are adjusted so that 
the incident ellipticity is just compensated by the 
phase difference A caused by reflection. The retlected 
beam is then plane polarized and can be extinguished 
by properly orientating the analyzer. A and ¥ are cal- 
culated from the extinction orientations by equations 
which will be given after specifying the necessary deti- 
nitions and conventions. The orientation, P? or A, of the 
polarizer or analyzer is the angle the electric tield vector 
of a transmitted beam makes with the plane of inci- 
dence. The magnitude and sign of this angle is given by 
a conventional Cartesian coordinate system with the 
x axis in the plane of incidence, the y axis normal to it 
and the z axis coinciding with the beam. The direction 
of propagation is the positive z direction. The orien- 
tation, V, of the mica wave plate is the angle made by 
its fast axis with the plane of incidence in the above 
coordinate system. The relative retardation 6, of the 
wave plate is the phase difference, produced by trans- 
mission through the plate, between two plane waves 
whose electric held vectors coincide, respectively, with 
the fast and slow axis of the plate. If the orientation 
of the wave plate is set at = +45° any phase change 
A can be compensated regardless of the value of 6,e.g., 
the mica sheet need not be a quarter-wave plate. The 
following relations are easily derived between A and 
W and P, A, and 6. 


tanA= sind cot2P, (7) 
cos2L = —cosé cos2P, (8) 
tan¥=cotl tand =tanl cot’, (9) 
tan’W= tan tant’. (10) 


Primed and unprimed quantities refer, respectively, to 
the cases O= —45° and O= 445°. Tan is the ratio of 
the parallel to the perpendicular amplitudes in the 
incident beam. 
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Vic. 1, Schematic representation of ellipsometer. 
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The relative retardation of the wave plate is a 
function of wavelength according to the equation 


6= (2r/A)d(no— Ne), (11) 


where d is the thickness of the mica sheet. The disper- 
sion of the difference between the indices of refraction 
for the ordinary and extraordinary beams is known to 
vary approximately linearly with wavelength. It is not 
necessary to measure 6(A) independently since Eqs. (7) 
through (10) can be solved for A and VW without knowing 
6. The procedure is to calculate W from A and A’ using 
Eq. (10). Then 6, calculated from Eq. (8), is used in 
kg. (7) to find A. One such series of measurements 
throughout the wavelength range of interest, of course, 
yields the function 6(A), and subsequent measurements 
can be performed at single V settings. In agreement 
with Eq. (11) and the linearity of the dispersion of 
(ny~nz), 6 was found to vary linearly with A 


TECHNIQUE 


The polarizing spectrometer (Fig. 1) is a specially 
made Gaertner ellipsometer with glass lenses and quartz 
Glan-Thompson polarizing prisms mounted in rotatable 
divided circles which allow the orientations P and A 
to be read to +0.01°. The mica wave plate is similarly 
mounted and is contained between glass slides. Extine- 
tion settings were obtained by using a photomultiplier 
microphotometer as the detecting element and employ- 
ing a special technique (to be described elsewhere) that 
allows extinction settings to be made with a precision 
equal to that to which the divided circles can be read. 
A Gaertner quartz prism monochromator in conjunction 
with tungsten and mercury arc lamps constituted the 
monochromatic light source. 

The presence of glass in the optical train limits the 
measurements to wavelengths longer than 3600 A. The 
long-wavelength limit, about 7000 A, is determined by 
the sensitivity of photomultiplier tubes. 

The Ge mirror was mounted at the axis of the spec- 
trometer in a metal cell through which clean dry 
nitrogen flowed at a rate of two liters per minute. To 
obviate the problem of strain double refraction in glass 
windows, the two windows in the metal cell were 
uncovered and served as outlet ports for the flowing 
nitrogen. 

Measurements were made on both mechanically 
polished and etched 6 ohm-cm, single-crystal, p-type 
Ge mirrors. The polished mirrors were boiled in benzene 
and retluxed over acetone for several hours before being 
used. Immediately before the measurements they were 
rinsed for 15 seconds in HF followed by several rinses 
in redistilled acetone. This treatment was to assure a 
minimum oxide film thickness.? The etched surfaces 
were prepared by agitating polished mirrors in a 
mixture consisting of 4 parts HF and 21 parts HNO; 
for twenty seconds. While etched surfaces were not 
nearly as flat as the polished ones (as judged by the 
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Fic. 2. Real part of index of refraction as function of wave 
length. Broken curve fits data before film thickness correction is 
made. 


sharpness of the collimator pin hole image seen with a 
Gauss eyepiece at the telescope), they were adequate 
for making the measurements. 

The surfaces were very stable in the nitrogen envir- 
onment. Three hours after the HF treatment, or the 
etch, film thickness increased by only 0.7 A as compared 
to an increase of 6 A when identically treated specimens 
were exposed to air.’ 

The solution of Eqs. (3) and (4) for A and W gives 
two equations which define two mutually orthogonal 
families of circles in the p, g plane for constant A and ¥, 
respectively. 

p?—g?—sin’g=n?—k*, pg=nk. 
A nomograph was constructed on this principle from 
which p and g could be immediately read from pairs of 
values A, ¥. The solution of a simple quadratic equation 
then yielded » and &. The errors in # and & taken from 
the nomograph were both about +0.013 throughout 
the range of nm and k& measured. 

Of considerable importance in evaluating ” and k 
are the corrections to A and W which must be made to 
compensate for the effect of a surface tilm. Three types 
of films could be present: a physically adsorbed film, 
e.g., water, a chemically adsorbed film or surface 
compound, e.g., oxide, and a Ge surface phase with 
optical properties different from the subphase, e.g., a 
mechanically damaged layer. In the present system, a 
physically adsorbed film may be discounted. The fact 
that polished and etched surfaces give identical values 
for the optical constants throughout the range measured 
precludes an optically different Ge surface phase. It is 
certain, however, that there is a surface oxide film. The 
approximate thickness and index of refraction of this 
film were obtained from some preliminary measure- 
ments of A and W for a Ge mirror immersed in a series 
of organic liquids of different index of refraction. From 
the characteristics of plots of A and W against ambient 
index of refraction, one is able to obtain 1.9+-0.2 for the 
index of refraction of the oxide film and a value 
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10°A+4A for the thickness of the oxide film on 
HF-rinsed surfaces in nitrogen. The principles of this 
analysis and the results of the experiments will be 
published when more comprehensive measurements 
have been made. These values for film thickness and 
index of refraction were used in Eqs. (5) and (6) to 
correct the experimental values of A and © before n 
and & were calculated. 


RESULTS 


The results of the measurements and calculations are 
presented in Figs. 2 and 3. Each point in both plots is 
the average of three values-——two from separate experi- 
ments on different mechanically polished mirrors and 
one from measurements on a etched mirror. The average 
of the average deviation of each set of three points 
from the mean is about 0.03 for both m and &. There is, 
therefore, close agreement between the optical constants 
for mechanically polished and etched surfaces. The 
experimental data are corrected for a 10 A oxide film 
before calculating optical constants. The broken curves 
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Fic. 3. Extinction coefficient 
refraction) as function of wavelength 
before film thickness correction is made 


are those upon which the values fall without the film 
correction. 

An uncertainty of +4 A in the thickness correction 
introduces an inaccuracy of about 0.107 in a and 10 
in k at 7000 A. The inaccuracy is less for k and more 
for m at shorter wavelengths. This source of error 
outweighs those due to experimental and computational 
errors, Which may be neglected, 

The measurements reported here were made at an 
angle of incidence of 70°. Measurements at 60° and 735° 
for \=5461 A gave values for n and k identical to 
those at 70°. It may be concluded therefore, that the 
measured values of the optical constants do not depend 
on the angle of incidence, as has sometimes been 
reported.” 


DISCUSSION 
Five previous workers have measured the optical 
constants of Ge in, or in part of, the wavelength range 


*R. M. Emberson, J. Opt. Soc. Am. 26, 443 (1936). 
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covered in the present work. All of these measurements 
are plotted in Figs. 4 and 35. The gross lack of agreement 
is apparent. 

Of the various measurements, only two were made 
on bulk germanium. The rest used evaporated films. 
The most recent work is that of Dash and Newman! 
who measured by transmission the absorption coefficient 
of single crystalline plates. Their results extend only to 
about 6300 A from the infrared, but the values in the 
visible agree most closely with the present work. The 
agreement is good because the error in the transmission 
measurements, estimated by Dash and Newman to be 
about 20¢;, 

Phe other single-crystal work is the retlection meas- 


is largest in this range. 


urements of Avery and Clegg.? The characteristics of 
their curves agree qualitatively with the present ones, 
but the magnitudes of the two sets of values disagree 
by about 30 4007. They do not specify the cleanliness 
of their surfaces, and did not correct their data for film 
effects. In view of this fact, it should be mentioned that 
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Fic. 4. Comparison of present with previous values for the real 


part of the index of refraction as function of wavelength 


a 40 A oxide tilm on the mirrors used in the present 
experiments would have affected the reflection param- 
eters in such a way that optical constants calculated 
without correcting for the tilm effect. would roughly 
agree with those of Avery and Clegg. This statement 
is only true for that part of their data at wavelengths 
greater than 4000 A. At shorter wavelengths the sign 
of the difference in magnitude for k is wrong for com- 
pensation by a film thickness correction. [It may be sig- 
nificant that Avery and Clegg changed their measuring 
technique at 4000 A, 

Because of the probable differences in the optical 
constants of bulk material and evaporated tilms, an 
analysis of the discrepancies between the present results 
and the three sets of measurements! “ on films will not 
be given. It is clear from Figs. 4 and 5 that there are 
significant differences both in the characteristics of the 
curves and in the magnitudes of the optical constants 
between the various tilm results and between these 


results and those of the present work. Close agreement 
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Fic. 5. Comparison of present with previous values for the ex- 
tinction coefficient as function of wavelength. 


exists between the extinction coefficients of Gebbie and 
the present work. Gebbie’s films were known to be 
crystalline. 

The extinction coefficient curve, Fig. 3, suggests two 
absorption maxima with the data terminating short of 
the Second peak. A more complete curve can be obtained 
by extrapolating the present data with suitably adjusted 
values from previous measurements. In particular, com- 
prehensive data for the quantity ma are desired. Reliable 
values for this function in the infrared can be obtained 
by combining the a data of Dash and Newman with the 
n values of either Brattain and Briggs or Avery and 
Clegg. For the ultraviolet, a can be obtained from 
Gebbie’s curve. n values in the ultraviolet have been 
chosen by extrapolating the curve of Fig. 2 parallel to 
the » curve of Avery and Clegg: The justification for 
this latter procedure is the fact. that the two curves are 
approximately parallel-in the visible. The resultant na 
versus X curve is shown in Fig. 6—the extrapolated 
portions are broken lines. 

A test of the degree to which this curve gives the 


complete absorption curve for Ge can be had by apply- 
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Fic. 6. na (a=4rk/d) versus wavelength. The solid curve and 
circled points are taken from present results; the broken curve 
in the infrared is calculated from the datawof Dash and Newman 
and of Brattain and Briggs; the broken curve in the ultraviolet 
is from Gebbie’s & values combined with m values obtained by 
extrapolating’ the curve of Fig. 2. The crosses represent the latter 
calculated points. 
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Fic. 7. Comparison of experimental values for the real part of the 
dielectric constant, m?—&?, with values calculated from the 
Kramers-Kronig relation. 


ing the Kramers-Kronig relation’ !* between the real 
and imaginary parts of the complex dielectric constant 
in the form 


w(eg—1)= nad, (12) 


0 


where € is the statical dielectric constant. e)= 16 for Ge. 
Graphical integration of the extrapolated na curve up 
to the last point at 2500 A gives the value e)= 14.3, 
which is 11% smaller than the accepted value. In order 
for the integral to agree with the accepted value, the 
curve must encompass the additional area shown shaded 
9H. A. Kramers, Atti Congr. Fis., Como (1927), 
 R. Kronig, J. Opt. Soc. Am. 12, 547 (1926). 
"J. H. Van Vleck, Massachusetts Institute of Technology 


Radiation Laboratory Report No. 735, 1945 (unpublished). 
2 T. S. Moss, Proc. Phys. Soc. (London) B66, 141 (1953). 


p. 545. 
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in Fig. 6. It may be concluded therefore that the curve 
rapidly approaches zero beyond 2500 A and that the 
data of Fig. 6 give a nearly comprehensive absorption 
curve for Ge if the short-wavelength extrapolation is 
valid. 

In its general form, the Kramers-Kronig relation 
between the real and imaginary parts of the dielectric 


constant is 
Ar # na 
— 
rity Ag—XM 


Thus, given the function na at all wavelengths, the 
corresponding quantity n°?— k® can be calculated for any 
wavelength. As a check of the consistency of the experi- 
mental data and the validity of the extended na curve, 
an n’—k* curve, in the range of the present experiments 
and at longer wavelengths, was obtained by integrating 
Eq. (13). The function ma(d) was obtained from Fig. 6 
by using the final extrapolation beyond 2500 A shown. 
The result is Fig. 7 where the n°’—k? curve calculated 
from the Kramers-Kronig relation is compared with 
experimental values from Figs. 2 and 3. The agreement 
between the experimental points and the calculated 
curve is satisfactory in view of the fact that the curve, 
in the range of most of the experimental data and at 
shorter wavelengths, is strongly dependent on the shape 
of that part of the ma curve at shorter wavelengths than 
3000 A wnere the present experimental values end. 
The long-wavelength tail of the curve should be as 
accurate as the experimental values since the integral 
beyond about 1 micron is nearly independent of the 
shape of the extrapolated part of the na curve and 
depends principally on the total area under that curve. 


(13) 











VOLUME 


PHYSICAL REVIEW 


16, Nt 


MBER 2 APRIL 15, 1958 


Quantum Theory of the Refractive Index 
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A slightly refined perturbation theory is used to obtain a unitary transformation which approximately 
diagonalizes the total Hamiltonian for a system made up of a radiation field in interaction with gas molecules. 


The dependence of the energy of the total system on the number of photons present gives the usual formula 


* 


for the refractive index of a gas. The transformation is also applied to the field operators and it is shown 
that, within the approximations made, the phenomenological Maxwell equations are obeyed in the new 
representation as equations between certain matrix elements of operators. The transformed representation 
is also used to derive the Frank-Tamm formula for Cerenkov radiation. 


I. INTRODUCTION 


HE most familiar quantum-mechanical treatment 

of the refractive index of a gas involves the 
following semiclassical procedure. One considers an 
assembly of identical molecules interacting with a 
(quantized or classical) radiation field and calculates 
the expectation value of the electric dipole moment 
density P as a function of time. The refractive index 
p(v) associated with angular frequency v is then defined 
via the classical electromagnetic equation: 


dor P\ v)= 


(p?(v)—1 JE(y). (1) 


The formula obtained in this way by first-order time- 
dependent perturbation theory in dipole approximation 


1s 


V ve (Op ek)? 
piv)~-1=8r—} (2) 


Vie hn?) 
for frequencies far from resonance frequencies of the 
molecules. Here P(v) and E(v) are the Fourier compo- 
nents with frequency v of the dipole-moment density 
and electric field, respectively, .V Vis the number of 
molecules per unit volume in the medium, yyo is the 
transition angular frequency between the &th excited 
state and the ground state (denoted by 0) of the 
unperturbed molecule, w is the electric dipole moment 
operator for a single molecule, and ¢ is a unit vector in 
the direction of polarization of the radiation. It is 
assumed for simplicity in Eq. (2) that all the unper- 
turbed molecules are normally in the ground state 0. 
‘To save writing, this restriction will be kept throughout 
this paper, but if necessary it may easily be removed 
by summing the right side of (2) over a Boltzmann or 
other distribution of states 0. Van Vleck! has given a 
brief discussion of Eq. (2) together with references for 
its derivation, while Breit? has given a_ thorough 
discussion of the general quantum theory of dispersion, 
of which Eq. (2) is a result. 


* National Science Foundation Predoctoral Fellow. 

+t Now at Brookhaven National Laboratory, Upton, New York. 

1. H. Van Vieck, The Theory of Electric and Magnetic Suscepti- 
bilities (Oxford University Press, New York, 1932), p. 361. 

2G. Breit, Revs. Modern Phys. 4, 504 (1932); 5, 91 (1933). 


The refractive index is originally defined, however, 
as the ratio of the phase velocity of light of a certain 
frequency in vacuum to that of light of the same 
frequency in the medium. It may equivalently be 
defined as the ratio of vacuum and matter wavelengths 
for a fixed frequency, or of vacuum and matter fre- 
quencies for a fixed wavelength. We use the last 
definition. Thus the problem of the refractive index 
reduces to that of associating a frequency with each 
wavelength, and no direct use need be made of classical 
formulas such as (1). 

In the quantum theory of radiation, the association 
of frequency with wavelength is brought about through 
the formula for the energy HW’, associated with that 
component of the field with wave number vector x, 
and polarization e): 


Wy =nyhv,+ (zero-point energy), m=0,1,2,---, (3) 


where m, is interpreted as the number of photons 
present of the type A. In vacuum »,=»)°=¢K, and 
the operator for the Ath Fourier component of the field 
has nonvanishing matrix elements only between states 
differing by one in ,, so that on going over to an 
interaction (Heisenberg) picture »," actually takes on 
the significance of a frequency. With matter present, 
the Hamiltonian is much more complicated because of 
the interaction between matter and the radiation field. 
When this Hamiltonian is diagonalized, the photons 
present will no longer appear as ‘‘bare”’ photons obeying 
(3) with »,=»)°, but will be “dressed” by virtual states 
in which “bare”? photons are absorbed or emitted and 
one or more molecules of the medium excited. However, 
it may be that the energy is still given (at least approxi- 
mately) by (3), but in general with »,#v)". If this 
happens, and if the matrix elements of the operator 
for the Ath Fourier component of the field still vanish 
except between states differing by one in m,, we will 
have a frequency associated with each wavelength, and 
thus a formula for the refractive index: 


fy ee yp)? Fis (4) 


In this paper, time-independent perturbation theory 
will be used to diagonalize the total Hamiltonian 
approximately, and in this way Eq. (2) for the refractive 
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index will be rederived. We shall also study the behavior 
of the operators associated with dynamical variables 
such as E and P in the new representation in order to 
see in what sense the phenomenological Maxwell 
equations are satisfied. The theory is also applied to a 
few special examples, including the emission of Cerenkov 
radiation. The purpose is not to give a comprehensive 
theory of the radiation field in interaction with matter 
—the method used is obviously inadequate for that 
but to treat a simple case (that of a nonmagnetic ideal] 
gas with refractive index close to unity) in such a way 
as to bring out clearly the nature of the correspondence 
between the quantum theory and the phenomenological 
classical theory of radiation in a material medium. 

Previous treatments of this subject with viewpoints 
similar to ours are those of Neamtan® and Fano.‘ 
Recently there has also appeared a paper by Tidman,?° 
some of whose results are slightly at variance with 
ours. Our version of the reason for these discrepancies 
will be given in the discussion section. 


II. REFRACTIVE INDEX 
(a) Pure Radiation Field 


Following the customary procedure,’ we require 
that the (transverse) radiation field be periodic at the 
boundaries of a large ‘‘normalization” box of volume 
V=L'." The instantaneous vector potential at a point 
r can then be represented by an operator in the 
Schrédinger picture, as follows: 


} 
(. ~) [ay exp(ix,-r) 
>. 2v)° 

+ay* exp(—ixa-r)]. (5) 
dX denotes a wave-number vector x, satisfying the 
periodicity conditions and having a_ polarization 
@,:e,°8)=1, e,°%,=0. The ay, a,* are operators satis- 
fying the commutation relations 


[a,,a, ]=[ar*,a,*]=0, [ar,a,*]=4,,. (6) 
The Hamiltonian for the field is 
Hticla= D1 Ha= Dr 3h)" (anan*+ay*ay). (7) 
The i, have eigenvalues 
Wy=hv.(my+3), m=O, 1, 2, --- (8) 
The total momentum of the field is given by 
IT 5}. a= Da It,= a Shiv, (anyan*+ay*ay ), (9) 


For our purposes it is convenient to use a somewhat 
different expansion of the field, due originally to Bohm 


3S. M. Neamtan, Phys. Rev. 92, 1362 (1953); 94, 327 (1954). 

4U. Fano, Phys. Rev. 103, 1202 (1956). 

5 Pp. A. Tidman, Nuclear Phys. 2, 289 (1956). 

®W. Heitler, The Quantum Theory of Radiation (Oxford Uni 
versity Press, New York, 1954), third edition, Chaps. I, IT. 

7 We use “Coulomb gauge,” in which the longitudinal compo- 
nents of the field vanish identically. 
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and Pines.. We detine the operators ay, a,*, by the 
relations : 


vr\3 v,° vy" 
n-3( ) | (1+ Jord (:- )e | 
yo L Vy Vy 


(10) 
V> 4 vy,” vy” 
ant=3( ) (1 Je Ft (1+ Jet] 
vy” Vr Vy 
1 
a= [ (vy°+ vy)ay+(vy"°— vy)a_y* |, 
2(v,v,")! 
(11) 
1 ‘ 
ay* = ———[_(v)°+ vy) an* + (v9 vy) aa J. 
2(v,v,°)! 
By —A we understand: e,=e,; K,~=—K,. The 


quantity »,=v_, is a frequency which is left unspecified 
for the present. It is easily verified that the a, satisfy 
the same commutation relations as the ay: 

[ayy | = [ay*,a,* | = 0, 


Since for every \ occurring in the sums (5), (7), and 
(9), —X also occurs, we can write, with the aid of (11): 


, 2cr} be h } 
A(r)= "5 > a(- ) [ay exp(ixa:r) 
Vi» 


ZV 


[ay,a,* | Oru: (12) 


+-ay* exp(—ix,-r) ], (13) 


“4 


xa | h{ (v,°)? = Vy? | 
Kasa=?, | Shiv, (ayay*+ay*a,)+ 
d 


dy, 
XK (ayan* + ay*ay+aya_y+ay*a_,*)}, (14) 


Weieia= 7 341%) (a,a,*+ay*ay). 
i 


(b) Interaction with Matter 


We now suppose the volume V to be tilled with .V 
identical molecules, uniformly distributed over the 
volume. We neglect interactions between the different 
molecules and assume the stationary states of the 
unperturbed molecules to be known. ‘The Hamiltonian 
for the system: radiation field-plus-matter can then be 
written as follows: 


KH=HOLIM+LH™, 


RH =PL hv, (anan*+ay*any) +>, Kuoila), 


a 


_ & we egh 
gC = -> ps: A(rs)— > £38 S;-curlA(rs), 
8 msc 6 2msc (16) 
ep" ; nL yp)? sas v)" ] 
KAO=>° | A(rg) |?+2 - 
8 2mac* d ty, 


 (ayan*+-ay*ayt+aya_y+ay*a_y*). 


8D. Bohm and D. Pines, Phys. Rev. 82, 625 (1951). 
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Here 3€,,,.1(a) is the unperturbed Hamiltonian for the 
ath molecule, and the 6 summation goes over all the 
elementary particles present. 

If we detine 

Hy = dhyy,(ayay*+ay*ay), 

we see that the “field” part of 30 is diagonalized by 
diagonalizing each 1)” separately, and that the 3¢\ 
have the eigenvalues 
) 


1) 


> 


0, 1, (17) 


In this representation (each 5, diagonal), the only 


W © = hy (y+ Ny = 
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Here and henceferth it is understood that all matrix 
elements are diagonal with respect to all degrees of 
freedom of the system not specifically noted. 

From now on we assume that the dimensions of the 
molecules are small compared with the wavelengths of 
interest, and also neglect the spin magnetic moment 
interactions. We use a representation in which each 


5K, and Kiacila) is diagonal, and denote the various 


stationary states of the ath molecule by ta, Ja, etc. 
Making use of (13), (16), (17), and (18), we then find 











nonvanishing matrix elements of the a, are: the following nonvanishing matrix elements for 3” 
(ny! ay! ty +1) = (my +1! ay*! ny) = (my 4+1)8. (18) and R®: 
2rhi h(ny+1)73 
(te, #r+1 (KC | 74, Wx) = — vij(t wren 7) eCxD(—t8xe Fg), ete, (19) 
Z£Vy 
Bes e yh _ AL (vy? — v7 | 
(11, 2, ty HC? 41, 02, +++ m)=— > dD Ae (ny +3)+>. (ny+3) 
Vad m ‘yy d 2v 
N e yh A (v)°)?— v? 
Qn (2, +4) 2. (n,+3), 
Vo» m Ivy d 2v) 
1 e (n,+1)(n,+1)73 
° . a y MW ' . 
(13, 02, ¢°* 5 Mak, MyHtL IC! ty, to, +++ 5 ma, My) dX 2xh} — je -e,] — EXP]. —1t( Un Kp) Fal, 
V a m V\Vy 
1 [ e ny (y+ 1) - 
(is, t2, My+1, ty--1 HC?! ay, ig, +++ 5 My, My) > 2h €)°t, exp[t(%,— *,) fa |, 
Va Lm tL VAY 
1 ce 
(43, t2, y= Z1GCM 145, 49, 2 5 XD > rh Ly(#,—1) |? expL27e,-ra |, ete. (20) 
Via m Ivy 
The symbol [e¢? m]| denotes the sum of [ems] over operator S such that 
the particles in a single molecule. We have used the aii — : 
. SKS =SHSt=W, (22) 


relation: 


es 
+ (ia! Pp| ja) =tViaialta! Ba! ja) 
8 in one ms 
molecule (a 


iv,,(t wl), (21) 
independent of a [all molecules @ identical so that 
(fy wi fr)= (tz we fz)=--+- |. The matrix elements of 
the terms {f[ (,")?—v)? ] 4e,) (aya_,+ay*a_,*) have 
not been written down. When we have fixed the value 
of vy, and approximately diagonalized the total Hamil- 
tonian, their effect will be just to cancel out the effect 
of other terms linking AX and —). This will be discussed 
further below. 

We shall now diagonalize the total Hamiltonian (16) 
approximately by a perturbation procedure. Since we 
shall require a number of transformed matrix elements, 
it will be convenient to use the matrix form of the 
perturbation theory. Accordingly, we seek @ unitary 





with the matrix elements of W diagonal: (7| W! 7) 
= W’6;;. We consider the matrix of 50 to be already 
diagonal, and take 3c and 5” as perturbing Hamil- 
tonians of the first and second order of smallness, 
respectively. Expanding S and W as 
$=14+-S94SO4..., 
St=1—SY4(SMP—S@+... 
W=WO+WO+WO---, 


, 


and equating terms of equal order in (22) by the well- 
known method of perturbation theory,’ we see from 
(19) that W® vanishes in our problem. Using (19) 
and (20), we get for W”: 


9The perturbation theory is developed in matrix form by 
W. Heisenberg, The Physical Principles of the Quantum Theory 
(Dover Publications, Inc., New York, 1950), pp. 138-142. 

10 The state (7),72,--+) means: molecule 1 in state 7;, molecule 
2 in 72, étc.; 4; not necessarily the same as 72. 
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index will be rederived. We shall also study the behavior 
of the operators associated with dynamical variables 
such as E and P in the new representation in order to 
see in what sense the pHenomenological Maxwell 
equations are satisfied. The theory is also applied to a 
few special examples, including the emission of Cerenkov 
radiation. The purpose is not to give a comprehensive 
theory of the radiation field in interaction with matter 
aod the method used is obviously inadequate for that 
but to treat a simple case (that of a nonmagnetic ideal 
gas with refractive index close to unity) in such a way 
as to bring out clearly the nature of the correspondence 
between the quantum theory and the phenomenological 
classical theory of radiation in a material medium. 

Previous treatments of this subject with viewpoints 
similar to ours are those of Neamtan* and Fano.‘ 
Recently there has also appeared a paper by Tidman,° 
some of whose results are slightly at variance with 
ours. Our version of the reason for these discrepancies 
will be given in the discussion section. 


II. REFRACTIVE INDEX 
(a) Pure Radiation Field 


Following the customary procedure,® we require 
that the (transverse) radiation field be periodic at the 
boundaries of a large ‘‘normalization” box of volume 
V =L3." The instantaneous vector potential at a point 
r can then be represented by an operator in the 
Schrédinger picture, as follows: 


4 
) [ay exp(ix,-r) 


+a)* exp(—ix,:r) ]. 


2cr} h 
sone a(2. 

V3 d 2v,° 
(5) 


X denotes a wave-number vector x) satisfying the 
periodicity conditions and having a_ polarization 
£,:8)°8,=1, e,-%,=0. The ay, a,* are operators satis- 
fying the commutation relations 


[ay,a, ]=[ar*,a,*]=0, [ay a,* ]=dy,. (6) 
The Hamiltonian for the field is 
KH field = >a HG => Shy," (anan*t+ay*ay ,. (7) 
The 3) have eigenvalues 
Wy=hyv)?(my+3), m,=0, 1, 2, --- (8) 
The total momentum of the field is given by 
I piera= >> Ii,= da They (anan*+ay*ay R (9) 


For our purposes it is convenient to use a somewhat 
different expansion of the field, due originally to Bohm 


3S. M. Neamtan, Phys. Rev. 92, 1362 (1953); 94, 327 (1954). 

4U. Fano, Phys. Rev. 103, 1202 (1956). 

5 P. A. Tidman, Nuclear Phys. 2, 289 (1956). 

®W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, New York, 1954), third edition, Chaps. I, II. 

7 We use “Coulomb gauge,” in which the longitudinal compo- 
nents of the field vanish identically. 
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and Pines.* We detine the operators ay, a,*, by the 
relations: 


vy» \'P v\° v° 
n-3( ) (14 Jeo (1 )e “| 
vy? Vy Vy 


(10) 
Vy 4 py)? py? 
at=3( ) (1 )e (14 Jeu] 
vy" Vy V» 
1 
ay= [ (vy!+ vy)dy+ (vp,"—vy)a — l, 
2(v,v,°) 
(11) 
1 
ay* = ie [ (v,9+ vy )ay*+ (v,9— vy)a d ]. 
2(v,vy°) 
By —A we understand: e.,=e#,; Kn,~=—K,. The 


quantity y,=v_y is a frequency which is left unspecified 

for the present. It is easily verified that the a, satisfy 

the same commutation relations as the ay: 
(ay,a,]=[ay*,a,*]=0, [aa,a,*]=d,,. 


Since for every \ occurring in the sums (5), (7), and 
(9), —d also occurs, we can write, with the aid of (11): 


(12) 


2cr! 


. hy} 
} af ~ } [ay exp(ix,-r) 
y3 A 2p» 


A(r) =-—— 
+a,* exp(—ix,-r)], (13) 


hl (v,°)? — »,? ] 


Krieta= 2, | hv, (ayay* + ay*a,)-+ 
» dy 


X (ayay*+ay*a,+ana_yt+aa*a_,*) fp, (14) 


I ietg= >, 34, (a,a,* +4) * ay). (15) 


(b) Interaction with Matter 


We now suppose the volume V to be tilled with Y 
identical molecules, uniformly distributed over the 
volume. We neglect interactions between the different 
molecules and assume the stationary states of the 
unperturbed molecules to be known. The Hamiltonian 
for the system: radiation field-plus-matter can then be 
written as follows: 


H=HOLIY +H, 


H=DY vy (anan*+an*an)tY, Kiuoila), 
» 


a 


3 esh 
KV=—>> ps A(rs)—> gg S3-curlA(rg), 
8 MgC B 2mgc (16) 
es” hl (v,°)?— vy»? | 
O=—)_ - | A(rg)|?-+30 - 
6 2mgc° » dy) 


XK (ayayn*+ay*ay+aya_,+ay*a_*). 


81D. Bohm and D. Pines, Phys. Rev. 82, 625 (1951). 








OUANTUM THEORY OF 
Here %,,.1(a@) is the unperturbed Hamiltonian for the 
ath molecule, and the 6 summation goes over all the 
elementary particles present. 

If we define 


+ 


Hy = dhvy(ayay*+ay*ay), 


we see that the “field” part of 3c is diagonalized by 


diagonalizing each 1,” separately, and that the 3c,” 
have the eigenvalues 
W) =hyy (y+), my=0, 1, 2, (17) 


In this representation (each 3, diagonal), the only 
nonvanishing matrix elements of the a, are: 
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Here and henceforth it is understood that all matrix 
elements are diagonal with respect to all degrees of 
freedom of the system not specifically noted. 

From now on we assume that the dimensions of the 
molecules are small compared with the wavelengths of 
interest, and also neglect the spin magnetic moment 
interactions. We use a representation in which each 
KR, and KHinoifa) is diagonal, and denote the various 
stationary states of the ath molecule by ta, ja, etc. 
Making use of (13), (16), (17), and (18), we then find 
the following nonvanishing matrix elements for 30 











(ny ay! +1) = (+1 ay* my) =(ry4+1)! (18) and K®: 
. 2nhi — fA(ny+1)7} 
(ta, #x+ 11K | Ja, Hm) = — vij(1 wen j) exp(—ixy-Ta), etc, (19) 
H 2vy 
eT e yh _ AL (n°)? v7] 
(11, i2 mx (I | dy, 12, °°*°3 M)=— DL DY aw (m+3)+>. (ny,+}) 
Via x m vy » 2vy 
V e yh hf (v,°)?— v,? 
>. 2x (m+3)+30 (ny+5), 
V m |v» d 2yy 
Pe e (ny +1)(n,+1)}! ; 
(24, 19, SMyxtl, m+) KH 0), te, +++ 5 ty, My) > 2xh £)°&, exp[ —i(e,+n,)-Ta |, 
V a m L VrVy 
|e re rn,(my+1)7 : 
(iy, 1 5 4+1, m,—-1 Kay, to, 5 Mx, Ny) > 2xh £\°€, exp[t(%,— %a) “Pa | 
V a Lm VY, 
1 ey1 
ta ee eer 7 ‘ sas ‘ snail 
(Gs, ds, +++ 5 Mi — Z| | hy, bs, + +5 = — 2 fmy(ny—1) }Pexp[2ixy-r.], ete. (20) 
Va mv) 
The symbol [¢? m] denotes the sum of [e3* m3] over operator S such that 
the particles in a single molecule. We have used the Boi ra Sasce . 
| S SKS =SHSt=W, (22) 


relation: 


€3 
pm (ia' Pp Ja) =tViaialia Wa ja) 
Bin one ms 


molecule (a 


1v,;(1 wi J), (21) 
independent of @ [all molecules a identical so that 
(t) Wi Ji)= (to we fx) =--+> |. The matrix elements of 
the terms {#[(v,°)?— vy?) 4x.) (a,a_,+an*a_,*) have 
not been written down. When we have fixed the value 
of vy, and approximately diagonalized the total Hamil- 
tonian, their effect will be just to cancel out the effect 
of other terms linking A and —A. This will be discussed 
further below: 

We shall now diagonalize the total Hamiltonian (16) 
approximately by a perturbation procedure. Since we 
shall require a number of transformed matrix elements, 
it will be convenient to use the matrix form of the 
perturbation theory. Accordingly, we seek a unitary 


with the matrix elements of W diagonal: (7'W! 7) 
=W',6,;. We consider the matrix of to be already 
diagonal, and take 5% and 3c” as perturbing Hamil- 
tonians of the first and second order of smallness, 


respectively. Expanding S and W as 
Sm 0494-5 + +, 
St=1— $+ (SMP—SA4.--, 
We WOW O+--<, 


(23) 


and equating terms of equai order in (22) by the well- 
known method of perturbation theory,’ we see from 
(19) that W vanishes in our problem. Using (19) 


and (20), we get for W@”: 


The perturbation theory is developed in matrix form by 
W. Heisenberg, The Physical Principles of the Quantum Theory 
(Dover Publications, Inc., New York, 1950), pp. 138-142. 

10 The state (7;,72,:-+) means: molecule 1 in state 7;, molecule 
2 in iz, etc.; 2; not necessarily the same as /2. 








; 2x Vigk"| (1a| w-en|k) |? 
Wi 11,22,+ ++ ny = —> > # - : (2,+1) 


V a@ ka V,(Vigk— Vy 
Vik (ia) wen kh)? 
re 3p see 


a kd alicia, 


+29 {2 Stet) ) 
A VY) 


nL ( py,”)?— v? | 
> i a 


A 2y 


(my+3). (24) 


With the aid of the ‘‘sum rule” relation 


2 


re ; e yh 
> viv! (i) wee! R) --[=| 
k 


- 


we can rearrange (24) to 


(y)°)?— V»- 
W iy, %9,-- . ny?) = > mh) ae: 


2v,? 
(ia! w-en! A) |?) 
A(vkig?—v,") | 
hl (vy°)? — vy? ] 
FI aos 
A 4yy 
Vkiq (ig) we,|k) ? 
+ ts > , 
oi ad Vkiat Vy 


(vkig=—Vigk). (26) 
We now specialize to those states in which all the 


molecules of the ‘medium are in the ground state 0 


LEAD 


(43=t,=---=0), and fix », so that for these states 
the part of W™ depending on the number of photons 
present, ,, vanishes." In other words”: 


(yy! 2 y? wial Vio (QO ue, k) ? 59) 
ues = . Y C4, 
vp,” V & h (ver vy") 


Thus for these states the part of the total energy 
depending on the number of photons present, m,, 1s 
still given by (17), so that we can say the frequency 
yy, determined by (27), is associated with the wave 


number and polarization given by A. From (4) and 
(27), we obtain 
SrV veo! (Ol) ween hk)? 
py —1=— ; (28) 
Vik — Ave? —v)?) 


which agrees with (2) and also with the formally 
“exact” result obtained by Fano‘ for a medium made 
up of “molecules” identified with undamped oscillators, 
if the customary definition of the ‘oscillator strength” 
of a molecular transition is adopted. Of course we have 
not proved that our particular choice of », actually 
results in the best approximation to the true stationary 
state wave functions of the radiation field-plus-matter 
system. Our choice of », is, however, certainly appealing 
intuitively; for instance, its classical analog would be 
that the frequencies associated with the motion of the 
system were fixed (almost) exactly by the zero-order 
Hamiltonian, with the perturbation, through the second 
order, merely modifying the details of the ‘‘orbits.” 
Also, with our », in physical situations where. is 
large (classical beam of radiation) W (after 
proper renormalization), since the former is propor- 
tional to, and the latter is now independent of, m, 
thus a rather good convergence of the series for W in 
Eq. (23) is indicated. 


v >i a a78 - 


It still remains to be proven that the matrix elements of the S-transformed a, vanish except between states 
differing by one in m,. This is necessary to establish (on going over to an interaction picture) that a,(f)=a,(0) 
Xexp(—ivat) so that our y is indeed the bona fide frequency associated with the wave number «y. For such a proof, 


we shall require the nonvanishing matrix elements of S‘? and S® 


perturbation theory,® we obtain for S: 


(ta, M71) S™ | Ja, mM) =— 


2ni v,;(7 ena 
Vi hl, j;+v,) 


. Using (19) and the well-known methods of 


| exp — 28°52), 
“Vp 
29) 


3 esi 2n't vij(i wey! 7) {tiny} 
(tq, tx— 11S] ja, m)=— exp (7%, *Ta). 


V3 h(v,;— vy) 


2vy 


*) has a number of nonvanishing matrix elements. We shall require only those which are diagonal with respect 


to the states of the molecules. From (19) and 


1 The remaining part of W? 


wf Al (rn? )?— vy?) , aN QS veo 
a“ + 2 
d 4v J 


plays the role of an additional radiation field zero-point energy. 


k Veot Pr 


12 The summation over a now merely results in multiplication by N. 


(20), these are 


(0 w-e,/k) ‘| 





QUANTUM 


9 


(41, i2, + °° 5 M72] S® | 41, to, ++ 5 my) 


1 2eexp(— Zinta). 2 
[(my+1)(my+2) |S 
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Viak” | (tq) wen, k) |? 








V a Vr mw —- Dhivy (vigk+v,) 
1 ey 1 _ 
+—Sor [(y,+1) (2,42) ]! exp(—2i,-Fra), 
Via m Jv, 
(44, 19,.°° °F My 215 111, 42, ; Ny) 
1 2m exp(2ix,:-Ta) ’ Vigk* | (tai prenik)\? 1 fey. — 
z, fay(m,—1) > —— }or [my,(n,—1) ji exp(2ixy-ta), 
V a VY» k 2hvy(vigk — Vr) Va m 2p)" 
(41, 12, °° ° 3 Mae, ty4+1)S@ | 01, 22, °° +5 Ma, My) 
ie . (my +1)(m,+1) PT _ vink® (in| peer! k)(k| yee! ia) ' 
>. expl—i(w,+x,) Pa] : : 
V a VrVy J ‘ h(vatyvy) (viai +V,) 


Vigk" (ig pty R)(R wey ia) 


LF. Ee 
-e +-—->} £,°8, 
k hivyt vy) (vigktv,) Voatm 


(ny+1)(n,+1)7! expl—i(wxrtx,) Pa | 


+ Vy VY, vytyy, 
(30) 
(1), t2 -my—1, 2.41) S | 44, 22, ee 
ar x : Ny(N yt 1))'r : Vieak" (te ue, k)tk ue) ta) 
, i EXPLT( wy "%y) la j _ 
a Vy ; h(vy— vy) (Viak+v,) 
ve : i ; 
Viak’ia wre, R)(R w-eyia)) 2m e y(n, +1) pPlexpLi(er— xy) Ta | 
+ .¥ ) % €,°&, 
A hi Pi Migk == Pa) Vialm VAVy Pa Px 
(44, 29, -my,—1,ny—1)S 44,2 Ny, Ny) 
ar : a : NM } a Vigk" (le ue, k)tk ue, la) 
> exp[i(w,tx.,) ta | 2 
a VM» k hivytv,) (vigk— vy) 
mf? . o i cr. 7 
_Miak (ta Bien RR wey ta) a fe NyNy]? eEXPLi(wKr+ Ky) La | 
‘5 _ S £,‘e 
—_ i — » ~ - ’ 
; hivyt+y,) (vigk— vy) oo alm VrVy vyt+y, 


(41, 42, °° * 3 Wyj SO 144, te, > °° 5 My) 


T _ __—Vigk* | (ta wren; R) |" aes eee 
ite aa a eel A 
Va &> N(viak sea) J J a kid py 


To transform the a, to the “new” representation, 


dy—Sa,S! we write™ 


SayS i =)’ =@," t ay : + ay 2) + ee 


where a,” is just the ‘old’ a), with nonvanishing 
matrix elements given by (18), and 


ay SHYa, 0 +4, OSM = Sq, — gq OS, (31) 


ay = Say $a, SOt— SMAPS, (32) 


For the study of refraction, the state of the matter must 
be considered as fixed, so we need only concern our- 
selves with those matrix elements of the a,’ which are 


Of course, ay’ is the same operator as ay, but expressed in a 
different representation. 





1 vigk?| (ta wr !n) R) 


N(vigk ty)? 


diagonal with respect to the states of the molecules, 
and refer to the state of the whole radiation field-plus- 
matter system in which ail the molecules are in the 
ground state. Referring to (29) and (31), we see that 
such matrix elements of a,\) all vanish. Furthermore, 
referring to (29), (30), and (32), the imaginary expo- 
nential factor to be summed over the uniform distri- 
bution of molecule positions causes most of the a,° 
matrix elements of this type to vanish also. The only 
ones remaining are the (7) a‘? ),+1) and 
(my, N-~+1 ay"? | 2, Wx) = (Ma, Nv +1) Say” 

+4, O St — SVq,OSM | ny) ny). 
It may easily be verified, however, that with our choice 
of v, these latter matrix elements are canceled out by 
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the contributions to S® of the terms of #®: 
AL (v.°)P?—v,?] 
dy) 


which have been left out up to now." 


(a)a r,tay*a \e) = hvy- 


MEAD 


(p,>—1) 
(aya_,+a)*a_)*), 


So, if the state of the matter is considered as fixed, the only nonvanishing matrix elements of the field operators 
are those between states of the whole system differing by one in the numbfr of photons present, as before, and 


we have completed our task of associating a frequency to each wavelength. The actual values of the a@ 


elements are found as follows: 


(0, 2y| ay /0, ny+1) 


= (0, 2, my! S@|0, myn,)(O, 2! ax |0, my +1) + (0, my! a, |0, my, +1)(0, 2,41, ny!) S° 


~ ae 


a,k, per 


age 


a,k, per 


(0, 2, ty! S| Ra, rx, My—1) (Ra, Ny, Ny— 1) 


9 
(2) 


matrix 


QO, m,+1, 2,) 


(0, 9, ty) S| Ra, 2, Mu AL) (Ra, Mr, MAL) ay Ra, WHA, MyA) (Ra, ML, MLL) S'O, ny +1, n,) 


x | Ra, WAL, My—1) (Ra, +1, ny—1) S™ 0, my. +1, 2,) 


— > (0, my! S| Ra, Mx+1) (Ra, MAL) aX | Ray WX+2) (Ra, WAZ) S| O, 2,41) 
a,k 


— > (0, 2/ S| Ra, tx—1) (Ra, Mx—- 1) ay | Ra, Mx) (Ra, 2x SY '0, 2, +1) 
a,k 


[ +1) Sr eee 
=| — _—_—_—— 
A y - 


(vo? — v)*)? 


| d(p") 
: fmt 1} ~Mnt—1)— bey | 


d(v*) 


where the last equality follows from (28). Combining this with a)’, we get 


(0, 2y/ ay’ 0, mt DCm} --3(py—1)—}n)? 


d(p" 
d( v’)_ 


d(v") 


1 dv} 
, (33) 
dL (vy)? ] ! 


i 
| =[ny +1} 
Pr dy® 


= ont 





where the second approximate equality may be established by expanding the last expression in powers of (p,°—1) 
and pv,2d(p?)/d(v?). The result (33) is also in agreement with the “exact” result of Fano.‘ 


It should be emphasized, however, that the matrix 
elements (33) are not the only nonvanishing matrix 
elements of the a’. If they were, the correct commuta- 
tion relations for the a,’ (the same as for a,) would no 
longer hold. For instance, a," has matrix elements 
corresponding to transitions in which no photons are 
absorbed or emitted, but one molecule changes its 
state. This means that a charged particle moving 
through the material medium can excite molecules of 
the medium directly through its interaction with the 


14 Had we made a different choice for » (e.g., y.=v)°, an=~m, 
etc.), we could still get a formula for p, in terms of the correction 
to the energy (and hence to the frequency between adjacent 
states) given by W®, Eq. (26). Moreover, this result for p, 
would be the same as (28) except for, say, »y° appearing instead 
of », in the denominator, with the discrepancy corresponding to a 
higher order correction. But in this case a n_y+1! ay! my, n_y), 
etc., would not vanish; the operator a)’ would have the effect of 
creating ‘“‘—)’’ photons as well as destroying ‘“”’ photons, and 
a_,*’ would also have both these effects. To remove this incon- 
venience and isolate the creation and destruction operators so 
that, e.g., a,’ only destroys a “Xd”? photon, one would find it 
convenient at this point to carry out a transformation on ay’, a_,*’ 
which would be approximately equivalent to the transformation 
(10) with our choice of ». 


matter coupled (transverse) radiation field. In the 
“bare” photon representation this appears as a second- 
order process: emission of a virtual “bare”? photon by 
the charged particle and reabsorption of this photon 
by the molecule. 

We are now in a position to examine the behavior 
of the field operators in the new representation. From 
(13) and (33), we see that, writing A’(r)=SA(n)S"'; 
E’(r)=SE(r)S“, etc., 


(0, 2! A’(r) 0, 2, +1) 

j 
— 7 exp(i%,-r) 
dL (v)* } 


En opi Pa exp (7m ‘r). (34) 


2em) fhiny+1)]1 d(v’) 
Bt cae | 
V3 2 


If there is no contribution to the electric field from the 
polarization of the matter, i.e., if divP=0 which will 
be seen presently to be the case, we have E’ 
=—(1/c)(@A’/dt), and since (i) 4) j)=iv,;(i) x, 7), we 
have 
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; IV) 
(0, 2! E’(r) 0, my +1) =—£n. ny ren exp(ixa-r), 
c 
\GE’(r) | v” 
(« Ny 10, ty +1 J =——€n, ny1*erexp(tey-F), 
at | c (35a) 
(0, ny, VX E’(r) 0, 2,41) 
Vd P 
—— Ey np (ex Mla) Cxp(tKy FT), 
. 
and for the magnetic field H’=Vx A’, 
(O, 2.) H’(r) 0, my +1) = 1E x, nor? (mea % ea) expliny-r), 
OH’ (r) 
(°. ny\|— - 0, t,+1 : 
at (35b) 


= VyEn, noi (W, Xx) Exp(tKy-F), 


(0, n, UX H'(r) 0, 2,41) 


Kren, ng Pen EXP(1K, 1). 


We see from (35a) and (35b) that the Maxwell equa- 
tions for the electromagnetic field in the matter, 


UH! = (p?/c) (OE at), VK E'=—(1/0)(0H’ at) 


are satisfied by these matrix elements, though not by 
the whole operators. This means that, if the state of 
the matter is considered as fixed, the Maxwell equations 
in matter may be thought of as operator equations. 
This is the real justification for the procedure used by 
Jauch and Watson’ in their phenomenological quantum 
electrodynamics. 

The matrix elements of the dipole moment density 
are also of interest. We have, for the dipole moment 
operator of the ath molecule: 


Gan = SpaS ’ Ua - si Ba! + me: 


(0, 1), Ba” = Ba 0, m+ 1) =9, 
(0, ay wa’? 0, 2, +1) 
LLCO, my! Ska, r+ 1) (Ra, +1 wa” 0, 2y+1) 
‘ (0, m.+1)] 
vio (O! wee, R) ) 


2vy 


— (0, 2y| wa” | Ra, tx) (Ra, mx, SO 
2nhi " 
[== £,(2p)) 3 
Vi k (v4.07 — v*) 


Xexp(7K, + Ta) 


Qt &r#NV\-! hi(ny+1)73 
= a(n) ) (p,"*— »| 
V3 V 2vy 


Xexp(ixy: Ta). 
To get the matrix elements of the dipole moment 
density operator P’, we merely multiply by V/V the 


16 J. M. Jauch and K. M. Watson, Phys. Rev. 74, 950, 1485 
(1948); 75, 1249 (1949). 


fixed, (37) 
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matrix elements of wa’, with the result: 


(0, 2, 4a P’(r) 0, 2, +1) Fe 


r 


Qnht fh(n+1)73 
@,(p,?—1)} — exp(ix,-r), . 
; + 


Vr 


(36) 


which, upon using Eqs. (34) and (35a), is consistent to 
a first approximation with 
(0, 2x 4 P’(r) 0, 2, 4+1) 

(p,?—1)(0, my E’(r) 0, 2,41). 


y 


¢ 


(37) 


‘Thus we see that, 7f the stale of the medium is considered 
or (1)—may be considered as an operator 
identity, as was tacitly assumed by Jauch and Watson.”® 
This effective proportionality of P’(r) to E’(r) insures 
that divP’=0, as was assumed above. 

To discuss the field momentum in the new represen- 
tation, we must note that in addition to its internal 
degrees of freedom each molecule possesses three trans- 
lational degrees of freedom which have been ignored 
up to now. If these are included, the total stationary 
state wave function of a molecule consists of a product 
of an internal wave function and a translational one 
specified by a certain translational momentum. Since 
the net charge on a molecule is zero, the interaction 
Hamiltonian #—-K =30%+5cC™ has no nonvanishing 
matrix elements between states differing only in the 
eigenvalues of this translational momentum. Moreover, 
owing to the relatively large molecule mass, the contri- 
bution of change in translational momentum to the 
energy denominators in W and S may be neglected. 

So we can keep all our formulas intact, and only bear 
in mind that, owing to conservation of momentum, 
® and hence H-KHRY=5KV+5C are diagonal 
with respect to fofal momentum (field momentum plus 
net translational momentum of the molecules). But 
this means that S, whose matrix elements in all orders 
are built up from those of K—3c together with 
energy denominators, is also diagonal with respect to 
total momentum, and hence commutes with the total 
momentum operator. Thus we can write 


Jy atu 


} , . as CN 
(Weta) + (Ml motecutes) = Moe’ = STM oeS I= Wo SS . 
= Mot = Mieia t+ MW motecutess 


i.e., the total momentum operator (but not its parts 
separately) has the same matrix form in the new 
representation as in the old. Therefore the momentum 
of a state consists, as before, of a part independent of 
the number of photons plus a part proportional to the 
number of photons. This latter part we call the mo- 
mentum due to “dressed” photons, (II) fie1a: 


(WT) fieta= Don FHA (M. +4) A (Micra). 


(38) 
III. EFFECT OF A NONUNIFORM DISTRIBUTION 


We now consider the case where only Aalf the volume 
V is filled with molecules, say the half for which z>0. 
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The density in this half is still taken as V/V, so the 
total number of molecules is V/2. We consider only 
waves propagating along the z axis polarized in the 
x direction. We can carry out the perturbation pro- 
cedure exactly as before; but with only V/2 molecules 
to sum over, the choice of », to make the quantity 
proportional to m, in (26) vanish is given, not by (27) 
as before, but by 


(°)? a py? 4aN 


Vy” V k 


y= vy"L1—3 (pn? 1)+ es a | 


Vi.0| (0! w-e,|k) |? 


ees 3 (per? — 1), 
(v4.07 — vy") (39) 


Now the wave numbers corresponding classically to 
this frequency in vacuum and in the medium are 
respectively : 


kye= 0/C=xL1—}(pn?—1) +--+], 


° (40) 
Km VyPrr c=xyl1+3(p»?—1)+- 4 - i. 


Before going further, a word of explanation may be 
in order. We continue to label our states by the corre- 
sponding unperturbed states, i.e., each state is specified 
by the quantum numbers of the state it would reduce 
to in the limit of zero interaction: m, a, etc. Using the 
methods of Sec. II, we can then calculate the frequency 
associated with photons of the “type” A in terms of 
the energy difference between states (0,2) and 
(0, 2, +1). However, it is clear that (classically at 
least) the space dependence cf a field associated with 
the frequency », is no longer given simply by a sinu- 
soidal function of “wave number” «x, but by a more 
complicated function involving the physical wave 
numbers in the vacuum and in the medium, x, and km. 
We obtain the classically expected behavior of this 
function below [Eqs. (41)-(42)], and then proceed to 
investigate in what sense these relations gre satisfied 
in the quantum theory. 

If now a wave of frequency vy, is incident on the 
surface of the material medium, and a steady state 
attained, one may calculate classically that the resulting 
field will consist of three parts: incident, transmitted, 
and reflected, so that the electric field strength along 


the x-axis is given by 


(0, 2, ty, ay 0, m,+1, ny) 


0 


= (0, my, 2,|S@ 10, m.+1, 2.—1)(0, m+1, 2,—-1) a, 


+(0, m, my, ay? 


MEAD 
F(z) 
E,(z,t) =- * exp(—iv,t)(+complex conjugate), 
V 
E(z)= E,Lexp(ix»s) +a exp(—ix,s)], s<0 
(41) 
= Km OXP (1K m2), 2>0 
1—p» Zz 
a=——; En= Ey. 
1+-p» 1+») 


If we attempt to represent F(z) by a Fourier series, 
E(s)=— ¥ EF, exp(ix,-r), 
Vis 


we find that only those « contribute for which xy.=x,, 
=(), e,=¢. We obtain for E,(L- =): 
im 
ee 


i Ia 
Making use of (40) and (41) and expanding in powers 


1 
ae: = = (42) 
Lm" TIN ky—Ky Ket Ky 
of (p».?—1), we can transform (42) into 


FE, (py2—1) Ky" 
A _— 

tL «y—k, Lk?—x,? (43) 
hy=Eyt+:+>. 


In the quantum theory, the existence of a definite 
frequency-direction-polarization \ corresponds to a 
state in which all photons present are of the type X. 
The coefficient of exp(ix,-r) in the Fourier expansion 
of the vector potential is then proportional to that 
part of the operator (1/»,!)(a,+a_,*)’ which is diagonal 
with respect to all variables specifying stationary states 
of the system except ,. These matrix elements do not 
vanish as in the last section because of the imaginary 
exponential factors to be summed over all molecules; 
since the molecules fill only half the total volume, we 
get, for L—+, «,,=x,y=0, e,=2, 

Ni 
DLexpli(k,—K,)Ze (44) 
a L(x,—k,) 
Keeping this in mind, we can use (29), (30), and (32) 
to calculate: 


QO, 2,+1, 2,) 


0, ,, My +1)(0, my, te+1) St 0, ay+1, 2,) 


— > (0, my, 2 SY Ray MA, My) (Ray MAA, My Ay | Ray MAL, My+1) (Ray M+1, t+1 S10, my.+1, n,) 
a,k 


— > (0, 2, ty, S@ | Ra, Mr, My— 1) (Ray Mry Mu 1 ay | Ray Mr, My) (Ray Mr, My) S™ |O, my.+1, 2,) 
a,k 


9 
Vv” 


(my+1)! 3(p2—1) 


(vyv,)? iL(Kx—Ky) (r-— v,) 
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Similarly, 


(O, 2, #_,|a@-,*° |O, ma+1, 2_,) 


(ny +1)! 3 (py?—-1) vy? 
- . (46) 
(vavy)? tLh(xx—K,y) (vat yy) 
We can combine (45) and (46) to obtain 
(ny! A,’ 2y,+1) 
(my ay’) 2,41) + (ny! a_,*" my+1) | 
V 


(47) 


‘a 

2c°x nyt+1 3 4(prr2?~1) v? 1 1 
-( V i Vy ) th (Ky— ky) so — Vy ~ V+ 4 
2CKr (— (pvy" —1) v," 

see, Vr ) 1h (K) ae 


The corresponding electric field matrix elements are 
obtained from these by multiplying by which 
merely alters the constant of proportionality. Since the 
zero-order matrix element of Ey’ is (2c V)4{(m,+1) 

vy, }', we can use this quantity in place of EF, (43). 
It is now clear that (43) agrees with (47) to the order 


i(v,/C), 


of approximation considered, since 


, 


y?/ (9)? — 4") =Ky*/ (ay? K,*), 


if higher order corrections are neglected. Equation (43) 
then holds as an between certain matrix 
elements of operators. So we see that within the 
approximation of second-order perturbation theory, our 
formalism predicts the correct classical behavior for 


expectation values of field amplitudes in this case. 


equation 


IV. CERENKOV RADIATION 


The radiation emitted by a charged particle passing 
through a material medium with a velocity greater 
than the phase velocity of light in the medium was 
first observed by Cerenkov.’* The phenomenon has 
been treated theoretically in terms of classical electro- 
dynamics by Frank and Tamm.!? Quantum-mechanical 
treatments have been given in the previously mentioned 
papers by Neamtan® (first paper) and Jauch and 
Watson.'® The theoretical results have been confirmed 
by several experimental studies.’* 7 

“It is not difficult to see how we can treat Cerenkov 
radiation by means of our formalism. A free particle in 
vacuum cannot emit radiation since in this case it is 
U.R.S.S. 2, 451 
52, 378 


acad. sci. 


; Phys. Rev. 


rend. 
339 (1938); 


PA. Cerenkov, 
(1934); 21, 651 (1938); 
(1937). 

177. Frank and I. Tamm, Compt. rend. acad. sci. U.R.S.S. 
14, 109 (1937); I. Tamm, J. Phys. U.S.S.R. 1, 439 (1939), 
See also L. 1. Schiff, Quantum Mechanics (McGraw-Hill Book 
Company, Inc., New York, 1955), second edition, pp. 267-71. 

18 G, B. Collins and V. G. Reiling, Phys. Rev. 54, 499 (1938); 
H. O. Wyckoff and J. E. Henderson, ibid. 64, 1 (1943); R. L. 


Compt. 
21, 116;. 


Mather, ibid, $4, 181 (1951). 
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impossible to conserve both momentum and energy. 
However, in a material medium the altered relation 
between energy tiv, and momentum fx, of the photon 
make it possible to satisfy both conservation laws for 
certain initial velocities of the particle and for certain 
directions of emission of the photon. 

We describe the physical situation in terms of the 
eigenstates of the S-transformed radiation field-plus- 


matter Hamiltonian S3CS~! [Eqs. (16) and (22) ], and 
of the Dirac free electron Hamiltonian 
SHS =H =ca- pt+hme, (48) 


i.e., we consider transitions between states specified by 
given numbers of the various “‘matter-dressed” photons 
and by given electron momentum and spin orientation. 
With the usual Dirac form for the @ and § matrices, 
the eigenstates of (48) corresponding to positive energy 
with momentum of magnitude p in the direction given 
by colatitude and longitude angles 6 and ¢, and with 
spin oriented along the direction of motion or opposite 
to it, respectively, are 


cos(@,'2) 
1 sin(9/2) exp(i¢) exp(ip-r/%) — 
Vote > , (49) 
(1+£,7)'1&, cos(@/2) V3 


L£, sin(@/2) exp(1y) 


—sin(@/2) exp(—i¢) 











1 cos(8/2) exp(ip-r/n) 
(1+€,7)* Hg,s sin(@/2) exp(—1y) V3 
| 
L— &, cos(8/ 2) 
p 
Sp 


mce+(p+mic?)} 


We assume that the electron initially is traveling along 
the z-axis with momentum #,, and spin directed 
positively along the z-axis; from (49), we see that this 
initial electron state is given by: 


r? 
1 0) vexp(ipe h) 
y.= | (50) 
(1+€,,?)! Ens | Vi 
WO J 


The Hamiltonian of interaction between the electron 
and the radiation field-plus-matter system, 


€é3 
SHi"S—! = —ea-(SA(r)S“)+S | ———S" 
oie 
ees 
= —ee:A'(r)+5 5 ——_S, (51) 
B If-¥% 
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is taken as a perturbation causing naar between 
eigenstates of SHS 1+ SH (tield+ medium '. The S- 
transformed Coulomb interaction term may ie repre- 
sented in our approximation by a sum of dipole terms, 
one for each molecule. It makes no contribution to the 
Cerenkov radiation because of div(m,+1} P’|2,)=0 
(Eq. (37) ].!° The formula for the transition probability 


per unit time, as calculated from first-order time- 
dependent perturbation theory, is 
ar 
Wias=D, —|(f| Hi) 2) |?6(Es—E,) 
sh 
2r 
=—{|(f|3ci"*| 7) | 2p(E,)) £7 = (52) 


h 


for times long compared with the inverse frequencies 
involved but short compared with the lifetime of the 
state i. The states f of interest to us are those in which 
the states of the molecules of the medium have not 
changed, but the electron has its momentum and energy 
altered somewhat from its initial value anda (‘‘dressed’’) 
photon of a certain frequency, direction, and polar- 
ization has made its appearance. Now if a photon of 


MEAD 


wave number « [momentum fix, energy hv=hv®/ p(x) 
=thck/p(x)] is emitted at an angle 6 with the < axis, 
it is easlily shown” that energy and momentum 
conservation are satisfied only if 


1 Z q 
cosé = (1 )+ coetmrey'| / (2p). (53) 
p(x)*F p(x) 


If we let # approach zero in (53), 
i=cpi/ (p2+m’c)', we get 
cosh =c¢/[p(x)ts |, 


remembering that 


(54) 


which is the classical result. It is clear that (54) can be 
satistied for a real angle only if 2;>c/p(x). 

We shall content ourselves with deriving the formula 
for the number of photons emitted per second with 
frequencies between vy and y+dyv. To do this we sum 

(f,5c'"* 7)? over final polarizations and spin direc- 
tions, noting that 


" . ; : (a-%,)% 2 
dX | (fleet) 2= () a— - ‘) : 
pol ms | Ki 


It is then a straightforward matter to obtain, 
Eqs. (33), (34), (49), and (50), 


using 


LX {) (ms=1, p= pi foen| — ea A’(r) | my; =0, pi= p.2) *Jey=e, 


pol, spin 
direction i 


| | 2p2e— 
dv o(v) 


2hx 
2me*c* 2h 1 


7 V pore dv 


(pr+m*c?)'—} 


2(p? wr ag prt+mc )t— Ax) giv) }} ) 





i 2 tik r |) 
i ” tC pee - — hh? ! 
(a) sil e =I ji 


Also, the density of final energy states {p(E,)}2; =; is (for emitted photons in a given wave number range dx) 


V d cos6 V pl »)° y 
{p(E;y)}e= | _—— earl - )as| = | — -(~ 
87? éE; E; 49° c 


), (55a), and (55b) yield 


' 2h 
297— (= )ipet mee 
e p(v) 


a a dv ge a ae 7 
LC 


Equations (52 


/ 


If we let #0 in 
Cerenkov energy 


(56), we get the classical result for the 
radiated per unit time: E(v)dy 

18 The Coulomb term may be used to calculate the rate of energy 
loss of an electron due to excitation and ionization of the mole- 
cules. [The @-A’ term also contributes to this effect--see the 
discussion following Eq. (33) ]. If the interactions of the molecules 
with each other via induced dipole moments are taken into 
account, a correction to the Coulomb interaction of the electron 
with each molecule due to the polarization of the other molecules 
will appear in the higher approximations. There is also a correction 
to the Coulomb term due to the S transformation, corre sponding 
to the following type of third-order process in the “bare” photon 
representation: Coulomb excitation of molecule No. 1 by the 
electron, de-excitation of molecule No. 1 with emission of a 
virtual “bare” photon, absorption of the photon by molecule 


(Coens 
} ( EC? — 
5} (0) pit+m*c’) atv)? 


2p, (p2-+mic)! 


d cos# ) 
-)aw| : 
dE f E; 


V pl»)? |* temic! *)'— Uh e(v) | 
pitipv 


~ dg? c 
)| —h 


| (55b) 


—— 


| 
: i (56) 


= hyw vevedy a 


7 ée* 2; C 
E(v)dv=— —vdy} 1—- 
Cx p(v)*o? 


(57) 


No. 2 with excitation. The treatment of this effect involves the 
matrix elements of S®, which are not diagonal with respect to 
the state of the molecules. 

*”R. T. Cox, Phys. Rev. 66, 106 (1944). 

1 It is easy to see that in Eqs. (53) and (56) the ratio of the 
terms containing A to the other terms is at most of the order of 
magnitude of the ratio of photon energy to initial electron energy 
Since p(v)—1 for y+, higher energy photons require corre 
spondingly higher energy electrons to emit them, so this ratio 
remains small (at most 10~4 in the experiments of reference 18). 
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V. DISCUSSION 


The nature of the correspondence between the 
quantum theory and the classical phenomenological 
theory is clear from what has been said. The phenome- 
nological Maxwell equations and Eqs. (1) and (43) 
are satisfied in the quantum theory as equations 
namely, 
those corresponding to creation and destruction of 
“dressed”’ photons [see Eqs. (35), (37), and (47) ]. In 
the work of Jauch and Watson,!® such equations are 
regarded as operator equations and the possibility of 


between certain matrix elements of operators 


excitation of the medium is ignored. Their results for 
the matrix elements of the field operators agree with 
our Eqs. (33), (34), and (35), the difference being that 
they regard these as the only nonvanishing matrix 
elements of these operators and we do not. 

We have actually established the above-mentioned 
correspondence with the phenomenological theory only 
for a special problem, but since formulas for matrix 
elements, etc., are expressible in terms of the refractive 
index and its derivatives, it is not unreasonable to 
hope that the correspondence will continue to hold 
wherever the refractive index is a valid concept, Le., 
wherever the tield energy can be represented in the 
form (3). 

It is necessary now to give a short discussion of the 
discrepancy between our results and those of Tidman 


(reference 5). Briefly, ‘Tidman’s method consists in 
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carrying out a canonical transformation which is 
somewhat different from our transformation (10)-(11), 
but which serves the same purpose of introducing a 
variable frequency, which is then fixed by a condition 
which is a generalization of our condition (27). What 
he does not do is apply the S-transformation to the 
operators d,, with the result that his emission and 
absorption matrix elements for photons in the medium 
are essentially the zero-order matrix elements without 
any correction corresponding to our Eq. (33). Thus, 
Tidman’s formula for Cerenkov radiation [Eq. (3.31), 
Part I, or (3.14), Part I1]} differs from our Eq. (57) 
and from the classical result [Eq. (3.6) in Tamm’s 
paper, reference 17] by a factor (1/p)(dv°/dv)=u/U, 
where « and U’ are the phase and group velocities, 
respectively. Furthermore, his photons are not auto- 
matically accompanied by a polarization of the medium, 
in the sense of our Eq. (37). In short, although Tidman’s 
photons have the correct energy-momentum relations, 
they are still not properly “dressed.” 


VI. ACKNOWLEDGMENTS 


The author wishes to express appreciation to Pro- 
fessor Eugene Feenberg and Professor Henry Primakoff 
of the Washington University Physics Department for 
numerous helpful conversations during the course of 
this work. Professor Primakoff has been especially 
generous with time and suggestions. 








. 


PHYSICAL REVIEW VOLUME 


tas), 


NUMBER 2 APRIL #5, 1958 


Hartree-Fock Functions and Spectral Isotope Shift for Excited 
States of Carbon and Oxygen* 
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Hartree-Fock type atomic wave functions have been calculated for the 3s °S and 3p ®P terms of oxygen 
and for the 2p3s'P term of carbon. The calculations were carried out on an IBM card programmed calcu 
lator. A simple rapidly-converging method for determining the eigenvalues was developed. 

Spectral isotope shifts were computed for the 3s ®S—3p *P and other transitions of oxygen and for the 
2p?'S—2p3s‘P transition of carbon. The results are compared with values previously reported by the 
authors, computed with wave functions without exchange. A comparison is made between these calculated 
values and the experimental determinations. For oxygen, the values of the specific shifts computed with 
exchange agree with measured values to within experimental error and are much better than the results 
obtained without exchange. For carbon, the isotope shift value using exchange shows no improvement on 
the value without exchange, both calculations disagreeing slightly with experimental results. A possible 
reason for the difference in behavior between the results for oxygen and carbon is postulated, based on the 
relative magnitudes of factors making up the formula for isotope shift. 


INTRODUCTION 


LTHOUGH spectral isotope shifts have been ac- 
curately measured in most of the light elements, 
theoretical calculations have been limited by a lack of 
accurate wave functions for excited configurations of 
these elements. Hartree self-consistent wave functions 
and Morse-Young-Haurwitz! analytic wave functions 
have been used for calculations in many of the light 
elements but in no case have wave functions been avail- 
able which include exchange for both the upper and 
lower energy levels of a transition for which the isotope 
shift has been measured. The results of the calculations 
that have been performed are not, in general, in good 
agreement with the measured value of the isotope shift. 
It has been pointed out that the calculated values of the 
isotope shift of atomic energy levels are quite strongly 
dependent on the type of wave function used in the 
calculation. In particular, the use of Hartree-Fock 
functions in the calculation of the isotope shift in the 
ground level of carbon gave a result which differed 
from the Hartree calculation by more than 0.1 cm“, 
which is greater than the usual disagreement between 
theory and experiments in the light elements. Thus, it 
was felt that the use of Hartree-Fock wave functions 
in the isotope shift calculations might improve the re- 
sults considerably. Primarily to check this point, 
Hartree-Fock wave functions were calculated for the 
2p3s'P level of carbon (J.N.) and for the 2p*3s “S and 
2p’*3p *P levels of oxygen (C.T.). The isotope shifts 
were calculated for the optical transitions and compared 
with those calculated from Hartree functions. 


HARTREE-FOCK EQUATIONS 


The Hartree-Fock equations for one-electron wave 
functions can be derived from the general variational 


* Taken from dissertations submitted by the authors in partia! 
fulfillment of degrees of Doctor of Philosophy at the University 
of Buffalo. 

+ Now at the Cornell Aeronautical Laboratory, Inc., Buffalo, 
New York. 

! Morse, Young, and Haurwitz, Phys. Rev. 48, 948 (1935). 


theorem by writing the atomic wave function as a 
determinant of one-electron product functions and 
employing the hydrogen-like solutions for the angular 
dependence. This derivation is given, for instance, by 
Hartree and Hartree.’ The result is that for each elec- 
tron of the atom one obtains a radial differential equa- 
tion of the form 


d°P(nl/r) 1(1+1) 
-+] 2V (nl /r)— —é€nt nt {P (nl ‘r) 
dr* ‘ta 
+Ti(nl/r)+ D0 ent niP(n'l/r)=0, (1) 


where r is the radial distance in units of the Bohr 
radius and P(nl/r) is r times the one-electron radia! 
wave function for the electron with quantum numbers 
n and 1. V(nl/r) is equal to the average electrostatic 
potential felt by the n/ electron (in units of twice the 
ionization energy of hydrogen) and 7(nl'r) is an ex- 
change term peculiar to the Hartree-Fock formulation. 
In the last term the coefficients €n,,°1 are adjustable, 
and so are chosen to make P(nl 7) orthogonal to 
P(n'l/r) for all values of n’#n. This insures that all 
the one-electron functions will be orthogonal, since for 
electrons with different / values the orthogonality of 
the one electron wave functions is brought about by 
the orthogonality of the angular wave functions. It is 
also required that the functions P(nl’r) be normalized, 
so that fo%P2(nl/r)dr=1. 

For the states investigated in this work, V(nl/r) and 
7 (nl/r) can be written 


Z 
V(nl/r)=—-+NXo(nlnl/r)-— Yo Xo(n'l'n'I’'r), (2) 


r all electrons 


Tinl/r)=S SY eg (nlbn'l’) 
k= all n’,1’ 
; KX, (nln'l’/r)P(n'l’/r), (3) 
*D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A143, 588 (1936). 
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where the values ay(nl,n'l’) are given in Table I and 
X,(n'l'nl/r) is given by 


r 
X, (nl nl/r)=r win x*P(nl/x)P(n'l’ /x)dx 
0 


r nf x FD P(nl/x)P(n'l'/x)dx. (4) 


r 


For each of the energy states discussed herein, a 
numerical solution was obtained for a set of simultane- 
ous integro-differential equations (1) through (4), with 
n,/ taking on the values required for the particular 
configuration. The method of solution is discussed in a 
later section. The Hartree equations (without ex- 
change) can be obtained by setting 7(nl/r)=0 and 
ént, vv = 0 in Eq. (1). 


SPECTRAL ISOTOPE SHIFT 


It has been shown by Hughes and Eckart’ that the 
assumption of a finite nuclear mass adds a term to the 
Hamiltonian of an atom with v electrons equal to 


’ 

(2M) (>> p,)', (5) 
where p; is the linear momentum of the ith electron 
relative to the nucleus and M is the nuclear mass. This 
term can be expressed as the sum of two terms, 


N=(2M)"¥o(p,)? and 


ae] 


o=M"> > p,-p;. (6) 
>) 


The quantity .V is customarily called the “normal” 
shift. It can be shown that its effect is to add a term 


Tasee I. Coefficients ax(ni,n'l’) in expression for T(nl/r).* 


Oxygen Carbon 
k nl n'| 3559S 3p $P 2p3s'P 
0 1s 2s 2 2 2 
q 3s l : : 
2s a ods r. 2 
; 3s 1 1 
35 1s 2 2 
3p 2p y Cos 
1 Is 2p 1 1 4 
3p . ean 
2s 2p 1 1 4 
3p ~ } bane 
3s 2p 2 eee —3 
2p Is ¢ 3 3 
2s ‘ 3 3 
3s 3 3 
3p 1s +e rf . 
2s 3 
2 2p 2p ‘ ' 


w 
> 
4 
< 


w 
»> 

to 
ne 


® Coefficients not listed are equal to zero 


3D. S. Hughes and C. E. Eckart, Phys. Rev. 36, 694 (1930). 
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—(m/M)F to the unperturbed energy, where £ is the 
observed total energy and m is the electron mass. This 
is equivalent to assuming a reduced mass for the 
electrons as is done in the case of the hydrogen atom. 
The second term is customarily called the ‘‘specific” 
shift. Its effect cannot be evaluated exactly but since it 
is smal] compared to the energy of the atom, first-order 
perturbation theory can be applied. ‘In the experimental 
comparisons made later in this paper, the calculated 
value of the specific shift is compared with the experi- 
mental value minus the normal shift: This difference is 
called the “experimental specific shift.” 

Assuming a determinental wave function formed 
from an orthonormal set of one-electron functions, a 
general expression can be derived*® for the specific 
shift of an atomic energy level by evaluating the ex- 
pectation value of o. For a transition between two such 
levels, the shift in the spectral line can be obtained by 
taking the difference in the shifts of the two levels. For 
the energy levels of interest in this discussion the for- 
mulas for the specific shifts of the heavier isotope rela- 
tive to the lighter are given by: 


2p*3s configuration of oxygen 
6(§S)=3A+3B, 6¢(7@5)=3A—3B, @(@P)=3A4+2B, 
é('P)=34A, 6(@D)=3A+2B, @¢('D)=3A; 
2p'3p configuration of oxygen 
é (all states) =34’+C’'; (7) 
2p° configuration of carbon 
&('S) =24 ; 
2p3s configuration of carbon 
a('P)=A'—B’, 
where the constants 4, B, and C are defined by 
A= (Mr — My") (fm ry) [J*(2p,2s)+J? (2,15) ], 
B= (My — My") (3m ry) [J?(2p,3s) J, (8) 
C= (Mr — Ma) (3m ry) [J?(3p,2s) +J7(3p,15) J, 


and 
Jinn’, 1-1) -f P(nl/r) 


dP(n',l—1/r) 1 
x| —-P(n',i-1 n fir (9) 


dr r 


M, is the mass of the lighter nucleus and My that of 
the heavier ; m is the electron mass, and ry the Rydberg 
constant. If & is expressed in cm™ and r in units of the 
Bohr radius, the constants for 0}8—O!* shifts have the 
value 


(Me — Ms) (2m ry) = 0.2767, 


4 J. H. Bartlett and J. J. Gibbons, Phys. Rev. 44, 538 (1933), 
5 J. P. Vinti, Phys. Rev. 56, 1120 (1939). 
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and for carbon 
(M7 <= Mi) (2m ry) => 0.4740, 
(My27!— M3") (3m ry) =0.2552. 


In formula (7), primes have been used to indicate the 
higher energy state. 


METHOD OF CALCULATION 


The iterative calculation of the Hartree-Fock wave 
functions was carried out using IBM card-programmed 
calculators. These computers are equipped with floating- 
point routine and carry eight significant figures in all 
calculations. The storage is limited to 72 words, so that 
intermediate results were carried on punched cards. 

Hartree wave functions, available from previous 
calculations,*:* were used as the starting point for the 
Hartree-Fock calculation. The functions V (nl/r) and 
T(nl/r) for a particular nl electron were formed from 
these wave functions by using Eqs. (2), (3), and (4) 
and employing Simpson’s rule of numerical integration. 
Equation (1) was’ then solved by Milne’s method. 
This procedure was followed for each of the electrons 
and then the cycle was repeated until, for two suc- 
cessive iterations, the change in the integral 


[ Poune 


0 


was less than 0.001 for any value of r, and the value of 
JS P?(nl/r)dr was equal to 1.0000. Also, it was re- 
quired that 


zx 


fron r)P(n'l/r)dr,  n¥n' 


0 


be less than 0.001. These results were then taken as the 
Hartree-Fock self-consistent solutions. 

In the solution of Eq. (1) the eigenvalue én: ,1 was 
adjusted until the function P(nl/r) +0 asr— «x. A 
procedure was found which greatly simplified the 
process of making successive adjustments of €nz, nu. 
First, a large value of r was chosen for which it would 
be expected that P(nl/r) would be equal to zero within 
the accuracy of the calculation. The numerical integra- 
tion of Eq. (1) was continued until this value of r was 
reached. The value of €n:,n2 was then changed in linear 
proportion to the value of P(nl/r) at this point. The 
proportionality constant to be used can be determined 
from the first two integrations and it was found that 
this constant changed by a negligible amount between 
successive calculations. In general, successive changes in 
€nt, nt decreased by a factor of 10 or better. 


6 J. P. Nicklas, Phys. Rev. 95, 1469 (1954). 

7C. E. Treanor, Phys. Rev. 95, 1472 (1954). 

8 An interval of 0.01 in r was used from r=0 to r=0.1. The 
interval was then doubled for the next 10 points, doubled again 
for the next 10 points, etc. For wave functions with n=3, it was 
necessary to use slightly over 80 points. 
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Wave functions® were calculated for the 2p*%3s ®S and 
2p*3p °P states of oxygen and for the 2p3s'P state of 
carbon. The functions for the 2p74S state of carbon 
were available from calculations by Jucys.!° However, 
one iteration was performed for the ‘S state using 
Jucys’ functions to check that the different methods of 
calculation did not affect the results. It was found that 
the changes were negligible. 

To determine the isotope shift, it was necessary to 
calculate the J integrals of the form of Eq. (9). The 
function dP(nl/r)/dr was obtained by numerical in- 
tegration of d*P(nl/r)/dr?, this latter function being 
calculated from the differential equation and the known 
wave functions. The J integrals were then calculated by 
using Simpson’s rule. Additional calculations of these 
integrals were made using the next to last set of wave 
functions obtained in the self-consistent process and it 
was found that the last iteration would not affect the 
calculated isotope shift by a measurable amount. The 
results of these calculations are given in the next section. 


RESULTS AND DISCUSSION 
I. Oxygen 


The values of the J integrals (see formula 9) are 
given in Table IT. Results are tabulated for calculations 
with the Hartree and Hartree-Fock wave functions. 
Table IV includes the A, B, and C factors, obtained 
from the J integrals by using formulas 8. If one makes 
the assumption (implicit in the Hartree approach) that 
the various states of the configuration can be repre- 
sented by the same one-electron wave functions, these 
constants can be used in simple combinations! to ob- 
tain the specific isotope shift in all the members of the 
multiplet corresponding to the transition 2p°3p— 2p*3s. 
This multiplet contains nine spectral lines. The for- 
mulas for the specific shift for these nine lines, along 


TABLE IT. Square of the J integrals for oxygen. 


Hartree Hartree 

Term Integral forthogonalized Fock 
2p'3s 5S J?(2p,1s) 4.3143 4.7781 
J?(2p,2s) 0.3768 0.3584 

J?(2p,3s) 0.0326 0.0599 

2p'°3p *P J?(2p’,1s’) 4.2936 4.8264 
J?(2p',2s’) 0.4682 0.3594 

J?(3p' 1s") 0.0136 0.0849 

JUS" 2s’) 0.0008 0.0134 


* These tabulated functions are available on request from the 
authors. They have also been deposited as Document No. 5531 
with the ADI Auxiliary Publications Project, Photoduplication 
Service, Library of Congress, Washington 25, D. C. A copy may 
be secured by citing the Document number and by remitting $2.50 
for photoprints of $1.75 for 35-mm microfilm. Advance payment is 
required. Make checks or money orders payable to: Chief, Photo- 
duplication Service, Library of Congress. 

10 A. Jucys, Proc. Roy. Soc. (London) 173, 59 (1939). 

"EE. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1951), second 
edition, p. 419. 
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TABLE 


Formula for shift ATA Transition 

3(A'’—A)+C’—3B 7772 3s *§ —3p §P 
3(A'—A)+C' 8820 3s'D—3p'F 
3(1'-A)+C'+B S446 3535 —3p2P 
3(A’—A)—C'+2B 3955 3p*P—3s3P 
3(A’—A)+C’—2B 8222 3s*D —3p*D 
3(A'—A)+C’—2B 3823 3s*D —3p 3D 
3(A’—A)+C' 7157 3s'D —3p'D 
3(A’—A)—C'+2B 7995 3p *P —3s*D 
3(A'—A)+C'—2B 7476 s*P —3p'D 


with the measured and calculated values of the shift, 
are given in Table III. The experimental results are 
taken from the work of Parker and Holmes.'* The 
normal shift has been subtracted from each of the 
measured values to obtain the ‘specitic shift. All shifts 
are those of isotope 18 relative to 16. It should be 
pointed out that the calculated value obtained with the 
Hartree-Fock functions strictly applies only to the 
35*S—3p *P transition, but it is felt that the small 
changes in the wave functions for other states would 
contribute little to the isotope shift integrals. However, 
the Hartree-Fock results for the other transitions are 
entered in parentheses in Table III. 

Inspection of Table IIT shows that the Hartree-Fock 
functions give calculated shifts in good over-all agree- 
ment with the experimental values. Only two of the 
lines (A 7995 and 47476) are reasonably outside the 
experimental limits of error. Parker and Holmes! have 
pointed out that the measured shift in A 7476 is not 
consistent with the shifts in other lines, using the fact 
that the shift in A 7476(3s *P— 3p *D) should be equal to 
the shifts in A 3823(3s*D—3p*D) +2 7995 (3p P— 3s*D) 
—) 3995 (3p *P— 3s *P). In addition, this line should be 
a triplet, but only one component was observed. They 
suggest that the line may be incorrectly classified. 

Parker and Holmes have shown that the first seven 
lines of Table IV show shifts consistent with the as- 
sumption that 3(4’—1)=0, B=0.0165+0.0015 cm", 
and C’=0.006+0.002 em=!. Since 4A, A’ and C’ are 
involved in the calculation only the combination 


TasiLe IV. Comparison of experimental and calculated 
values of the isotope shift parameters (cm™). 

Values ob 

tained with 

Hartree-Fock 


Values ob- 
tained with 
Hartree 


Values suggested 
Isotope shift by Parker and 


parameter Holmes functions functions 

A eee 1.2634 1.4212 

A’ ore 1.2583 1.4349 
3(A’—A) 0 —0.0153 0.0410 
Cc’ 0.066 +0.002 0.0041 0.0272 

B 0.0165+0.0015 0.0090 0.0166 
3(A'’~A)+C’ 0.066 +0.002 —0.0112 0.0682 


21, W. Parker and J. R. Holmes, J. 
(1953). 
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III. Specific shifts in transitions between the first two excited configurations of oxygen (cm™ 


Calculated specific 
shifts 


(Hartree fns 


Calculated specific 
ehifte 


Experimental specific 
ts hift 
(Hartree-Fock fns 


(Parker and Holmes*) 


0.013 — 0.019 — 0.0382 0.0184 
0.064 0.068 ~0.0112 (0.0682 ) 
0.08 — 0.10 —().0022 (0.0848 } 
0.0 » —(),2 0.0292 (—0.0350) 
0.034 0.040 -().0292 (0.0350) 
0.03 — 005 ~ 0.0292 (0.0350) 
0.05 — 0.07 0.0112 (0.0682 ) 
—0.06 —» —0.07 0.0292 (—0.0352) 
~0 O04 > —0.06 —().0292 (0.0352) 


2 


3(A'—A)+C’, it is not necessary to make separate 
assumptions about these variables, but only about the 
combination. Parker and Holmes’ experimental values 
are compared with the calculated values in Table IV. 
It is seen that although the separate assumptions about 
3(A4’—A) and C’ are not justified, the Hartree-Fock 
functions give good agreement with the experimental 
values of 3(4’—A)+C’ and B. 

The similarity between the quantities discussed in 
the previous paragraph and those involved in the 
isotope shift for neon, 2p°3s—2p°3p, permits a direct 
comparison with work that has been done with that 
element. For the 2p*3s configuration there are two 
energy levels. The formulas for the isotope shifts are 


neon: é&(@P)=5A+3B, 


OP)=SA+B. 


neon: ¢ 
For the 2p*3p levels all shifts are the same; namely, 


neon: é(all 2p°3p levels) =5A'+C’. 
The quantities 4, B, A’, and C’ are defined in the same 
way as for oxygen. 

Isotope shifts have been measured” in spectral lines 
representing the transitions 3s'P—3p and 3s*P—3p. 
The shifts have been calculated by Bartlett and 
Gibbons,’ using Hartree wave functions. Since the 1s, 
2s, and 2p functions change very little between the 
2p*3s and 2p°3p configurations, it was assumed that 
5(4’—A)=0. Although these changes are small, for 
calculation of the isotope shift small changes in the 2p 
wave function can make a significant change in the 
J(2p,is) integral, so that (A’—A) cannot be taken 
equal to zero. For oxygen, this fact is clearly brought 
out in Table IV. The pertinent factors for neon are - 
presented in Table V. The difference in the shifts for 
the two spectral lines is 0.017 cm~. The calculated 
value for this difference is in good agreement (0.0195), 
as pointed out by Bartlett and Gibbons. It is seen from 
Table V that the formula for the difference in shifts 
does not depend on 5(.1’—A)+C’, so that the calcu- 
lated value of B is evidently good to within 0.0015 cm™, 


13H. Nagaoka and T. Mishima, Sci. Papers Inst. Phys. Chem. 
Research Tokyo 13, 293 (1930). 
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TABLE V. Specific shifts in transitions between the 
first two excited configurations of neon. 


Experimental* Calculated» 


Neon specific specific Formula for 
transition shift (cm™) shift (cm7 specific shift 
3s *P—3p 0.016 — 0.0157 5(A’—A)+C’—3B 
0.0038 5(A’—A)+C’—-B 


3s '1P—3p 0.033 


* See reference 13. 
t 


» See reference 4. 


TaB_r VI. Squares of the J integrals for carbon. 


Hartree functions Hartree-Fock 


Term Integral (orthogonalized functions 
2p24S J?(2p,1s) 1.5131 1.6466 
J?(2p,2s) 0.2657 0.2786 

2p3s'P J?(2p,1s) 2.1196 2.3917 
J?(2p,2s) 0.2223 0.2296 

* de 0.0251 0.0333 


(2p.3s) 

Going through a differencing procedure for the shifts 
in the oxygen lines gives the value of B suggested by 
Parker and Holmes (0.0165+0.0015). The Hartree 
functions for oxygen give a value of B which disagrees 
with this by 0.0075+0.0015. However, the important 
feature in causing disagreement in the line shifts 
(Table IV) is clearly the disagreement of the term 
3(A’—A)+C’. This factor agrees very well in the 
Hartree-Fock calculations. 


II. Carbon 


The values of the J integrals for carbon are given in 
Table VI. The computed values of constants A, 1’, 
and B’ are listed in Table VII. 

In contrast to oxygen, investigators':!> have meas- 
ured the shift of only one transition in carbon. Measure- 
ments have been made, however, of both the C’—C™ 
and C’—C shifts of the transition 2p?'S—2p 3s'P 
(A= 2478.5 A). The formula for the shift in terms of 
the A, A’, and B’ is ¢= A’— B’—2A. A comparison of 
the computed and experimental values of the isotope 
shift is given in Table VIII. 

For the shift of C’ relative to C!*, the discrepancy 
between experimental and theoretical values is 0.033 
cm with Hartree functions and 0.043 cm™ with 
Hartree-Fock functions. Both of these discrepancies 
are less than 10% of the experimental value. However, 
they are much larger than the experimental error of 
+0.002 cm™. The difference between the specific 
shifts computed with Hartree and Hartree-Fock func- 
tions is 0.010 cm™ in a direction so as to make the 
agreement with experiment poorer for the latter. 

There is an important difference between the carbon 
and oxygen isotope shifts. The spectral lines measured 
in carbon involve the transition of a 2p electron, while 
those measured in oxygen do not. As a result the carbon 

4 C,R. Burnett, Phys. Rev. 80, 494 (1950). 

18 J. R. Holmes, J. Opt. Soc. Am. 41, 360 (1951). 
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isotope shift depends on the actual magnitude of the 
factor A, while the oxygen shifts depend only on 
(A’—A). This is the reason that the isotope shift in 
carbon is much greater than that in oxygen. It can be 
seen from Tables IV and VII that the values of 4 and 
A’ are strongly influenced by the type of wave functions 
used in the calculation, while the difference A—A’ is 
not affected nearly as much. It is possible that the 
relative accuracy of A and A’ is better for both the 
carbon and oxygen calculations with Hartree-Fock 
functions, and that it shows up as a distinct improve- 
ment in the oxygen results while it is masked by the 
large contribution of the absolute value of 4 to the 
isotope shift in carbon. 

From the oxygen results, it appears that in the cases 
where the number of 4 and 1’ is the same in the isotope 
shift formula, the calculated shift might be improved 
by using Hartree-Fock functions because of the im- 
proved relative accuracy of A and .1’. A case where this 


TABLE VII. Calculated isotope shift parameters for carbon (cm™'), 


Hartree functions Hartree-Fock 


Isotopes Parameter wthogonalized functions 
C8—C2 A 0.4540 0.4913 
A’ 0.5977 0.6689 
B’ 0.00604 0.0085 
Cu—C 1 0.8432 0.9126 
A’ 1.1101 1.2424 
B’ 0.0119 0.0158 


Tas_e VIII. Comparison of experimental and calculated shifts for 
the transition 2p? \S—2p3s 'P(A= 2478.5 A) in cm! 


Experimental specific shift® —0.2974+0.002 | —0.555+0.002 


Calculated specific shift 


(Hartree) 0.317 -(). 588 
Calculated specific shift 
(Hartree-Fock ) ~0.323 0.598 


* See reference 14 and 15. 


might be checked is in the neon transition that has 
been cited previously. If the postulated behavior of A 
and A’ is correct, then a calculation of the isotope shift 
for neon with Hartree-Fock functions should yield 
results equally as good as those reported here for oxygen. 
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Solutions of the Hartree-Fock equations for the 4P and 'P terms of argon 
Wave functions are tabulated and results of computations of excitation energie 
within 4°% of experimental values. Predict 


at 1049 A and 1067 A are 0.20 and 0.05, respectively, with an estim 


are presented. The former fall 


1, INTRODUCTION 


N the course of an investigation into the electroni 

properties of the solid state of argon, it has been 
found necessary to compute numerical wave functions 
for the low-lying excited electronic states of the free 
argon atom. Since there has been a recent surge of 
interest in various properties of the solid rare gases,’ it 
was thought advisable to make these intermediate 
results available at once. In addition, relatively few 
calculations of excitation energies have been performed? 
and the problem of computing wave functions and 
splittings for strongly spin-orbit coupled terms is of 
independent interest, for reasons which will now be 
discussed brietly. 

One of the simplest problems in theoretical spectros- 
copy is that of an electronic sp configuration, or its 
p*s counterpart, outside closed shells. The Russell- 
®P and 'P, and even if 
the spin-orbit interaction of the p electron or hole is 


Saunders terms which arise are 


sizable, simple secular equations for the exact energies 
within the configuration obtain. The resulting wave 
functions will have lost their definite multiplicity, 
however, and it becomes difficult to obtain simple 
Hartree-Fock equations by using the variational prin- 
ciple on radial wave functions. In the low-lying p*s 
configurations of the excited rare gas atoms, the spin- 
orbit interaction, which is set equal to zero in writing 
the Fock equations for terms of definite multiplicity, 
is of the order of magnitude of the purely electrostatic 
splitting of the }P and *P terms. Although the actual 
magnitude of the spin-orbit interaction is sufficiently 
small that relativistic equations need not be used, it is 
of interest to determine whether the spin-orbit inter- 


t Research supported in part by the U.S. Air Force through 
the Air Force Othice of Scientific Research of the Air Research and 
Development Command. 

* Present address: Department of Physics, University of Ifinois, 
Urbana, Illinois. 

1 See, for example, the review by E. R. Dobbs and G. O. Jones, 
Reports on Progress in Physics (The Physics Society, London, 
1957), Vol. 20, p. 516. 

2 For a listing of available computations of atomic functions, 
see R. S. Knox, author in Solid State Piwsics, edited by F. Seitz 
and D. Turnbull (Academic Press, Inc., New York, 1957), Vol. 4, 
p. 413. 
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3° 


$ have been obtained 


s and oscillator strengths 


ed oscillator strengths for absorption 


ated error of 10 to 20%. 


action may be calculated accurately by the use of per- 
turbation theory using wave functions computed for 
pure LS terms. It is possible to use a “center of gravity” 
wave function, with regard to the spin- 
orbit energy in its Hamiltonian (the center-of-gravity 
of a configuration’s term values contains no spin-orbit 


which is exact 


interaction), but then a separate description of the 
electronic charge densities of the singlet and triplet 
states of the atom is lost, however well the spin-orbit 
interaction and the center of gravity vf the levels are 
predicted. Such a separate description is especially 
important if the wave functions are needed as trial 
functions to compute interactions of the excited atom 
with other systems. In the present calculation it is 
found that the spin-orbit interaction is predicted, by 
using pure-*P trial functions, to be within 1% of the 
observed value, and it is thus concluded that pure-LS 
wave functions are good descriptions of the actual wave 
functions even near the nucleus where spin-orbit effects 
are largest. 

In part the Fock equations are written for 
3p°4s OPP) argon, and in part 2(b) their numerical 
solution is discussed and tables of wave functions are 
given. Part 3 is devoted to the computation of excita- 
tion energies and term splittings, including comparisons 
with other work and estimates of errors; and in part 4, 
oscillator strengths, polarizability, and decay times are 
treated. 


? 


a) 


2. HARTREE-FOCK EQUATIONS FOR A (3p'4s 


(a) Formulation 


A concise method of’ writing the Hartree-Fock 
equations’ for configurations involving unfilled shells 
was given by Shortley.* His method was used in the 
present calculation and the resulting equations for 
argon (3p*4s), transcribed into atomic units,‘ are as 


follows: 


3G. H. Shortley, Phys. Rev. 50, 1072 (1936). 

‘D. R. Hartree, Proc. Cambridge Phil. Soc. 24, 89 (1928); V. 
Fock, Z. Physik 61, 126 (1930). For recent developments and 
standard notation, see D. R. Hartree, The Calculation of Atomic 
Structures (John Wiley and Sons, Inc., New York, 1957). 
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> 


s Functions (n= 1, 2, 3) 


d 2 4s 
(ffs § 


dr or 


nev Vn’) + rn) | Prsl(t) 


n'l’=1s8 
a 

+—-[¥°(ns,1s) Pig(r) + ¥°(ns,2s) Po, (r) 
r 


+¥!(ns,2p) Pop(r) + ¥"(ns,3s) Ps5(r) 


+ §¥'(ns,3p)P3p(r) +3 V"(ns,As) Pas(r) 
—V% us)P,(N]= >& 
4s Function (M=1 for }P, M=3 for *P) 


* as 3p | 
|—+-[18- 3 neotv(nt) || Pair 
( : n'l’'=Is8 


ir or 
2 

+-[¥°(4s,15) Pi.(r) + (45,25) Po, (r) 
a 


+ ¥'(4s,2p) Pop(r) + ¥°(45,35) P3e(r) 
+4MY'(45,3p)P3p(r) J 


3 
= €40,42P45(r) +2 > En’ 


n=l 


5 4eP ye 


2p Function 


\@ 2 1 4s 
Prag: |8—-— ona ¥(n'l') + ¥%2p) 
| dr? r r nals 
2 
+rep| P2,(r) +—{V'(2p,15) Pi. (r) 
3r 





+Y¥'(2p,2s) P2.(r)+ ¥'(2p,35) Ps. (1) +[$¥%(3p,2p) 
+¥°(3p,2p) |P3p)(r) +3V"(2p,4s)Pas(r)} 
P5,( r) + €2p3pP3p(7). 


= €2p2p 


3p Function (M=1 for 'P, M=3 for *P) 


& 2 1 4s 
ms [18- — Yaw V%(n'l')+¥%(3p) 


ar r n'l=ls 
2 

+(8 25)¥*3p) || Pas)-+—AV°Bpas Pale 
3r 


+1'(3p,2s) P2.(r) + V" (3,35) Pse(r) +3 ¥(3p,2p) 
+ (6/5) ¥?(3p,2p) |P2)(r) +3 MV'(3p,4s)Ps5(1)} 
= €3p3pl3p(r7) + (6 5) €2p3pl2p(7). 


In these equations P,:(r) is the square root of the 
radial charge density of one ml electron, i.e., rR»(r) 
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where R,i(r) is the radial part of the total wave 
function. Each P,,; is normalized to unity. The V 
functions are defined by 


Zz 
reinln'ts)= f (78/728?) Par’) Pwelr’)dr, 


0 


where r; and r. are the smaller and larger of r and 1’, 
respectively. We write V«(vl,nl)= Y¥*(nl) and drop the 
argument, r, for simplicity. The V’s and e’s, which are 
now standard in the literature on atomic function 
calculations,’ are related to Shortley’s cgs quantities A 
and 7* as follows: 


Ant, is eae Mae Qvy)€nt, n'l’y 


rT*(nln'l') = (2 /ay) V*(nhn'l’), 
where 7,,; is the number of electrons in the m/ shell and 
e?, dg= 27.21 electron volts. 


(b) Numerical Results 


An IBM Type 650 Magnetic Drum Data Processing 
Machine was employed to solve the equations of part 
(a) with the use of a program written by Piper. The 
program has been used by him in connection with a 
number of atoms and ions,’ and since the main features 
of the program are given elsewhere,® the present section 
will be devoted to particular aspects of the argon 
calculations. 

Existing ground state [3p*%('S,)] wave functions, 
computed by Hartree and Hartree with exchange,’ were 
taken as initial estimates for the excited-state functions 
1s*---3p°, A 4s function was computed without 
exchange and used as a trial function for the 4s(P) 
calculation with exchange. After a dozen iterations the 
4s function became reasonably self-consistent, 1.e., 
there was no greater than }% difference between the 
values of the quantity 1—Z,)(r) computed from the 
input and output radial functions in the final iteration 
at all values of r. Here 1—Z,(r) is the amount of charge 
lying outside a sphere of radius r.° The core was then 
allowed to relax and it was found that only the 3s and 
3p functions were changed sensibly from their ground 
state forms. After several more iterations including 
orthogonalization of the 3s and 4s functions to each 
other and to the other s functions and of the 3p to the 
2p, computation was stopped with the (1—Zo)-in and 
(1—Z,)-out consistent to within 0.19% for all shells. 
5 Mn‘*: W. W. Piper and J. S. Prener, Phys. Rev. 100, 1250(A) 
(1955); Ge@P): W. W. Piper, Bull. Am. Phys. Soc. Ser. IT, 2, 
265 (1957); Cu* through Kr**, isoelectronic sequence: W. W. 
Piper, Bull. Am. Phys. Soc. Ser. II, 2, 132 (1957), and paper to be 
published. 

6W. W. Piper, Trans. Am. Inst. Elec. Engrs. 75, Part I, 152 
(1956). 

7D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A166, 450 (1938). 

8 The choice of this quantity as a measure of self-consistency is 
discussed in Hartree’s book, reference 4, Chap. 5 
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TasLe J. Normalized radial wave functions P,i(r), 


of neutral argon. Unit of length: ao=0.5292K10 * 
configuration (see text for eigenvalues). 
r s50P IP 3p PLP 450P 456P 


Values of Py ifr) /r'* 


0.000 13.57 52.32 2.466 2361 
0.0075 11.87 49.68 2.498 2.205 
0.0150 10.31 46.77 2.168 1.911 
0.0225 &.902 44.08 1.872 1.649 
0.0300 7.639 41.50 1.606 1.414 
Values of Parl 
0.000 0.000 0.000 0.000 0.000 
O.0078 0.089 0.003 O.O19 0.0165 
0.0180 O.155 0.0105 0.0325 9.029 
0.0225 0.200 0.022 0.042 0.037 
0.0300 0,229 0.037 0.048 0.0425 
QG.0375 0.244 0.0545 O05] O45 
0 O450 0.247 0.0735 0.052 0.046 
O.0S25 0.2405 O94 0.0505 0.044 
0.0000 0.226 O.115 0.047 0.042 
0.0750 O.179 0.158 0.037 0.033 
(0900 Q.117 0.200 0.024 0.021 
0.105 0.046 0.240 0.0095 0.008 
0.120 0.027 0.276 0.006 O.005 
0.135 0.009 0.307 0021 0.019 
0.150 0.168 0.334 0.036 0.031 
0.165 0.2305 0.356 9.049 O43 
0.18 0.286 0.372 0.0600 0.053 
0.21 0.374 0.391 0.079 0.069 
0.24 0.429 0.391 0.090 0.079 
0).27 0.454 0.375 0.095 0.083 
0.30 0.452 0.346 0.094 0.082 
0.33 0.427 0.306 0.088 0.077 
0.36 0.383 0.2575 OO7S 0.0608 
0.39 —(Q).325 0.2025 0.065 0.057 
0.42 0.2565 0.143 0.049 0.044 
0.48 O.0985 O.016 O.O1S 0.013 
0.54 0.070 0.114 0.022 0.019 
0.600 0.236 0.239 0.057 0.050 
0.66 Q.389 0.3555 O.O89 O.O78 
0.72 0.525 0.4600 0.116 O.1015 
0.78 0.641 0.552 0.138 0.121 
O84 0.7365 0.630 0.1545 0.135 
0.90 O.8115 0.695 0.166 0.1455 


The resulting 3s, 3p, and 4s functions for *P are given 
in Table I. Values of ¢ for °P functions not included in 
the tables are €),= 237.5, €2,= 25.25, and e.,=19.74. 
In computing 'P functions, the *P solutions were 
used as trial functions and, as expected, self-consistency 
to within the 0.1% criterion was reached quite rapidly. 
It was found that only the 4s function changed appre- 
ciably, and so it is the only one given in Table I. Note 
that it moved away from the core. For all practical 
purposes, the 3p('P) function is identical to the one 
listed in Table [, but one may make the following 
changes if he wishes: add —0,001 to all values of P3,(r) 
for r=0.72 through 1.86; add 0.002 for r= 2.82 through 
5.70; add 0.0005 for r=6.18 through 8.58. Thus the 3p 
function actually contracted a very small amount when 
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calculated with exchange for the terms *P and 'P of the 3p54s configuration 
cm. The 1s, 


2s, and 2p functions are identical to those of the ground-state 


, 350P iP 3p(sP OP $5 (ap 4sCP 
Values of Pail7 

1.02 0.907 0.788 0.1735 0.153 
1.14 0.9415 0). 837 0.165 0.146 
1.26 ().932 O.853 0.144 0.129 
1.38 0.892 O.844 0.114 0.104 
1.50 0.834 0.816 0.079 0.0735 
1.62 0.765 0.776 0.040 0.040 
1.74 0.692 0.729 -O.001 0.005 
1&6 O.618 0.6775 0.042 -0.031 
2.10 O4AS1S 0.572 -0,122 —0.102 
2.34 ) 365 0.471 --0.194 0.169 
2.58 0.272 0.382 0.2585 -0.230 
7 RD 200 0 306 0.313 (). 283 
3.06 0.145 0 243 —() 3585 0.3285 
3.40 O 1045 0191 ~(). 395 0.367 
354 O75 0.1495 0.423 -. 3975 
3.78 053 OA ~0.444 0.421 
4.26 0.026 0.070 0.466 —().451 
4.74 OO13 0.042 0.467 ~ 0.460 
52) 0.006 9.025 0.453 0.4525 
370 0.003 0.015 0.428 0.434 
6.18 O.OOTS 0.009 —().397 —0.407 
666 0.0005 0.0055 0 362 0.376 
7.14 0.000 0.0035 0.326 —0.342 
7.62 0.002 0.290 —0. 307 
& SN 0.001 0.223 -). 241 
9 54 0.000 0.166 —0.184 ° 
10.50 0.121 ~().1365 
11.46 0.086 — 0.100 
12.42 — (0.060 —(Q.072 
13.38 ~ (0.041 ~0.052 
14.34 —Q.0275 —(),.037 
15.30 —O.0185 — 0.027 
17.22 — 0.0085 —0.015 
19.14 — 0.004 — 0.0085 
«GP 3.007 1.676 0.285 cae 
eG P) 3.023 1.689 0.273 


the 4s expanded. This is to be expected because the 
shielding of the nucleus by the 4s electron decreased 
slightly. Values of the 'P eigenvalues not shown in 
Table I are €),= 237.5, €2,= 25.26, and €:,= 19.76. 

It should be remarked that the great spatial extent 
of the 4s electrons taxed the ability of the program 
(limited only by the memory of the IBM 650) to retain 
accuracy near the origin in all shells while covering a 
large range in r. The present form of the program 
requires that re,= 2040r,, where re; is the largest (Le., 
the 64th) value of r, a point at which ‘boundary condi- 
tions at infinity” are imposed, and r; is the first value 
of r used in outward integrations from the origin, which 
must be kept as small as possible for accuracy in the 
inner nodes. With a choice of r;=0.0075a0, which is 
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already fairly large, it was found that the 4s functions 
were not vanishingly small at re;=15.30d0. Hence an 
“exponential” boundary condition was employed. As 
the iterations progressed, the boundary value of P4,(r) 
was adjusted so that the values of the function on the 
tail (ry >10ay) tended to remain stationary around an 
exponential curve, i.e., the last few functional values 
were allowed to “pull the boundary value around” until 
both self-consistency and an exponential form were 
obtained. Only an estimated 0.05% of the charge of the 
4s electron lies outside this boundary, so no corrections 
to the standard normalizing routines and potential cal- 
culations were necessary. The values of /4,(r) at 
r=17.22a9 and 19.14a0, included in Table I for con- 
venience, are simply extensions of the exponential tails 
and do not represent computed points. In the asymp- 
totic equation (d*/dr’+2/r—e€)P=0, it is not possible 
to neglect 2/r in the case of the 4s functions because e;, 
is small. Therefore the exponential dependence is not 
exp(—e'r) but is reasonably close to it. 

From experience in watching the values of € as the 
iterations progressed, we estimate that an optimist 
statement of accuracy in the final results for € is +0.1%. 
For example, the Hartree’s ground-state wave functions 
were recomputed for testing purposes. An excellently 
self-consistent 3p wave function was obtained from the 
first iteration but with e=1.183 as compared to the 
Hartrees’ value 1.181. The values of ¢ obtained from 
our recomputation were used in obtaining energy dif- 
ferences: €;,=1.183 and €;,= 2.554 (previously 2.555). 
3. EXCITATION ENERGIES AND TERM SPLITTING 

(a) Numerical Results 


Since the 1s, 2s, and 2p radial functions did not 
change from their values in the ground state, it was 
possible to use an invariant 15s°2s*2p° core for the argon 
(3p°4s—3p*) energy difference E=E@P)—E('S). In 
units of e? ao, this quantity is given by?“ 


E= — (€3.— €32) — ( 3€sn— 3€3p) — 3 Ets 
_ [Fe 35,35) — F°( 35,38 )] _ { 10F% 35,3) 
— (5, 3)G'(3s,3p) ]—[12F"(3s,3p) — 2G'(3s,3p) }} 
—{(10F°(3p,3p) — 4F2(3p,3p) ]—[159°(3p,3p) 
— (6/5) F?(3p,3p) ]} —[2F"( 35,45) — G°(3s,45) ] 
—[5F°(3p,4s)—G'(3p,45) ], 


where the « are standard Hartree eigenvalues and the 
F and G are Slater Coulomb and exchange integrals 
(defined in reference 9). A dash over F or G means com- 


8 E. U. Condon and G. H. Shortley, The Theory of Atomic Spectra 
(Cambridge University Press, New York, 1935), Chaps. 6 and 13. 

1© When the wave functions of a particular shell are the same 
for two different atomic states, the € of that shell may be different 
in the two states. However, it may be shown quite easily that 
this change .is cancelled identically by the Slater integrals? in- 
volving that shell. The use of an “invariant core’’ is especially 
essential when changes in € are so small, relative to €, as to be 
incapable of computation within the accuracy of the Hartree-Fock 
solutions. 
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putation is to be carried out with radial functions 
belonging to the triplet term, the remaining ones to be 
done with ground state functions. A similar convention 
is used for e. The computed value of E is 0.411 ¢ ap 
= 11.18 ev. The over-all computational error, estimated 
to be twice that incurred by the e’s, is +0.02 e/a 
=+0.54 ev. The experimental value is 11.70 ev. (See 
below.) Thus the computed value is correct to within 
43%, which is about equal to the estimated compu- 
tational error. 

If one takes an invariant core of 1s?---3p° in the 
computation of the electrostatic splitting parameter 
A=E('P)—E@P), the result is simply" —}(é,—é,) 
=(0.17 ev. If, on the other hand, an invariant core of 
1s*- - -3s* is assumed and the very slight difference of 
the *P and 'P 3p radial functions is taken into account, 
one obtains, with 


2 


Sp) 


nmin 


A=-{ 4 (eg. —b4,) — (15 P(3p, 
— (6/5) F2(3p,3p) ]—[15F"(3p,3p) 
—(6 5)F°(3p,3p) \}- ((5F°(3p,4s)— 1G (3p,45) | 


r 


—[5F%(3p,4s)—G' (3p,4s) ]}, 


(€ ip Exp hse 


the value A=0.0054 e? ‘ay=0.15 ev. It is to be noted, 
however, that this “improvement” of —0.02 ev in the 
computed value of A is actually a small difference 
between two larger quantities, i.e., — 3 (€,,—é,) and the 
Slater integrals, each of which is again a small difference 
between still larger quantities. The last quantities, even 
if correct to within 0.107, cannot help producing a large 
uncertainty in the correction to A, and this uncertainty 
is in fact much larger than the correction itself in this 
case. Therefore, the best computed value of A is taken 
to be 0.17 ev, best in the sense that large unavoidable 
errors have been eliminated. If the computational error 
is taken to be that incurred by the e’s, we obtain 
A= (0.17+0.01) ev. This result is in agreement with 
the observed value 4=0.18 ev. (See below.) Table I 
shows the values of the F and G used in computing E 
and A. 

Matrix elements of the spin-orbit  interaction™ 
contain certain integrals involving the singlet and 


TasB_e IL. Slater integrals computed from the wave functions 
of Table I. Units: e/ao=27.21 ev. The designation ‘8 refers to 
3p® argon and *P and 'P refer to LS terms of the 3p54s con- 
figuration. 


iS 3p iP 

I (35,35) 0.6353 0.6529 0.6529 
F°(35,3p) 0.5865 0.6121 0.6121 
1°(3p,3p) 0.5467 0.5778 0.5789 
F?(3p,3p) 0.2719 0.2911 0.2920 
F(3s,4s) tae 0.2158 0.2054 
F°(3p,4s) cee 0.2144 0.2043 
G'(3s,3p) 0.3855 0.4066 0.4066 
7°(35,45) es 0.00616 0.00492 

0.01008 0.00808 


G'(3p,4s) 


4! For singlet quantities a tilde is used, e.g., é:)=€sp(#P). 
1? Reference 9, p. 120. 
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triplet functions and charge distributions. Hence the 
parameters ¢, and A, defined as follows, were evaluated : 


rt 


p= (he amie) f r *Z(r)[P3,(r) Pdr, 


t 
amie) f r*Z'(r)Ps,(r)P3,(r)dr. 


0 


At,= (We 


Again a dash signifies association of a quantity with the 
triplet term and a tilde the singlet. Z(r) is the total 
charge inside a sphere of radius r excluding the 3p 
electron, and Z’(r) is essentially the same as Z(r) but 
the contribution of each electron to the radial charge 
density is of the form PP instead of P*. The quantity 
rZir) is the usual r (dV appearing in the 
Thomas-Frenkel expression” for the spin-orbit inter- 
action. Numerical results were ¢,=0.1157 ev and 
h=1.001, the latter computed with Z’(r)=Zir) since 
the principal contribution to ¢, and A¢, was from the 
region r=0.lao, where Z(r) was of the order of 16 and 
unaffected by slight changes in 3p and 4s wave func- 


tions. 


or } 


(b) Comparison with Experiment 


Diagonalization of the complete Hamiltonian matrix 
for p*s terms yields the following set of energies 
f measured relative to 3p*®('So) |: 


rf,” ] i, 


E('P,)=E+4a+bsp+[ ($A igp+ 
E@P») = E-Fos; 
E@P,)=E+4A+l¢,- 
E@P:)=E- ip. 


f — ay \2.11\2~ 275 
\3 4hp T3NTp ]’, 


E and A are the electrostatic energy parameters of the 
unperturbed (pure LS) states which were computed in 
part (a). Here a slight generalization of the formulas of 
reference 9 has been made" by the inclusion of A, which 
multiplies ¢, in the '?,;—*P, off-diagonal matrix element 
only. If the 'P and *P radial functions of each electron 
are identical, then A\=1. King and Van Vleck first 
introduced \#1 as an adjustable parameter rather 
than as a computed quantity. If one knows experi- 
mental values of the four energies (1), he may obtain 
unique values of FE, A, ¢,, and \. This involves the 
reasonable assumption that higher combining terms 
do not appreciably upset the splitting of the low-lying 
levels. (an energy separation of combining terms of the 
order of 23 ev exists in argon). The four parameters 
have been computed from experimental term values!® 
for four rare gases and the results are given in Table ITI. 
Lines 2 and 3 of the table give a comparison between 
our computations of energy parameters and the values 


3 See reference 9, pp. 268, 271, 299, and 304. 
4G. W. King and J. H. Van Vleck, Phys. Rev. 56, 464 (1939). 
18C. E. Moore, Atomic Energy Levels, National Bureau of 


Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1948), Vol. 1, p. 212. 
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TABLE III. Energy parameters of the lowest 'P and *P terms 
of four of the rare gases. Notation: E, A, ¢,, and \ are the pure-*-P 
excitation energy, electrostatic splitting factor, spin-orbit inter- 
action, and King-Van Vleck parameter, respectively. EC@P,) and 
E(@P;) are actual term energies in the argon atom [see Eqs. (1)] 
and 4 is their difference. All energies are measured in ev. S indicates 
derivation from the spectrum, and C, direct computation using 
Hartree-Fock wave functions. 





Atom Z E 4 tp A ECP E@P; 4 

Ne 10 16,743 0.1844 0.0642 0.9976 16.848 16.695 0.153 Ss 
4 18 11.696 0.1801 0.3165 06.9962 11.828 11.601 0.227 5 
\° 18 11.18 0169 0.1157 1.001 11.39 11.19 0.20 ( 
Kr 36 10.230 0.1984 04314 1.0013 10643 10.032 0.611 S 
Xe S4 8.814 0.2437 0.7546 1.0545 9 569 8.436 1.133 Ss 


derived from the spectrum. As we have already seen, 
E and A are predicted within the estimated computa- 
tional errors. The results for ¢, and X are in excellent 
agreement, both being predicted to within less than 1%. 

Most calculations of term energies from Hartree-Fock 
solutions have been concerned absolute term 
values, and since few atoms have as high a fundamental 


with 


excitation energy as argon, no direct Comparisons are 
possible. In two calculations on sp'P and *P terms, 
namely, those for the Be and Ca atoms, Hartree and 
Hartree'® obtained agreement in various energy dif- 
ferences ranging from 3 to 50°(; these errors represent 
the cumulative effect of discrepancies of 10% or less 
in absolute term energies. Similar remarks hold for the 
term values and splittings in the O* and O** com- 
putations by Hartree and Black.’ The argon *P—'S 
term difference is several-fold larger than any in the 
atoms just mentioned, so one might expect higher 
accuracy in the computation, say, on the order of } to 
5%. Thus our 43% error seems not to be unreasonable. 

The good agreement bet ween computed and observed 
values of ¢,, the spin-orbit parameter, is encouraging 
and justifies the use of separate Hartree-Fock solutions 
of the uncoupled LS terms as trial functions, as dis- 
cussed in the introduction. Other direct computations 
of spin-orbit splittings with Hartree-Fock functions 
have been in good agreement with experiment.'* Both 
experiment and computation indicate that A is prac- 
tically unity in argon. This fact indicates that the wave 
functions which are important in the determination of 
¢, differ very little between the two terms and should 
therefore be practically as good as a center-of-gravity 
solution, which is “exact” with respect to spin-orbit 
interactions in the wave equation. 

1’ Be: D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London 
A154, 588 (1936); Ca: D. R. Hartree and W. Hartree, Proc. Roy. 
Soc. (London) A164, 167 (1938). 

177), R. Hartree and M. Black, Proc. Roy. Soc. (London) 
A139, 311 (1933). Their results are summarized in reference 9, 
p. 364. 

1® For example, 7°) in the work of Hartree, Hartree, and 
Manning on Si*** [Phys. Rev. 60, 857 (1941)], and 7°% in a 
computation on Fe by J. H. Wood and G. W. Pratt, Jr. (Phys. 
Rev. 107, 995 (1957)] using wave functions computed with 
exchange by M. F. Manning and L. Goldberg [Phys. Rev. 53, 662 
(1938) ]. These figures are the best of those reported by the 
authors; agreement is not as good for higher states of Si***, and 
Wood and Pratt found that “unrestricted” Hartree-Fock solutions 
gave a result 30% too large. 








380 ROBERT 

The excitation energies E(}P;) and E(?P,) have been 
calculated by using Eqs. (1) and are compared with 
experiment at the right side of Table III. The values 
agree to within 4%. 


4. OSCILLATOR STRENGTHS 


” 


Eigenfunctions corresponding to the “!P,” and ‘“?P, 
terms of Eqs. (1) are really mixtures of pure '?; and *?P, 
eigenfunctions. Therefore, each may be optically 
excited, according to the extent to which the pure 'P, 
function is mixed into it. Dipole matrix elements con- 
necting the ground state of the atom, W('S9), to any of 
the three singlet or three triplet /=1 states are readily 
found to be, respectively. 


iIM= VCS )* Yo er VCP dr 
| 2 iKeRu, 


atta oy 
and 
3M= fF W('S))* er WCP,)dr 


es 
= (1+ 5°¢,-*)-1(2)'KeRu, 


where 2-'AS =3A—1¢,4+[ (44—12f,)?+ 376," ]!, R is the 
radial factor Ji%rPs,(r)Pa.(r)dr of the dipole matrix 
element, >-; runs over all electrons in the atom, and K 
is a correction factor which differs from unity because 
the ground- and excited-state radial functions ‘‘over- 
lap,” in the sense that the integral 0% P,.(7) P.u(ridr 
is not proportional to 6,,,.. Finally u is a unit vector 
whose direction depends on which of the three ? states 
is chosen for the dipole matrix element. Numerical 
values computed from the wave functions of part 2 are 
K=0.939, R=0.699a9, and ¢,57-!=0.53. The oscillator 
strengths for absorption to the three degenerate states 
of the 'P, and *P, terms are thus 


Samy ( | 2hk*R- ) 
i aan 
f=— 
3h 1+¢,5" 


) 


where v(B,A) is the transition frequency from state .1 
to state B. If the transition energies Wy=/v(CP,,'So) 
and W;=/y(?P,)So) are expressed in electron volts and 
R in units of ao, one obtains 

f= 4W K?R?/f (27.21) (14+-¢,75 


f= 4 ,K2R? [ (27. 


sj — 


Samy (FP 'S ( 2K°R° 


3h l-+S{, 


21)(1+ 5*¢,-?) ]. 

These oscillator strengths have been computed on both 
an absolute basis (from wave functions alone) and on 
a semiempirical basis, i.e., from energy parameters 
obtained from the atomic spectrum in conjunction with 


18 See, e.g., F. Seitz, The Modern Theory of Solids (McGraw-Hill 
Book Company, Inc., New York, 1940), p. 643. 
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functions. 


the value of KR computed from wave 
Results, along with predicted values of decay times, are 
viven for these two cases in columns 2 and 3 of Table IV. 
To the author’s knowledge, no experimental results are 
available to enable comparisons to be made. Probable 
errors of 20 and 40% have been estimated for the 
absolute calculations of oscillator strengths for the 
singlet and triplet terms, respectively. The latter figure 
is larger because of a stronger dependence of *f on the 
square of ¢,5-', which depends largely on A for its 
accuracy. 

In view of the success" of the King-Van Vleck method 
in predicting oscillator strength ratios, it is felt that in 
the computation of strengths using spectral data, the 
radial factor of the dipole matrix element is the principal 
source of probable error. Although an exhaustive anal- 
ysis of this error along the lines of that of Villars” will 
not be attempted, it is pertinent to compute the con- 
tributions of the 3p°4s configuration to the static 
polarizability, a, of the argon atom, The results of the 
computation are shown in Table IV along with the 
experimental value of a.*! As in the case of oscillator 
strengths both an absolute and a semi-empirical com- 
putation were done. It is seen that the contribution to 
a by the 3p*4s configuration is 13¢7 of the total, which 
is less than one-third of the fraction contributed by the 
first excited configuration of the hydrogen atom to 
its total polarizability. One might expect a result re- 
sembling that of the case of hydrogen, since all states 
of argon lying below the first ionization limit arise from 
3p*nl configurations and the distribution of configura- 
tions resembles that of a one-electron system.’ !° On the 
other hand, Wolf and Herzfeld” concluded, from an 
analysis of the argon dispersion curve between 2400 A 
and 5800 A, that the resonance transitions contribute 
very little to dispersion, having a combined oscillator 
strength of about 0.03. They found that an effective 
transition of strength 4.6 to an energy slightly above 


TaBLe IV. Absorption oscillator strengths (f), decay times (7), 
and static polarizability (a) associated with argon (3p*—3p*4s) 
Theoretical values: (1) based solely on wave functions; (2) semi 
empirical, based on experimental energies and a dipole matrix 
element computed from wave functions. The prefixed superscripts 
1 and 3 refer to the “singlet” and “triplet” levels which give rise 
to lines at 1049 A and 1067 A, respectively. 


Quantity Theory (1 Theory (2 i-xperiment 
if 0.17 0.200 
Iz (10 * sec) 0.30 (0.25 
af 0.052 0.049 
Jz (1075 sec) 1.05 1.02 
a (due to 'P, *P) 


1.33463 


a (total) 11.04a,' 


*” 1). S. Villars, J. Opt. Soc. Am. 42, 552 (1952). 

4 The static polarizability was obtained by M. Born and W 
Heisenberg [Z. Physik 23, 388 (1924)] by extrapolation from 
data of C. Cuthbertson and M. Cuthbertson (Proc. Roy. Soc. 
(London) A$4, 13 (1911)]. 

2K. L. Wolf and K. F. Herzfeld, Handbuch der Physik (Verlag- 
Julius Springer, Berlin, 1928), Vol. 20, Chap. 10, pp. 490 and 626. 
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the ionization limit gave a best fit to the dispersion 
curve. The reason for the discrepancy between their 
results and ours for the resonance oscillator strengths is 
not immediately clear. However, the Wolf-Herzfeld 
curve fitting covers only a relatively small region of the 
spectrum, and some clarification might result from 
an extension of their analysis toward the resonance 
energies.” 

One tinal independent check on the wave functions 
used in The 
ground state functions were‘found by the Hartrees’ to 


this calculation should be mentioned. 
vive as accurate a prediction of the diamagnetic suscep- 
tibility as could be checked by existing experiments, 
e., to within 5 or 100%, 

In view of the foregoing facts, the predic ted absorp 
tion oscillator strengths as derived from a computed 


dipole matrix element and spectral term values, Le., 


* The region covered is such that the denominator 
polarizability expression, v v, varies by only 10°, from 
of the region to the other, where vy is the resonance 





used in the analysis 
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1f(1049 A)=0.20 and */(1067 A)=0.05, may be con- 
sidered reliable probably to within 10 or 20%. 
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The theory 


in the cases of allowed and tirst-forbidden transitions 


discussed and calculated. Careful cor 









| j first forbidden 


AJ =2, yes 


lor 


transition 


in terms of the relative contributions of the various matrix elements which appear in the inte 


the experimental results for the AJ =0, yes transitions in As”, Rb*, and 


nations S, 7, P and V, A; and 
126 are discussed. Sim] 


clements 


INTRODUCTION 

HF. study of the shapes of beta spectra has been 
used to gain insight into the nature of beta 
decay. Another valuable tool of similar nature is the 
study of the relative probabilities of A capture and 
positron emission in effecting transitions between 
characterized nuclear states. In this paper special 
emphasis will be. placed on the comparison between 
theory and experiment for tirst-forbidden transitions. 
New experimental data will be presented for a first- 
forbidden transition with spin change two which occurs 
in the decay of Sb’, 

The compilations of theoretical beta-decay proba- 
bilities for the well-known five types of interactions, 
pure and mixed, provide a simple basis from which one 

t Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

1E. J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308 
(1941); E. Greuling, thid. 61, 568 (1942); A. M. Smith, bid. 82, 


for the relative probabilities of A-electron capture and 


nparison is made between theory and « 


of positron emission 1s 


size are 





Effects of screening and of finite mt 


vailable experimental results 


transitions; details and results of a new measurement for the 


are presented. Other types of first-forbidden transitions are analyzed 





raction combi 


iple formulas are presented for the evaluation of the coefficients of the several matrix 


may easily calculate the theoretical A-capture proba- 
bilities. Using Pursey’s notation for cross terms, the 
probability of nth-forbidden positron decay? is given by 


1 
P= > GyGy}(1+é6xy) 
dri x.y 


Wy 
xf PW We- WP RoW ACN Yd 
1 


= > GxGy3(1 +éxy)@, (VF) 
Ine XY 


Ww, 
xf PWW WP Po WZ) Lod WV, A) 
1 
955 (1951); D. Pursey, Phil. Mag. 42, 1193 (1951); M. E. Rose 
and R. K. Osborne, Phys. Rev. 93, 1315 (1954). 
2S. R. De Groot and H. A. Tolhoek, Physica 16, 456 (1950). 
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where the nomenclature is the usual one, X and Y 
referring to the five types of interaction, C,(X,Y) being 
C,(X) for X=Y, and @,,(X,¥) being newly defined by 
the equation. The G’s are the respective coupling 
constants. Expression (1) holds only if both time- 
reversal invariance and parity conservation are valid 
with respect to the decay process. In the absence of 
their validity, GxGy should be replaced by GxG;* 
+Gx’'Gy’™*, where the primes refer to the coupling 
constants for the parity nonconserving interaction.* 
Complex interaction constants would result from time- 
reversal noninvariance. For the present discussion, we 
retain expression (1) [and the corresponding expression 
(2) below] since this simplification does not affect any 
of the conclusions except in one instance. The subse- 
quent evaluation of the ratio of the contributions of 
the tensor and axial vector interactions does depend 
upon the use of the simple equations (1) and (2), but 
it appears proper to proceed in this manner so that the 
present work may be compared with previous evalu- 
ations of the Fierz interference term in allowed tran- 
sitions. In the same notation A-capture probability 
becomes 


1 
Pes > GxGy A 1+6yx))( Wi fer )PCrr( N,V) 


dir? x Y 
I — 
= > GxG; aK 1 +é6xy) 
4dr? x} 
X (Wotex)*gn°Cnk(X,V), (2) 


where ex is the total relativistic energy of the A 
electron. The factors C,x«(X,Y) are easily obtainable 
from the known functions C,(X,V) by the following 
procedure. Let fx and gx be the small and large 
components, respectively, of the relativistic A-electron 
wave function.4 The positron functions may be formed 
from positive-energy electron wave functions by the 
transformation positron = CYP* electron? One may then 
identify the positron wave function in terms of the 
quantum numbers of the sphere-normalized electron 
wave function from which it is obtained. Then the 


K-electron function for m=} is i times the positron 
function for j=}, /=1, m=—}, if one identifies fx 


with g_» and gx with f_»; likewise the K-electron func- 
tion for m= —} is minus 7 times the positron function 
for j=}, l=1, m=}.° f_2 and g_» appear only in the 
above two positron functions and in none of the other 
wave functions involved in allowed and first-forbidden 
8* transitions. Thus the recipe, for these transitions, 

3T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

4H. A. Bethe and E. E. Salpeter, Handbuch der Physik (Springer- 
Verlag, Berlin, 1957), Vol. 35, p. 155. 

6 0 0 Oo 1 

ma 8 =e 

~ 10 —1 0 0 
1 0 0 0 
® The /, g nomenclature of the electron wave functions is the 
usual one. 
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for conversion from C,(X,V) to Cax(X,VY) becomes: 
(1) multiply C,(X,V) by 2p°Fo [to take care of the 
facts that C,(X,Y) is only a correction factor and that 
one has to take into account the change from sphere 
normalization to energy normalization in the positron 
wave function ], and (2) replace f-2 by gx, g-2 by fr, 
and all other component positron wave functions by 
zero. The formulas then obtained agree in general but 
not in detail’ with those previously given by Good, 

Peaslee, and Deutsch,* by Zweifel,’ and by Nataf and 

Bouchez.° A similar method may be employed for 

finding the proper formulas for other electron-capture 

processes. 

Simple formulas for the @ factors for both positron 
and A-capture decay in first-forbidden transitions are 
given in ‘Table I. The factors for each matrix element 
have been expanded in powers of k=aZ 2R, according 
to the expressions of Konopinski and Uhlenbeck and 
of Smith! for aZ<1. Also, for the case of the positron 
decay factors, an averaging process was used in order 
to avoid tedious numerical integration associated with 
more exact calculation. For the averaging procedure, 
the method of Davidson" was employed, except for the 
term >| B,; *. This method utilizes an averaging with 
the function (W—1)(Wo—W) taken as an approxi- 
mation to the shape of the spectrum. For the case of 
the >> B,, * term, a method proposed by Brysk and 
Rose” was used, since over the Z and energy ranges 
tested® it gave better results than those obtained by 
use of the Davidson procedure. The formulas of ‘Table 
I for the interaction combination S, 7, P? were tested" 
for Z values as large as 53 and for the Wy) range from 
1.9 to 5.0. In this range, individual coefficients of matrix 
elements were found to be given with better than 5% 
accuracy by the approximate formulas, except for the 
> B,; ? coefficients which, at low W’o values, were in 
error by as much as 10%. The ratios of the individual 
coefficients for A-capture and positron emission were 
found all to be given with better than 5% accuracy by 
the approximate formulas. 

Two forms of pseudoscalar correction factors, I and 

“1. are given in Table I. Formulation I is that of Rose 

7 It would appear that previous workers have followed the same 
procedure as above, except for the fact that they all replaced go 
by gx and fo by fx. This procedure probably derives from a 
comparison of the A-electron wave functions with the negative- 
electron wave functions and is, therefore, not valid since the 
neutrino emitted in A capture is an antiparticle to that emitted 
in negatron decay. Thus if go is replaced by gx and fo by fr, ¢ 
must also be replaced by —g. Then the two methodologies become 
equivalent. [Care must still be used, however, in evaluating 
C,(P) if the correction factor of Rose and Osborne! is used. ] 

* Good, Peaslee, and Deutsch, Phys. Rev. 69, 313 (1946). 

9P. F. Zweifel, Phys. Rev. 96, 1572 (1954). 

1” R. Nataf and R. Bouchez, J. phys. radium 13, 190 (1952). 

4 J. Davidson, Phys. Rev. $2, 48 (1951). 

2H. Brysk and M. E. Rose, Oak Ridge National Laboratory 
Report, ORNL-1830, 1955 (unpublished). 

One can see from Davidson!!! that in other Z and energy 
ranges the Brysk and Rose approximation may not represent an 
improvement. 

4 Formulas involving @;(V) or @:(A) were not tested because 
the original interest was in the interaction combination S, 7, P. 
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TABLE I. Simple approximate formulas for positron emission anc 
Interactions S, 7, 


P, (permitted) {Gs?| {ar 2e,4(8)+Grf | fpe-r|2e, 
~(({seXr, ({ 8a)* rc. ye," (T) t p 2 Bi; 2e,F(T) 
JAG fo-r % 


P,(Gs,G7,Gp) = 


+i(( fBa)- (fAr)* —c.c.)e@.4(S,T) }+ 
Gy} {34 Fy 
Pu(Gs,GrGr (Gs? far CuK ACS) +--+] 


= Px (permitted t a 
fa %e4(T 
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1 A-capture probabilities for first-forbidden transitions 
Pand V, .4.-° 


1(T) +! fae 2e,"(T)+ | fpeXe 2e.°(7 
}+-GsGr[ —i(([80Xr)- (fAr)*—c.c.)e.4(S,T 


»4(P)+GrGp for 2e,4(P,T)| lation I) 


formt 


{Bo-r)* B(§ 7)! (formulation II 


4 (T)+GrGri(( {Bs c.c.)C 





P,(Gy,Ga) =P (permitted) (Gy7[ | fir 2e,4(V)4 ti((fa)-(fr)*—c.c.e(T)] 
Gal fo-r 20,414) + fos 217) i fo-n)(fys)*-cc. @,2(T)+ foxr %e,2(4)+2 B,, 2@:"(T)] 
+GvGal—i((foxer)-(fr)*—c.c.Je.4(S,7)-(foxr)-(fa)t+c.c.e."($,T)) 
PxiGy,Ga)=Pr permitted Gy fr 2CiK4(V)+--°] 
F 1 oor ala a ve : Dc 1 
P, (permitted =a" pw W)?Fo(W,Z)LodW; Px (permitted) =— cx? €; 
ordi r 
k=aZ/2R; R=nuclear radius™~jaA} 
Z=Zidaughter) >0 for B* emission; Z=Z(parent)—0.3>0 for A-capture 
Wy =end-point energy of 8* spectrum in units of the electron rest energy Vf = proto electron mass 
W+1 2W'6 InW Wy (Wo+ 2W 7 InW : ae 
o=—-- ; n - > =H; = ) 
MW 1? (H 1} i 1}? Wy-1)3 f&Z*\ 1+ 
(1—a?Z?)t, €=2/(14 
Pp nen 1 K capture 
C)4(S) = Elat+-x 25 Cin *(S) S=Exiettal( Gh Wet+ 3th 
+[ (7/45) WF — (4/45) 13/48) +-2n 
C A(T) = El at+n 28) + (1/45) 2/45) 4+ 3y] Cin A(T) =EK ft 4 (FH 2)+[30 2/9) W544 
C,7(T)=1 Cin? (T)=1 
©,°(T xt a(— 7 28 Cyc O(T) = Extn (—F Wet 
13 00012 1/90/14 4/45 n} 
e,P(T) = ef a+ (AW o~6 Cin? (T) = Exile Wot } 
C,F(T) = (1/24) (We-! Ci 2(T) = Py (Wo t1)? 
C,4(ST tf e+tK it 1 — 23 Cr A(ST) = — Ext 
© ,8(ST) = tLe +6 CiK (ST) = Exi(at (4Wot4) J 
CAV) =Elat+« 7 26 CK 4*(V) =Exl atte 7 $ WH 2+ 3W +4 
[ (11/45) 2/45) 1/45 7] 
©y4 (A) = t[e2 4-0 (— FW +25) 4+ AW t+ —3n Cin’ (A) =x ltta(—FW + PEW P+ (2/9 W548 I} 
CyP(A) = El at + x + 25 Crx? (A) =Exl at tn(+32W 43 IWtt+4Wo42)) 
[ (1/18) A/18i (2/9)+4n]} 
Pseudoscalar interaction formulation I°¢ 
C4 (P) = (€/4M) [Ant ef — (8/3) Wp 4-48] Cin 4 (P) = (Ex /4M?2) [4a +03 (28/3) 4400] 
we? (57/45) Wo? + (26/45) Wo + (67/45) + 2n] +«2f (13/9) W'2+ (38/9) N+ (61/9) }} 
CA(PT) = (&/M) f — 28 +203 W + (5/3) —8) Cx 4 (PT) = (tx/M){—26+02(—-Wo—3 
+x — (2/9) W' 2+ (4/9) — Fn J} +x — (4/9) We — (14/9) W,— (10/9) } 
®Note that C:(8) =! f8r'27@:4(8), Ci(T) =! SAO -r}2Ci4(T) +] BQ | 2C .8(T) +--+, etc 
» With the assumption aZ<C1, one would expect to set & =1; however, in the formulas of this ¢ make the leading 
term in each @ correct to ! f a7. Trials have shown that the use of the é's the K 8° ratios 
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and Osborn.' This formulation is based on the result 
that, with standard types of nuclear forces, the contri- 
bution from the pseudoscalar interaction vanishes 
unless terms containing the gradient of the lepton wave 
functions are not disregarded. This formulation needs 
very large pseudoscalar coupling constants, as will be 
shown later, in order that there may be a pseudoscalar 
contribution to first-forbidden transitions. Formulation 








to unity. Further, it is fo | results are 


II is that of Ruderman’ and of Peaslee.'® This formu- 
lation is based on the fact that, if pseudoscalar-coupled 
forces are present in the nucleus, the pseudoscalar 
interaction may be treated like the other interactions. 
Formulation II does not require abnormally large 
coupling constants in order that the pseudoscalar inter- 


18 M. Ruderman, Phys. Rev. 89, 1227 (1953). 
16D. C. Peaslee, Phys. Rev. 91, 1447 (1953). 








384 PERLMAN, 





0.94 + 








Fic. 1. Ratio R for allowed transitions of positron decay 
probability calculated with unscreened Coulomb functions to the 
decay probability calculated with screened functions, as a function 
of energy Wy (in units of electron rest energy 
action make a contribution to  first-forbidden 
transitions. 

In the above theoretical calculations the values of the 
lepton wave functions at the nuclear radius are substi- 
tuted wherever these wave functions appear in nuclear 
integrals. This approximation may be looked upon as 
an idealized shell-model approximation. The effects 
resulting from the use of alternative approximations 
are not investigated here. Moreover, the wave functions 
which are employed for the charged !eptons are hydro- 
gen-like Coulomb wave functions for a point nucleus. 
In order to correct for the fact that one is actually 
dealing with multi-electron atoms and finite nuclei, 
screening corrections and finite size corrections must 
be considered. 

The effect of screening on positron wave functions 
has been considered by Reitz!’ for several values of Z 
and a range of energies. By use of his results, it is 
possible to calculate for allowed transitions the ratio of 
the positron emission probability obtained with un- 
screened positron wave functions to the probability 
obtained with screened positron wave functions. Figure 
1 shows this ratio as a function of the decay energy 
for three values of Z. It must be noted here that, on 
account of errors involved in the measurement of areas 
under decay-probability curves, the ratios shown in 
Fig. 1 may be in error by a much as 0.01. 

Zweifel* has compiled a table of allowed A to positron 
branching ratios, calculated with screened functions. 


J. R. Reitz, Phys. Rev. 77, 10 (1950). 


may 
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The present calculations show that his values for Z= 16 
are much too high, while for Z=49 they are too low.'* 
Zweifel concluded, on the basis of unpublished work by 
J. R. Reitz, that the effect of screening in forbidden 
transitions may be approximated, at any given positron 
energy, by the screening effect in allowed transitions. 
This approximation has been extended somewhat 
further in the present calculations with the assumption 
that the integrated effect of screening on a positron 
spectrum with end point HW) is the same for allowed 
and for first-forbidden transitions. Screening corrections 
for the A wave functions are taken into account by 
setting Z« equal to Z(parent) —0.3. 

The finite-size correction has 
positron emission by Rose and Holmes" and for A- 
capture by Brysk and Rose.'* For positron emission 
no numerical correction factors are available for Z less 
than 60, and the experimental determinations to be 
discussed here involve values of Z less than 60. Never- 
theless, in order to estimate the importance of this 
correction, calculations of the effect were made for a 
Z value equal to 60. The calculations were carried out 
for the interaction combination” S, 7, P at two tran- 
6 (in units of moc). 


been discussed for 


sition energies, Wy,=2 and W, 
For the case of capture the procedure is straightforward ; 
for positron emission the correction was taken to be 
that evaluated at a mean positron energy, (Wy41). 2. 
This approximation is justitiable because of a combi- 
nation of two facts: the positron spectra are roughly 
symmetrical about the mean energy ; and the correction 
factors here emploved, when they have appreciable 
effect and also an energy dependence, are approximately 
linear functions of energy in the range considered. The 
results of these calculations are presented in Table IT. 

Tasie IT. Effect of the finite nuclear size on the probabilitic $ 


of A-electron capture and positron emission. Ratios of tinite-size 
to point-charge probabilities for various C factors 


Px/Pg 
PR )t./ (PK )pe Pg. \t-/ (Pg: PK, Pgs se 

Factor Wo=2 Wo=6 Wo=2 Wo=6 Wo=2 Wo=6 
eC,A(S 0.61 0.66 0.58 0.57 1.06 1.16 
e,4(7 0.61 0.64 0.58 0.57 1.06 1.12 
C,F(T) 0.97 0.97 098 O98 0.99 1.00 
e,°(T) 0.55 052 0.56 0.50 0.97 1.04 
C,2(T 0.73 0.70 0.74 0.71 0.99 - 0.99 
eC, F(T) 0.97 0.97 0.98 0.99 0.99 0.98 
e,4(S,T 0.58 0.58 0.57 0.53 1.02 1.10 
eC,2(S,T) 0.77 0.79 O75 6395 1.02 1.05 
eV 0.55 0.55 0.56 0.51 0.98 1.09 
C;4(A) 0.54 049 0.56 0.50 0.97 0.99 
C,P(A 0.61 0.64 0.58 0.57 1.06 1.13 

Pseudoscalar formulation I 

C,4(P) 0.61 0.46 0.55 0.56 111 4 8690:62 
C,A(PT 0.61 0.65 0.56 0.56 1.09 1.16 


'’ Recently published corrected ratios A/8* are in agreement 
with our conclusion [P. F. Zweifel, Phys. Rev. 107, 329 (1957) ]. 

4M. E. Rose and D. K. Holmes, Phys. Rev. 83, 190 (1951); 
Oak Ridge National Laboratory Report ORNL-1022, 1951 
(unpublished). 

»” The original interest was in this combination. 
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For permitted transitions and for first-forbidden tran- 
sitions with spin change two, the coefficients of which 
correspond to those of the matrix elements | [3a ? and 
> B,;*, respectively, the results show that the effect 
of finite-size correction is small on both the positron 
emission probabilities and the A-capture probabilities; 
and, on the basis of the magnitude of the effects at 
Z= 00, for the transitions of these two types which are 
discussed in this paper, the correction cannot affect the 
K * ratios calculated by more than 2%. However, 
for first-forbidden AJ=0, +1 transitions, both the 
positron emission probabilities and the K-capture 
probabilities are greatly affected. The case of the AJ =0 
transition in 1°, which will be discussed in a subsequent 
section, may be taken as an e) — Using the cor- 
rection factors for Z=60 and W'o= 2, one finds, for the 
tensor matrix element foe-r?*, that the A-capture 
probability is decreased to about 61° of the point- 
charge value; and similarly large corrections are found 
for some of the other matrix elements. The positron 
emission probabilities associated with the several matrix 
elements change also, and the net result is that the 
A 3° ratios calculated for the individual matrix ele- 
ments are affected comparatively little by the finite-size 
correction. The largest ratio changes occur in matrix 
elements associated with the pseudoscalar interaction, 
and at Wy=2 the amount approximately to 
10°%. It may be noted that, as transition energy in- 
creases, the changes in individual A 8° ratios generally 
increase. It appears plausible that the finite-nuclear- 
size effect on A. 3* ratios should decrease as Z decreases ; 
however, the results of extrapolation from higher Z 
values to those of the cases later to be considered must 
In the calculated A 3? ratios 
corrections have been 
omitted. This procedure is justifiable in the cases of 
allowed and “unique” first-forbidden (A/=2) tran- 
sitions because of the demonstrable smallness of the 
effect. It is justifiable for the AJ =0, +1 tirst-forbidden 
cases because the energies and Z values of the particular 
transitions considered are such as to make the expected 
size of the effect not more than 10°) for individual 
matrix elements; for combinations of matrix elements 
and interactions, the major effect is indistinguishable 
from a change in the relative values of these matrix 
elements or in the relative magnitudes of the inter- 
are not 


changes 


be viewed with caution. 


presented later,  finite-size 


action coupling constants, which quantities 
well known. 


“UNIQUE” TRANSITIONS 


lor a permitted transition all pure interactions give 
rise to the same branching ratio A 8*. Deviation from 
the ratio so calculated can occur only if there is a 
mixture of tensor (7) and axial vector (A) interactions 
or of scalar (S) and vector (V) interactions. Only the 
interactions 7’ and A can give rise to first-forbidden 
transitions with spin change two. Again each of the 
two pure interactions give rise to the same branching 


_ interactions, are called 
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TaBLe III. Comparison of observed A-cap ature positron ratios 
with values derived from theory.* Allowed transitions 

Parent Wo PK capture/ Pg 
nuclide (units of moc? ybserved calculated 
yk +97 0.030+0.002! 0.029 
Na” 2.061 0.103 +0.006' 0.1042 
o5c4 3.879 0.067 +0.016° 0.045 
o3V% 2.35 0.66! 0.73 
oMn* 2.138 1.78# 1.9 
Fe? 2.56 0.60) 0.71 
0.70+0.16 
Co 1.924 5.48 oP 
5.4% 
Cuf 3.37 0.22 +0.03! 0.29 
0.25 +0.03 
O18 +0.03 
»y(u® 2.284 2.65 +0.3 23 
1.75 +0.2 
1.90 +0.2 
3.5 +10 
woZr 2.76 ~2,7™ 2.8 
~37" 
eCd* 1.63 290 310 
noi 3.96 2.50 +0.25 1.5 
* Except as noted, the theoretical ratios were obtained by interpolation 
from the curves given by E. Feenberg and 
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& Dre Moljk, and Scobie, Phil. Mag. 1, 942 (1956), 
°R R. H. Miller, Phys. Rev. 93, 1076 (1954). Thi 
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¢ J, W. Blue and E, Bleuler, Phys 100, 1324 (1985 : 
fWay, King, Mie Ginnis, and Va iout, Nuclea el Scheme 
A =40—-A =92, Atoraic oe Cc mn Report TII)-5300 us 
Government Printing Office, Washingt D: C., 1955 
« Good, Peas a and Deutsch, Phys. Rev. 69, 313 (1946). 
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tt . Ark 
ae Tomnovec, 


UR, ‘es uchez, Physica 18, 1171 (1952). 
mM Coe —< al., Phys. Rev. 83, 661 (1951 
a Shore, Bendel, Brown, and Becker, Phys. Rev. 91, 1203 (1953), 


oH Bradt ef al., Phye, Rev. 68, 87 | 

»C. L. McGinnis, Phys. Rev. 81, 734 (1951). 
ratio A/8*. Deviation from this ratio may occur, 
however, for a mixture of the two interactions. These 
transitions, for which the branching ratios are uniquely 
given except in the case of the above mixtures of 
“unique.” 

In Table III the available experimental data on 
allowed branching ratios are listed and are compared 
with theoretical values calculated with screening taken 
into account. Although theory and experiment are in 
moderately good agreement generally, there is a clear 
discrepancy in the case of Sn"! and a disagreement 
among experiments in the cases of Cu®™ and Cu®™. 

The only first-forbidden “unique” transitions of 
known energy for which capture-positron ratios have 
been measured occur in the decay of I and of Rb™. 
Evidence supporting the identification of these rend 
sitions is given in the articles on their decay schemes? 


a Marty, Langevin, and Hubert, J. phys. radium 14, 663 (1953). 

2M. L. Perlman and J. P. Welker, Phys. Rev. 95, 133 (1954). 

23 Koerts, Macklin, Farrelly, Van Lieshout, and Wu, Phys. 
Rev. 98, 1230 (1955). 


* J. P. Welker and M. L. Perlman, Phys. Rev. 100, 74 (1955). 
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TaBLe IV. Observed and calculated K-capture-positron ratios for first-forbidden “unique” transitions (AJ =2, ves) 
Px _capture ‘Pg: 
Observed : Calculated 
A “er AJ =2, yes Allowed 

Parent Exact calculation Approximation Exact calculation 
nuclide Wome? unscreened unscreened screened unscreened — screened 
531126 3.3740.1 12_,*7 16.4 16.2 14.7 4.4 4.0 

3.3340.1 2148» 17.2° 15.6 : 42 

3.17+0.04 20+2° 21.4¢° 19.6 5.1 

3.26+0.044 18+3! 17.31 4.6 
aRb™ 4.3240.13 2.06+0.36° 0.85+0.12! 0.87 0.83 0.27 0.26 


4.246 


4 Weighted average. 
¢ Reference 24. 


® Reference 21. 
» Reference 22. 
© Reference 23. 


for Rb™ the ground state spin assignment has recently 
been confirmed by direct measurement.”® In Table IV 
the observed ratios are listed together with theoretical 
values for “unique” first-forbidden transitions (AJ = 2, 
yes) and for allowed transitions. The calculations have 
been made under the assumption that 7, A is very 
large or very small. Columns entitled “exact calcu- 
lation” are computed directly from the usual theory. 
Columns labeled “approximation” are derived from 
the allowed transition ratios by use of the factors of 
Table II. Subheadings ‘‘unscreened”’ refer to the use 
of unscreened Coulomb wave functions for positrons 
and of Zx=Z—0.3 for K electrons. Subheadings 
“screened” refer to calculations corrected for the 
screening effect on the positron wave functions. It may 
be noted that the ratio values obtained by use of 
“approximation unscreened” are in excellent agreement 
with “exact unscreened” values. With this indication 
of the accuracy of the approximation, the ratio values 
designated “approximation screened” are taken to be 
the ‘‘best’”’ now readily obtainable. For I'** theory and 
experiment are in agreement; for Rb“, however, one 
sees that the measured A 8* ratio is enhanced, com- 
pared with the ratio for an allowed transition, by a 
factor approximately times larger than expected. 
The measurements on the positron radiations of Sb™, 
which are described below, were undertaken to provide 
additional information on unique first-forbidden tran- 
sitions. 


2.5 


INVESTIGATION OF ANTIMONY-122 


The decay scheme of antimony-122, shown in Fig. 2, 


represents the concordant results of two recent investi- 
gations carried out by Glaubman’® and by Farrelly 
ef al.2" Values given for the fractional decay by electron- 


” 


capture to the ground state of Sn'™ are 2.540.8%* 


25 Sunderland, Hubbs, Nierenberg, and Silsbee, Bull. Am. Phys. 
Soc. Ser. IT, 1, 252 (1956). 

26 M. J. Glaubman, Phys. Rev. 98, 645 (1955). 

27 Farrelly, Koerts, Benczer, Van Lieshout, and Wu, Phys. 
Rev. 99, 1440 (1955). 

28 This value is derived from the data of M. J. Glaubman, to 
which small corrections for L capture and for normalization have 
been applied. See M. E. Rose and J. L. Jackson, Phys. Rev. 76, 
1540 (1949). 


+0.12, corresponds to the energy uncertainty, +0.13. 


ately communicated). 


! The uncertainty, 
© Measurement of N. Benezer and C. S. Wu 


priv 


and 2.0+0.3%77; the value 2.140.3%, which is indi- 
cated in the decay scheme, is a weighted average. The 
Sb™ spin-parity assignment is deduced chiefly from 
the shape of the 1.99-Mev beta spectrum. Data on 
decay energies compiled by Way and Wood” show that 
a positron branch with end-point energy approximately 
500 kev may reasonably be expected to occur in the 
ground-state transition to Sn‘. Glaubman*® has re- 
ported the measurement A 8*=300+130 for this 
transition; the positron energy was not determined, 
however. Both the energy and the abundance of the 
positron transition have now been measured by use of 
a triple-coincidence pulse analyzer, and these results 
are combined with the known A-capture probability 
to give the A 8° ratio. 


Source Preparation 


Metallic antimony, 99.49% Sb’, was irradiated in 
the Brookhaven reactor for three days to produce the 
Sb'™ used in these experiments.” Because of the possi- 
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Fic. 2. Decay scheme of Sb™. 
* K. Way and M. Wood, Phys. Rev. 94, 119 (1954). 
® This material was supplied by the Y-12 plant, Carbide and 
Carbon Corporation, through the Isotopes Division, U. S. Atomic 
Energy Commission, Oak Ridge, Tennessee. 














K CAPTURE—POSITRON 


bility that a very small amount of impurity could 
produce a positron activity sufficient to mask that of 
the antimony, the sample was treated chemically after 
irradiation. ‘The procedure used*! was one originally 
designed to separate antimony from a large number of 
elements produced in fission, such as As, Ge, Se, Sn, 
and Te. The purified source consisted of about 3 mg of 
metal*® mounted as a disk, 9.3 mm in diameter, on 
filter paper. A small amount of Zapon lacquer, con- 
taining roughly 0.1 mg of resin, served to bind the 
metal particles together. The source was covered with 
a Mylar film having a surface density 0.8 mg cm’. 
Decay of the beta activity of a small fraction of the 
purified source material was observed with an end- 
window ene counter. The Sb’ half-life was 
found to be 2.73+0.03 days, and the activity of 60-day 
Sb'** was equivalent to less than 0.5% of the activity 
of the Sb™ at the time of the positron measurements. 


Positron Intensity and Energy Measurements 


A gray-wedge coincidence spectrometer was employed 
to observe the pulse distribution produced in an 
anthracene detector by positrons from the Sb'* source. 
Figure 3 is a diagram of the experimental arrangement. 


The thickness of the anthracene crystal, 5 mm, was 
sufficient to stop 1.3-Mev electrons. Pulses arising 


from the relatively overwhelming enerane of nega- 
tive beta radiations were not observed, because the 
spectrometer was gated only by a signal representing 
a pulse from the threefold 
coincidence with pulses from each of the two Nal 
annihilation radiation detectors, one on either side of 
the anthracene and all in a linear array. Single-channel 
analyzers were used in the coincidence circuit with the 
Nal scintillators; window widths were set at 3 volts 
with the 511-kev photopeaks occurring at 30 volts. 
Lead shields were placed between the source and the 
Nal detectors to screen these detectors from nuclear 
gamma rays, direct and scattered. In addition, alumi- 
num absorbers on the ends of these detectors prevented 
them from responding to scattered beta rays. E fective 
discrimination was thus obtained against the registra- 
tion of negative beta radiation in coincidence with 
nuclear gamma rays. 

That this discrimination was adequate for the pur- 
poses of the measurements was proved by comparison 
of the triple-coincidence rate observed with an Sb™ 
source in the geometry described above with the rate 
observed when one of the Nal detectors was swung 
about as indicated in Fig. 3 so that the angle included 
by the three detectors was 90 degrees. In these two 


1G, 


anthracene detector in 


R. Leader and W. H. Sullivan in Radiochemical Studies: 
The Fission Products, edited by C. D. Coryell and N. Sugarman 
(McGraw-Hill Book Company, Inc., New York, 1951), Paper 
No. 133, National Nuclear Energy Series, Plutonium Project 
Record, Book 2, Vol. 9, p. 934. 

2 Trivalent antimony was reduced to the metal by use of CrCl, 
solution as described by J. W. Barnes in Los Alamos Scientific 
Laboratory Report LA-1721 (unpublished). 
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Fic. 3. Coincidence apparatus for measurements on Sb! 
positrons. Radiations from source at A, which pass through 
collimating hole B, are incident on anthracene detector D. Area 
of antl iracene is larger thi an necessary to intercept all illumination 
from collimator, whose diameter is 10 mm. To reduce scattering, 
hole in collimator is lined with 0.8 mm thickness of polystyrene 











Lead of block C, 8 cm thick, and of block G, 4 cm thick, shield 
annihilation detectors E and F from nuclear gamma radiations, 
either direct or scattered. E and F are cylindrical NaI(TI) scintil- 


Aluminum absorbers H, 
diations 


lators, 1 in.X14$ in. and 2 in.X2 in. 
-al detectors from beta ra 


4.8 mm thick. serve to shield N 
scattered from the collimator and from the anthracene. 


arrangements the efficiencies for nuclear coincidence 
events were very much the same; and indeed the 
individual rates in the detectors were essentially inde- 
pendent of the arrangement. Nevertheless, the triple- 
coincidence rate in the 90 degree geometry was meas- 
ured to be 6%, at most, of the rate in the 180 degree 
geometry. The total triples count, therefore, was taken 
as a measure of the number of positrons incident on the 
anthracene. On the basis of preliminary results, which 
showed that the Sb'” positron end-point energy is not 
greatly different from that of Na”, the gain of the 
anthracene detector system was adjusted so it operated 
in a region where the ‘‘singles’’ count-rate was gain- 
independent for Na™. All beta particles from Sb'™ 
incident on the anthracene were therefore counted. 
With one Sb™ source the count-rates of anthracene 
“singles” and of triple coincidences were measured over ° 
a period of 8 days. This time was divided into four 
intervals over each of which the rates were integrated. 
In short periods between these intervals similar meas- 
urements were made with a Na™ source replacing the 
Sb™ in. the apparatus. For the Na™ singles and triples 
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TABLE V. Ratio 8*/3~ in the decay of Sb™. 


Time interval 


(hr) €T/ BON X/0,97 =B*/B- 
0 to 22.5 (2.4 +0.4 )«10°% 6.2141.1 )X10 ad 
24.42 to 43.25 (2.78+0.16) K 10™3 6.03+0.6 )X10~° 
96.17 to 137.33 (2.75+0.10) XK 10-3 (7.12+0.6 )*10~° 
143.75 to 186.33 (2.7340.15) xX 10-3 6.48+0.7 )xX10-° 


Av (6.46+0.40) X 107° 


counts, Sx, and Ty,, the relations 


Sxa= €3*x (0.90) Dx a, Tx.= €7(0.90) Dx 1) (3) 


may be written, where the e’s are efficiencies, Dx, is 
the number of Na™ disintegrations, and 0.90 is the 
fraction of Na* which decays by positron emission.™ 
The ratio of the measured quantities Sx, Tx, is equal 
to the efficiency ratio, €3-n, er. For the Sb!” measure- 
ments, the singles and triples rates are 


Ssv=Les sp(0.97)+e3*spX |Dsp, Tsp= e7X Day, (4) 


where 0.97 is the fraction of Sb which decays by 
negative beta-particle emission and X is the fraction of 
decay by positron emission. Here ¢g*s,X is negligible 
compared with €3-s,(0.97). The triple-coincidence efh- 
ciency er is taken to be the same for the Sb'™ positrons 
and for the Na* positrons, because the end-point ener- 
gies of the two spectra differ very little, as is shown by 
measurements described below. The ratio of positrons 
to negatrons in the radiations of Sb™ is then 


X T spe€3 si (= “)(- “*) = 
; = = , (3) 
0.97 Ssver — Ssp \€3*na €T 
where €3*x, er has been determined from the Na™ 
measurements. 

Although absorption of beta rays in the sources and 
in the covering of the anthracene detector was negligibly 
small, the quantity €3-sp €g*Na 1S not unity because the 
scattering by air in the source-detector path for the 
Sb’ beta radiations is different from the scattering for 
the Na” positrons. Further, the properties of the 
collimator in the absence of gas scattering are slightly 
different for the two radiation sources. The magnitude 
of the first effect was evaluated by means of measure- 
ments of Na* and Sb™ rates by the anthracene detector 
with nitrogen and with helium in the source-detector 
space. Rates in vacuum were determined by extrapo- 
lation. The second effect was evaluated from rate 
measurements of the two sources made in helium gas 
with and without the collimator; appropriate small 
corrections were made for the helium scattering. The 
value for €3-sp’ €3*na Was found to be 1.50+0.05. 

Results of these abundance measurements are shown 
in Table V. The constancy of the 6*/@~ ratio over the 
duration of measurements, a time of approximately 
eight days, shows that the positron activity decayed 


3% R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954). 


RnR, AND 


WOLFSBERG 


with the same 2.7 day half-life that is characteristic of 
the negatron decay of Sb. This evidence and the fact 
that the source material was subjected to rigorous 
purification after irradiation make it quite unlikely 
that the observed triple coincidences could have been 
produced by radiations of a nuclide other than Sb™. 
Furthermore, not more than a fraction of 19% of the 
coincidences can have been associated with the creation 
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Fic. 4. (a) Gray-wedge photograph of Sb” positron spectrum. 
(b) Gray-wedge photograph of Na® positron spectrum. 
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TABLE VI. Observed and calculated A capture— positron ratios for first-forbidden ‘‘unique” transition (AJ =2, yes) 


Observed 


Ws unscreene 


2.11+40.05 300+ 50 


of positron-electron pairs by the 1.14-Mev and 1.26- 
Mev gamma radiations of Sb'**.* 

Figure +(a) shows one of several gray-wedge photo- 
graphs obtained of the Sb’ positron spectrum. The 
energy scale on the abscissa of this figure was calibrated 
by means of a photograph such as that shown in Fig. 
4(b), which was taken with the same Sb source after 
a relatively small ‘Na** source had been added. The 
end-point energy of the Na” positron spectrum was 
taken to be 542 kev.** In the mixed-source photographs 
at least 99% of the triple coincidences are from positrons 
of Na”; the singles rate in the anthracene detector, 
however, was practically unchanged by the addition of 
the Na™ to the Sb sources. Calibration error caused 
by change of photomultiplier gain with count rate was 
thus avoided. The sum pulses seen in the photographs 
beyond the end-points of the positron spectra are 
associated with the high beta rates, up to 35 000 per 
second, which were required in the anthracene detector 
because of the low abundance of the Sb'” positrons. 
Addition of random negative beta pulses to the positron 
pulses displayed in triple coincidence produced sum 
pulses of amplitude larger than that corresponding to 
the positron end-point. 

From three sets of photographs such as those of 
Fig. 4 the Sb'™ positron end-point energy was found to 
be 565+ 25 kev. Positron emission to the first excited 
state of Sn'*? cannot occur. 

From the value for 3° 3° of Table V and from the 
abundance of the ground state A-capture transition, 
the experimentally determined ratio A 3° for the 
ground state transition is calculated to be 300450. 
A comparison of the experimental result with theoretical 
values is given in Table VI, which may be considered a 
continuation of Table IV. 


DISCUSSION 


AK capture--positron ratios have been measured in 
three first-forbidden transitions with spin change two. 
In two of these cases, which occur in the decay of T'* 
and of Sb'”, experiment and theory agree within the 
uncertainties. In the third case, that of Rb“, however, 
the measured ratio disagrees with that given by theory; 


4#C. M. Davisson, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1955), p. 41. 

36 Macklin, Lidofsky, and Wu, Phys. Rev. 78, 318 (1950); 
B. T. Wright, Phys. Rev. 90, 159 (1953). 
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in Sb”, 


Pk-~capture Pg 
Calculated 
AJ =2, ye Allowe 
Approximation Exact cal 
unscreened screened screened screened 
306 2F5 ¢ 54 49 


and a second investigation of the decay scheme of Rb* 
is now being carried out in this laboratory. 

Since only interactions T and A can contribute to 
first-forbidden transitions with spin change two, it is 
worthwhile to consider the A 3° ratio for a mixed 
interaction. One finds then 


Gy : T 
a(a+ ) ) t+ en)'gn 
Px Gr 2 
| : W | Gar 
f FW pel (1+ 
Gr 


G4 , ; 
“i Jorge tien alt 


Gy 


(6) 


{ pg li ws 31.1) 


where the nomenclature Lo, L;, Lo, Ly is that of 
Konopinski and Uhlenbeck and of Smith.! This ex- 
pression is derived with the use of nonrelativistic nuclear 
wave functions. Under the assumptions G47 Gr 41 
and aZ<1, the following approximate result is obtained: 


Px PK 
ia, 
Ps TA P 3+ > | 


1 Wo, is the average HW! over the positron 
refers, of course, to the 


1+2G, T Gr A 
(7) 


Ws v/Go t/ is 


where 
spectrum and (Px P3-)r4 
unique ratios which have been computed in previous 
sections. The experimental capture to positron ratios 
then lead toG.. 7 Gr ,=0.01+0,06 from I** (weighted 
average value) and Gy 7 Gr ,=0.03+0.12 from Sb™. 
The conclusion that G47 Gr, 4 is essentially zero has 
also been reached on the basis of data from the study of 
the shapes of allowed beta spectra*® and from the 
capture to positron ratio™ in Na™. 


“NONUNIQUE” TRANSITIONS 


In tirst-forbidden transitions with spin change one 
and spin change zero, more than one type of nuclear 
matrix element generally appears in the beta-decay 
probabilities. As may be seen in Table I, the ratio, for 
a given matrix element, of the coefficients for A capture 
and 8* emission, C:x @;, is generally diiferent from the 
coefficient ratios for other matrix elements. Thus the 

36. S. Wu, in Beta- and Gamma-Ray Spectroscopy, edited by 


K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), p. 319. 
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TABLE VII. @,7(X,¥’) factors for positron emission and K capture.* 








As™, Wo =2.8004 Rb*, Wo =2.526 126, Wo =1,900 Wo eile wn ete wna ate 
Factor> 8 K Cix/ C1 8° K Cik/@1 8° K Cixk/C1 Cix/Ci Cix/Cie Cin/Cie 
€,4(S) 6.074 8.910 1.47 7.118! 9.879! 1.39 1.152? 1.451? 1.26 1.50 1.39 1.79 
e€,4(T) 5.990! 8.594! 1.43 7.062! 9.009! 1.36 1.149 1.433% 1.25 1.47 1.37 1.75 
e,3(T) 1.000° 1.000° 1.00 1.000° 1.000? 1.00 1.000° 1.000° 1.00 1.00 1.00 1.00 
e,°(T) 5.028! 4.643! 0.923 6.134! 5.657! 0.922, 1.07% 1.023? 0.948 0.986 0.914 0.954 
€,?(T) —7.101° .—6.756° 0.951 —7.821" —7.476° 0.956° —1.034' —1.009' 0.976 0.979 0.946 0.953 
e€,7(T) 2.7667 1.185° 4.29 2.1507 1.015" 4.72 9.8707 6.6417! 6.73 2.96 6.44 3.00 
@,4(ST) —5.496' -—6421' 1.17 —6.513' —7.464 1.15 —1.105? -—1.217? 1.10 1.23 1.14 1.37 
e,4(ST) 7.779 9.270 1.19 8.364" 9.8029 1.17 1.071! 1.197! 1.12 1.22 1.16 1.32 
e,4(P) 2.4908 6.1508 2.47 3.5123 7.8545 2.24 9.8723 1.784 1.81 2.45 2.27 3.37 
C,4(PT) —7.75% —1.454 1.88 —9.9372, —1.7373 1.75 —2.133§ —3.199% 1.50 1.89 1.77 2.47 
e,4(V)e 5.031! 4.856! 0.965 6.070! 5.826! 0.960 1.054 1.023% 0.970 1.033 0.937 1.05 
@,4(A)* 4.946} 4.526' 0.915 6.003! 5.539! 0.923 1.0512 1.003? 6.954 0.967 0.907 0.920 
@,?(A)¢ 5.863 8.728! 1.49 6.848! 9.749! 1.43 1.116 1.451? 1.30 1.57 1.38 1.76 


* Numbers in the body of the table are to be multiplied by ten raised to the power indicated in the superscripts. 
> The designations in this column refer both to positron emission and K capture. 
¢ Evaluations made with formulas of Table I in columns and rows thus designated. 





analysis of branching ratios in these “nonunique” 
transitions is more complex than that required for the 
“unique” transitions. 

All five forms of interaction, including P, may lead 
to this type of transition; however, for simplicity, only 
the two more probable combinations S, 7, P and V, A 
are treated. The procedure employed to study ‘“‘non- 
unique” transitions here is very similar to that of 
Peaslee'* and of King and Peaslee,** although some 
disagreement with their results is noted. One must 
make use of relationships among matrix elements in 
order to simplify the expressions for the decay proba- 
bilities. Thus one may set for 8* decay or A capture 


fo=-intaz 2) fr, 

foe —ih'(aZ 2n)t fr, 
fo0r- - for, 
foxr=icfr 
[soxr-—it fr 

for —iN" (aZ 2) fo-r, 


where A, A’, A”, and / are real numbers, and Z is 
positive. A, A’, and A’’ have been estimated from 
various models to be of the order of 1 to 2. The quantity 
t equals (1/h)[(0-L);—(@-L); J, which is the case of 
single-particle transitions equals +(2j+1) for 4j=0 


(&) 


37 R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954). 


transitions, and equals +1 for Aj=1 transitions. If 
only ordinary forces exist in the nucleus, the pseudo- 
scalar interaction is treated in the manner of Rose and 
Osborn (Method I). If pseudoscalar-coupled forces 
exist in the nucleus, then one has 


fov- ats ig(aZ 2k) for, 


where g is a parameter which depends on the nuclear 
forces (Method II). 

With the assumption that the interaction is GsS 
+GrT+GpP, the positron emission probability for 
first-forbidden transitions becomes 


(8’) 


itm ah (permitted) | Gr >. | B,;|?e,4(T) 


9 


7 f r (G8@,4(S)+Gre[eA"e,4(T) 


+ 2kA’C,?(T)4-C,°(T) } 


+26 Gri[@,4(ST)+A'xe3(ST)]}} 


f for 'G7e,4(T) +3 (Gp/M)@,4(P) 


+(Gp/M)Gr@,4(PT)}}, (9) 


where 
1 po 
P, (permitted) = fo epwar.—wyaw, 
Qn 1 
and M is the proton mass in electron mass units. This 
is the result obtained with Method I. With Method IT, 
the last term must be replaced by 


for IGre:4(T)+Gprree3(T) 


—26 Grxge8(ST)|. (9’) 
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The terms here have all been previously defined in the 
introductory section. Px is found by substitution of 
values of @ and P(permitted) appropriate for K- 
capture, 

Using only the leading term in each @, these expres- 
sions become 


P= P.( permitted) By, *Gr'x?(1/24)(W?—1) 


oe fe 1Gst+Grt(A’—1)!? 


9 


for Gry") Method I. 


ote (10) 


9 


for (Gr~Gra)| Method II. 


The corresponding equations for K capture are exactly 
the same, except for the coefficient of }> B,, *, since 
the leading terms in all other € expressions are identical 
for both 8* decay and for A-capture. For }> B,, * one 
has the coefficient (1°12) (Wo+1)*. 

Similarly, one obtains for the interaction GyV+G4A 


P,=P, (permitted) | Gt By, 2@:4(T) 


te fr IG.FC,P (A) 


+GyL@4(V) +A F(T) + 24K,” (T) ] 
+ 2G .Gytl@,4(ST)+ Ane 40ST) }} 


7 for Gale, 1(A)+A'% 70,8 i) 


+2A"K@,?(T) }} | 


1 
~P.(permitted)e| 5 B;; *G4?x?—(W ?—1) 


+ fr 'Galt+Gy(A—1)!? 


9 


+ for G.ar"—Gy) (11) 


The same considerations apply to obtaining the K- 
capture expressions for \’, A as for S, T, P. 

It is not intended to review in detail King and 
Peaslee’s analysis of log ff values, which is based on the 
interaction combination S, T, P. Their calculations are 


based on a modified single-particle analysis in which 
the assumption is made that the leading contribution 
to the nuclear matrix element is made by the term 
indicated by the j7—j shell model. A nuclear matrix 
element is then expressed M.E.=a(m.e.), where (m.e.) 
is the one-particle integral. Deviations from the shell- 
model picture as well as equivalent particles in unfilled 
shells in initial or final states within the shell model 
are expected to lead to a *<1. This condition leads 
to the slowness of the so-called “‘unfavored” first- 
forbidden transitions with which we are dealing here. 
The assumption is made that the interaction combi- 
nation is Gs=—Gr=1 for 8 decay-and Gs=Gr=1 
for 8* decay. One finds then that the logff values 
indicate A’=1. This choice arises in part because no 
difference is observed between ‘=+1 and ‘=—1 
transitions. The number of cases considered, however, 
is not very large. Roughly, thus, most of the contri- 
bution to the coefficient of fr * arises from the scalar 
interaction. One also finds, for formulation I, Gp 
™~150 to 400, while for formulation II, Gpg 0.75 
to 2.75. A similar analysis may be made on the basis of 
the interaction combination A, V. Taking the inter- 
action coefficients equa! and of magnitude unity, one 
finds that the form of the probability function is almost 
the same as for S, T, P. One finds now that A=1, and 
consequently most of the contribution to the coefficient 
of fr? arises from the axial vector interaction. One 
also finds A” ~0.75 to 2.75. 

One need not discuss the unique transitions in this 
section, since for these only the 3) B,; ? matrix element 
appears. 

For AJ =1, Aj=1 transitions both the fr ? matrix 
element and the >> B,, ? matrix element may make 
contributions. The relative values of these two matrix 
elements for such transitions have not been computed. 
One may assume for the present that the >>| B,; ? 
contribution to such transitions is negligible, even for 
the case of K capture where the coefficient of > B;; * 
may be relatively large. Upon using the above values 
for the coupling constants and A’=1, for the cases in 
Table VII, where the values of the various @ factors 
are given, the ratio A 8* is represented for S, T, P 
roughly by the permitted ratio multiplied by the ratio 
of the @;4(.S)’s. This conclusion is not changed if A’ is 
varied in order better to cancel the term in ¢. Thus the 
more exact calculations bear out the naive conclusion 
that the ratio should be obtainable just from a knowl- 
edge of the scalar contributions. This would result in 
appreciable deviation from permitted ratios as is seen 
from Table VII. For the case of the interaction combi- 
nation V’, 4, the ratio A 3* is expected to be similar 
since the ratio of the @,4(.S)’s is almost the same as the 
ratio of the @,?(.4)’s. If the ©} B,; * term also makes 
an appreciable contribution to the transition proba- 
bility, the deviations from the allowed ratio should be 
larger. 
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TABLE VIII. Observed and calculated A capture—positron ratios 
for first-forbidden transitions with AJ =0. 


Parent nuclide sa.As74 7>Rb* sa] 
W'o 2.80 2.538 1.92» 
Px/P3* 
Observed 1.5 5.1 +0.4 148” 
Calculated 1.47 4.2 +04 143 
Allowed 1.17 3.4 +0.3° 122 





«C.S. Wu and N. Benczer (private communication). 

» These are preliminary unpublished values reported by D. S. Harmer 
and M. L. Perlman, and they have been chosen in preference to the earlier 
values given in reference 23 because the newer values are the result of a 
direct measurement. 

¢ The uncertainty estimates are based on the authors’ estimate of the 
uncertainty in the Wo value. 





For AJ =0, 4j7=0 (0450) transitions all three matrix 
elements may be operative. The King and Peaslee 
analysis, however, indicates that most of the contri- 
bution arises from the | fo-r|* term and that, moreover, 
there must be a sizable pseudoscalar contribution, as 
has already been pointed out. The actual A 8* ratios 
computed depend, of course, on the values chosen for 
Gp and Gr. In formulation I (S,7,P) one finds, with 
reasonable parameters, values for A 3* which differ 
from the permitted ratio approximately by the ratio 
of the @;*4(PT)’s. On the other hand, formulation II 
(S,T,P) and also the interaction V, A lead to ratios 
which are much closer to allowed ratios. 

Unfortunately, no measurements have as yet been 
reported for first-forbidden transitions with AJ=1, 
Aj=1 or AJ=0, Aj=0. The predictions made above 
for these transitions rest on very naive and qualitative 
arguments, and they could be affected by detailed 
consideration of finite-size effects. The individual 
contributions of the various possible matrix elements 
show differing trends in their A 3* ratios with respect 
to allowed A 8° ratios: e.g., the ratio corresponding to 
> B,, * relative to the ratio for allowed transitions is 
large and decreases with increasing energy while all 
other such ratios increase with increasing energy; and 
further the pseudoscalar contributions with formulation 
I lead to large ratios while with formulation IT they 
lead to small ratios. Thus, a study of these transitions 
should prove very useful in determining the important 
contributions to beta decay. 

The only nonunique first-forbidden_ transitions for 
which A 3* ratios have been measured *'** are AJ =0 
transitions for which shell-structure arguments indicate 
Aj=2; the parent nuclides are ;As", ;;Rb™, and 5,1°. 
The logft values of such transitions show that as a 
class*’ these transitions are an order of magnitude less 


38 Johansson, Cauchois, and Sieghahn, Phys. Rev. 82, 275 
(1951). 
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probable than AJ=0, Aj=0 transitions and an order 
of magnitude more probable than AJ =2, 4j=2 trans- 
itions (for fo= f/f). If shell-structure arguments were 
completely rigorous, only the 3) B,; ? matrix element 
would contribute to these transitions, and the K /* 
ratios for these transitions would be the same as for the 
unique first-forbidden transitions. However, if this were 
the situation, these transitions would be expected to 
have the same speed as the unique transitions. King 
and Peaslee reached the conclusion that the shell- 
structure arguments must be modified to permit contri- 
butions from the fo-r? and fr * matrix elements. 
They estimate that the value of a * for these matrix 
elements in these transitions is approximately an order 
of magnitude lower than the usual value of a ? for 
unfavored transitions. Even such small deviation from 
the shell-structure description would lead to a case 
where a large fraction of the transition rate is accounted 
for by these matrix elements with only a small fraction 
of the rate due to the }> B,, ? matrix element. Pro- 
ceeding on the assumption that the contributions of 
the fo-r?* and fr? matrix elements alone would 
have an allowed ratio, one may write the relation 


(Px/P3*)as=0, 4; 


= ( Pr P3 


MowedL 1+ (1.12) (Wot)? v ] 
[1+ (1/24)(WeF—1)y], 


where y would be the ratio of the rate due to the 
> B,,? matrix element relative to that due to the 
fo-r? and fr? matrix elements if the energy de- 
pendent factors were unity (i.e., {if}. One then calcu- 
lates with y=0.3 for the transitions in As‘, Rb™, and 
6 the values given in Table VIII. It may be noted 
that the value of 0.3 for y, which is necessary to achieve 
the agreement demonstrated in Table VIII, is somewhat 
higher than the value expected from a comparison of 
the log ft values of AJ=0, 4j=2 transitions with the 
log fit values of AJ =2, Aj=2 transitions. Thus, if the 
preceding evidence is taken to be sufficient, it would 
appear very attractive, with either of the interaction 
combinations, to describe these transitions as being a 
mixture of the Aj=2 character and of the Aj=0 
character, with formulation II (i.e., pseudoscalar- 
coupled nuclear forces) being the correct one for the 
pseudoscalar interaction, if the combination is 5, 7, ?. 
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It is shown that the level 5d*4s 5, of Ta 11 is approximately. free from perturbation, making the calculation 
of the quadrupole moment simple. Then it is shown that the quadrupole coupling constant (measured by 
Brown and Tomboulian) in the hyperfine structure (hfs) of this level can be interpreted if one assumes ° 
a rather large antishielding effect A(5d°4s) = —0.77. In the course of the calculation the magnetic moment 
u( Ta!) =2.4+0.2 nm was obtained. Upon assuming the shielding corrections A(5d6s) = —0.3 and A(6s6p) 
= —0.1 for any heavy element around Lu, the quadrupole moments Q(La™) =0.2;+0.04 barn and Q(Hg™!) 
=().4.+0.04 barn were obtained. In the case of La 1 5d4f#D,, a negative (instead of positive) quadrupole 
moment was obtained by neglecting the shielding correction. This can be interpreted by assuming a large anti 
shielding effect in the 4f electron. In connection with this a tentative value Q(Er'*?) =4 barns was deduced. 
Upon assuming 4(4p5s) = —0.16 for the hfs of the spectrum of As m, the value Q(As7*) =0.27+0.04 barn 
was obtained. From the hfs of a level of the configuration 495) of Ast, the value 0.12+0.07 barn was 
obtained, the shielding correction being neglected; and this is interpreted to be due to a possible large anti- 
shielding effect in the 5p electron. The same tendency seems to be detectable in the published determination 
of Q(K®) from the 5p state of K 1. 


I. INTRODUCTION were measured; the result is summarized in Table I. 
The interval factor 4 and the quadrupole coupling 
constant B were calculated according to the usual 
formula 


HE calculations of Sternheimer’ show that the 

atomic core shields or antishields the nuclear 
quadrupole coupling. In a previous paper* based on 
this idea, quadrupole moments of some nuclei were E= Eo+3AC+BC(C+1), 
determined by hypertine structure (hfs) measurements. tae 
The present work will treat the problem more rigorously, CaFERED)-1Et)-JUTD. 
and we shall see that in certain cases of heavy elements Kamei’ solved the energy matrix for the configuration 
the antishielding effect is so large that the neglect of 326s? given by Marvin.® and obtained ¢= 1650, F2=578 
the effect in the calculation of a quadrupole moment and F,=60. If we assume that these parameter values 
leads not only to an erroneous magnitude but also to together with G2= 2200 hold for the configuration 5d‘6s 
the w nae re ; and that there is no mixing of 5d*6s* and 5d‘6s, then we 

The quadrupole moment deduced from the hfs can determine the composition of the wave function of 

neglecting the shielding or antishielding effect will be each level of 5d°6s. using the energy matrix given by 
denoted by Q’, while the true quadrupole moment will — Bosman and Trees? It can be easily shown that the 
be denoted by V. Putting Q=(1+<A ', we shall call A purity of 5d'6s *Dy and *D, is about 95%. Then we can 
the shielding CORECEEES, regardless of whether 41S calculate the approximate magnetic moment (u) by the 
positive or negative. [1+ is equal to Sternheimer’s LS-coupling formulas: 
1 (1—R).] The shielding or antishielding effect. pre- 


dominates according as A is positive: or negative, A (ds ®D,)= (13 75)a(s)+(473a,’ 
respectively. If there are two kinds of non-s electrons, — 163a,/'+-6640,"") /375, 
we need two A’s.’ ta me at oe - iA fae 
A (ds Dy) = (7 15)a(s)+ (98a4' — 38aa'"+ 544aq'"") /75, 
II. MAGNETIC MOMENT OF Ta’ ai'=a(d)), as”=0(d)), of”=e(dyd). (0) 


In order to test the purity of a level of Ta 11 by means 
of a magnetic moment determination, the hfs of some 
levels of Tai was first examined. On the plates which 
Kamei had taken,‘ the hfs of the lines Tar (3996 


[Sd%6s? *P, — 5d°6s(5F Op °Py), 44692 [Sd*6s °D —5a°6s 


From Kamei’s work on the configuration 5d°6s*, we get 


TaB.e I. Hfs of the spectrum of Ta1 


Big ae a: E tL i ; A B 

(5#) )Op al ag ly and A4740 [ 5d‘6s 6D, — 5d°6s (5F Op 6P,]s Level Intervals (cm™ 10°%cem (10°%# em 
4 ? a . 

'R. M. Sternheimer, Phys. Rev. 95, 736 (1954); 105, 158 5 g3652 ‘Py 0116; = PGi, 
(1957). The kindness of Dr. Sternheimer in showing me the — 5¢@%6s(5F)6p Py 0.3594, 0.297, 0.229, 73.56 —0.07 
manuscript of the latter article prior to publication is greatly — $q6s *), 0.414, 103.7 
appreciated. ee tae ve Sd'os *Dy 0.202;, 0.161,, 0.1205 40.05 ~0,02 

2K. Murakawa and T. Kamei, Phys. Rev. 105, 671 (1957). 

3K. Murakawa, Phys. Rev. 98, 1285 (1955). 

*T. Kamei, Phys. Rev. 99, 789 (1955). 

> The classification and the term notation of the spectrum of 6H. H. Marvin, Phys. Rev. 47, 521 (1935). 
Tai were taken from Klinkenberg, van den Berg, and van den 7W. R. Bozman and R. E. Trees, J. Research Natl. Bur. 
Bosch, Physica 16, 861 (1950); 18, 221 (1952). Standards 58, 95 (1957). 
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aq’=0.0186 cm. Putting this and the observed value 
of A(5d‘6s ®D;) (see Table I) into the formula (1), we 
get a(s)=0.235 cm™!. Putting in the Goudsmit-Fermi- 
Segré formula 

117.8/ 


p=a(s)————- - ’ (2) 
ZZ °F (1—6) (dn*/dn) /n*3 


this value of a(s), Z=73, Zo=1, 1—6 (finite nuclear 
volume correction factor)=0.913, F (relativity correc- 
tion factor) = 1.895, (dn*/dn) /n**=0.360, and J]= 3, we 
get u=2.1 nm. Similarly we get from A (5d*6s *D,) the 
value n= 2.2 nm. 

In reality the levels 5d‘6s *D, and *D, are somewhat 
perturbed by the configuration 5d*6s* (see reference 5), 
so we conclude that the true value of uw is somewhat 
greater than 2.2 nm. 

We now turn our attention to the level 5d*6s °F, of 
Tau. Brown and Tomboulian® measured the hfs of 
this level, and obtained 4 =(—0.079+0.001) cm™?, 
B= (—0.77+0.04) X10 cm~!. Under the assumption 
of an LS coupling they got a(s)=0.405+0.005 cm™!. 
From the value of B, Trees!® obtained (Q’= 11.8 barns. 
Later Brown and Tomboulian'! expressed the supposi- 
tion that this level might be perturbed and that the 
correct value of Q’ would be around 6 barns. Recent 
work of Trees ef a/.!* on the analysis of the spectrum of 
Ta 0 shows that this level is not appreciably perturbed. 
Their table lists gors=0.000, geaic= 0.058, gi. s=0.000 
for this level. 

Putting the above-mentioned value of a(s) into the 
formula (1) [Z)»=2, F= 1.89, 1—6=0.913, (dn* dn) n™ 
=0.141], one gets 


p(Ta™!)=2.4+0.2 nm. 


This value is just what one would expect from the hfs 
of Ta 1, so this might be considered to be another proof 
of the conclusion that the LS-coupling calculation 
(without perturbation) for 5d*6s °F; is still a good 
approximation for our purpose. The value of u given 
here is somewhat larger than the one published in the 
previous literature which neglected the perturbation in 
the spectrum of Ta I. 


III. QUADRUPOLE MOMENTS OF La’ AND Er'®: 


The foregoing discussion justifies again the process 
by which Trees'® obtained Y’=11.8 barns from Ta 1 
5d°6s °F. Since in the previous work? Q(Ta!!)=2.7 
+0.3 barns was obtained, we conclude that A= —0.77 


‘It is assumed that the deviation from the theoretical hfs 
formulas for d electrons that was observed in medium-heavy 
elements [K. Murakawa, J. Phys. Soc. (Japan) 11, 422 (1956); 
11, 774 (1956) ] does not occur in heavy elements. 

*B. M. Brown and D. H. Tomboulian, Phys. Rev. 88, 1158 
(1952). 

 R. E. Trees, Phys. Rev. 92, 308 (1953). 

" B. M. Brown and D. H. Tomboulian, Phys. Rev. 91, 1580 
(1953). 

2 Trees, Cahill, and 
Standards 55, 335 (1955). 


Rabinowitz, J. Research Natl. Bur. 
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for the configuration 5d*6s of Tat. This is quite 
different from the value A= —0.3 that was assumed 
for the configuration 5d". This means that we cannot 
assume that in general A(5d"6s) =A(5d"), although the 
s electron contributes nothing to the quadrupole 
coupling. 

From the measurement of the hfs of the levels 
5d6s D321 of Lum by Gollnow,” it can be concluded 
that Q’(Lu’*)=5.4 barns, whereas it was shown pre- 
viously? that Q(Lu'*)=3.9 barns. This means that 
A=-—0.3 for the configuration 5d6s of Lum. On the 
other hand Gollnow’s measurement gave (’= 4.2 barns 
for the configuration 6s6p of Lu u. He concluded that 
this configuration is perturbed and that therefore the 
value of Q’ (=4.2 barns) is to be discarded. A closer 
examination of the level system of Lu 1 fails, however, 
to reveal any level that can perturb this configuration, 


so his conclusion is invalid. We get, therefore, A= —0.1 
for the configuration 6s6p of Lu 11. 
We shall assume that A(5d6s)= —0.3, and A(6s6p) 


=—0.1 for the spectrum of any heavy element 
around Lu. 

With respect to La’, it was shown previously? that 
Q’=+0.5 barn for the configuration 5d*6s of La 1, and 
Q’=+0.3 barn for the configuration 5d6s of Lan. 
From the latter and A(5d6s)=—0.3, we get Q(La!) 
= (0.2;+0.04) barn [instead of the previous 0.3; barn 
which was deduced under the assumption A(5d*6s) 
= A(5d?) that is now known to have a poor validity ], 
and from the former we get A= —0.6 for the configura- 
tion 5d*6s of Lat. The probable error comes from the 
experimental uncertainty but does not include the 
uncertainty of the value of 4. 

Using a water-cooled hollow-cathode discharge tube 
and a Fabry-Pérot etalon, the hfs of the tine La 11 A6174 
(3d? *P —5d4f*D,) was measured. This gave directly 
the hfs of the upper level: the hfs intervals 0.0626 and 
0.0481 cm~! were obtained, giving 41=0.0138 and 
B=0,005X10-? cm~!. The configuration 5d4f of Lau 
is approximately of LS-coupling,'* so we can use the 
LS-coupling formula: 


(df*Di wr df*Dy)= (1 35)0(246/175)R,’ 
+ (58 25) Ro"’+ (48 175)S2 \(ra-*) 
+ (1 /35)[(205 49) Rs’ — (816 245) Ry” 


(552 245)S3]ir 3) 


’ 


in which we have put w= 3 cos*@—1 for brevity. R’, R”, 
and S are relativity correction factors for (r~*) according 
to Casimir.!® Neglecting the shielding correction and 
putting Re’=1.027, Ro’’=1.095, Ss=1.027 and R;’ 
= 1,006, R3’’=1.012, S;=1.006 in the above formula 
and then putting ¢(5d) = 542, ¢(4/) =443, Z* (5d) = 39.7, 
Z*(4f)=24 in a formula very similar to the one (7) of 

SH. Gollnow, Z. Physik 103, 443 (1936). 

4 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1935), p. 206. 

®H. Casimir, Verhandel. Teylers Tweede Genootschap, 
Haarlem I], (1936). 
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reference 3, we get (’= — 0.2; barn, whereas the correct 
value is V= (0.2;+0.04) barn. This discrepancy arises 
apparently from the neglect of the shielding correction. 
Let us assume that A= —0.3 for the 5d electron in the 
configuration 5d4/. Then in order to get QY with the 
correct sign and with approximately the correct magni- 
tude, it can easily be shown that we have to choose 
A(4f)=—0.7. Since we are not treating the configura- 
tion 5d", the assumption A(5d)=—0.3 would not be 
accurate, and therefore the result A(4f)=—0.7 would 
be only roughly correct. On the other hand, we have 
assumed that A(s)=0, A(6p")=—O.1, and A(3d") 
= —(.3. Therefore we expect A(4/) = — 0.6 by extrapo- 
lation, so that the large antishielding of the 4f electron 
is not surprising. We shall adopt A(4/)= —0.6 for the 
contiguration 4/". 

Fitting their paramagnetic resonance measurements 
to Elliott and Stevens’ calculation’® for the ion Er*** 
4/47, Bogle, Duffus, and Scovil” obtained Q(Er'®) 
= 10.2 barns. In the work of Elliott and Stevens, the 
shielding correction was neglected. If we adopt A(4f) 
=—0.6, we get Q(Er’®)=4 barns. This would be 
nearer the true value than the one given by Bogle ef al. 

From Lew’s preliminary report’* on the hfs of the 
level 4/° ‘Jy. of Pri, Suwa and the author’® deduced 
(= —0.05 barn. Lew*® published the details of his 
investigation and obtained (V’= —0.054 barn. If we 
adopt A(4/)= —0.6, we get Q( Pr!) = — 0.02 barn. 


IV. QUADRUPOLE MOMENT OF Hg” 


In a previous paper,’ necessary data and formulas for 
deriving QO(Hg*") from the hfs of the levels 6s6p *P2 
and 'P, were presented. We now see that A(6p) and 
A(3d) are — 0.1 and — 0.3 instead of the previous 0.019 
and 0.085, respectively. Making these changes, we get 
Q=0.42 and 0.3, barn from the levels *P: and 'P), 
respectively. The former can be given a somewhat 
larger weight than the latter. We might thus consider 


O(Hg?"!) = 0.424 0.04 barn 
the best value available at present. Pound and 


Wertheim?! determined Q(Hg*") by quite a different 
kind of experiment to be 0.46 20.11:7° barn. This is in 
agreement with the result obtained here.** 


RJ. Elliott and K. W. H. Stevens, Proc. Phys. Soc. (London 
A64, 205 (1951). 

‘7 Bogle, Duffus, and Scovil, Proe. Phys. Soc. 
700 (1952). 

‘SH. Lew, Phys. Rev. 89, 530 (1953). 

‘9K. Murakawa and S. Suwa, J. Phys. Soc. (Japan) 9, 93 
1954). 

» H. Lew, Phys. Rev. 91, 619 (1953). 

21R,. V. Pound and G. K. Wertheim, Phys. Rev. 
(1956). 

2 In a recent paper J. Blaise and H. Chantrel (J. phys. 18, 193 
(1957)] have calculated Q(Hg™!) from the his of the levels 
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6s6p3P2, 4P; and 'P,, without taking the perturbation of the - 


configuration 5d%6s*6p into account. Referring to the formulas of 
G. Breit and L. A. Wills [Phys. Rev. 44, 470 (1933) ], they con- 
clude that the hfs theory is inadequate to account for the observed 
A’s of the three levels mentioned above and therefore for the 
observed B(6s6p'P,). This uncertainty disappears as soon as 
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V. QUADRUPOLE MOMENT OF As*® 


From the hfs of the level 4549°*D, of As u, Suwa 
and the author™ deduced Q’=0.32+0.05 barn. From 
the measurement of Tolansky* on the hfs of the line 
A5057) (4p5s*P2—4p5p*P;) of Asu, Schiiler and 
Marketu*> had previously deduced Q’=0.29_ barn. 
A closer examination of the level system of As 1 reveals 
the fact that the configuration 4p5s is perturbed by the 
configuration 4549’, and a more accurate calculation 
using the data of Tolansky for the line 45657 shows 
that Q’=0.32 barn. Concerning the shielding correction, 
Sternheimer’s calculation! is available for the 4p state 
of K 1. Since no calculation was carried out for A(4p5s) 
of As 1, we shall tentatively assume that it is the same 
as in the case of 4p of K 1, namely —0.16. Then we get 


Q( As’*) = 0.27+0.04 barn. 


By using a water-cooled hollow cathode discharge 
tube, the hfs of the line As 1 A4986 (3s *P;—5p *P;)** 
was investigated, and this was found to consist of 
three components: 0 (3), 0.1954 (2), 0.4191 (1) cm™?. 
The relative intensity is in parentheses. The final level 
has the hfs intervals 0.1982 and 0.1273 cm~'. From 
these it is found that 4=0.0025 and B= (0.15+0.09) 
X10~* cm™! for the initial level. 

Green and Barrows* solved the energy matrix for 
4p5p (Asi) given by Johnson” and obtained ¢(4p) 
= 1840 and ¢(5p)=380, etc. Inserting the parameter 
values given by Green and Barrows in the energy 
matrix and using the usual procedure, we get the actual 
wave function of 4p5p *P; (As 11) decomposed into LS- 
coupling wave functions: 


4p5p* P= Ky 2 Di+K2' Pi + Ks 'Pithy'Si, (3) 


ke= 0.275, K,= 0.834, K3= —().369, K,= = 0.303. Then 


‘the matrix element of w r° is given by 


(*Py! w/r?) Py) = Ky2(*D, | w/r* | 3D)) 
+Ko7(*P1|w/r? 42 P)+- -- 


+2K,K2(*D, w r® *?P; | eee (4) 


On the other hand, we get for the configuration npn’p 
the following LS-coupling formulas: 


CD; wr?) Dy) =D (— 1/150) (R’+20S) (r-3), 
CP) wr Py) =L(-1 10K), 

1P, Ww r® 1P,)=> (1 15) R’'+2Siir 3 i 
(35, wr? 38,)=0, 


we introduce the perturbation, as was done in reference 3. If their 
calculations are modified according to this idea, their final result 
would be somewhat modified and would leave no essential dis- 
agreement. The kindness of Dr. Blaise in showing me their 
manuscript prior to publication is greatly appreciated. 

%K. Murakawa and S. Suwa, Rept. Inst. Sci. and Technol. 
Univ. Tokyo 6, 209 (1952). 

2S. Tolansky, Proc. Roy. Soc. (London) 137, 541 (1932). 

28H. Schiiler and M. Marketu, Z. Physik 102, 703 (1936). 

26 J. B. Green and W. M. Barrows, Phys. Rev. 47, 131 (1935), 

27M. H. Johnson, Phys. Rev. 38, 1628 (1931). 
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(Dy w/r® ®P,)=>d'T—1/ {30(15)!} ] 
X (5R’+225)(r-*), (5) 
(2D, w r? 1Py)=>D[-1 {15(30)!} ](R’—S)ir 3) 


(8D, w/r*|8S1) = do [—4 {15(20)!} ](R’+-25) (rr), 
(§Py|w/r* | Py) = 20’ (2!/ 30) (R’— S)(r-), 
(8Py!w/r*| S1) = do ’[—2/{15(3)4} J(R’—S)r), 
(Py |eo/r8| 984) =D [2(2)4/{15(3)4} JR’ S) 3 


> means that similar expressions for np and n’p 
should be added. >>’ means that the expression for np 
and similar one for n’p with reversed sign should be 
added. In these formulas it is always meant that M=J. 
The sign of the off-diagonal element is compatible with 
the sign of the spin-orbit interaction matrix element 
given by Johnson,” when his indices 1 and 2 refer to 
the np and n’p electron, respectively. 

Inserting R’= 1.034, S=1.058 [Z*(4p)=29, Z*(5p) 
= 28] in (5) and then in (4), it is seen that the contribu- 
tions to (w/r*) from the 4p and 5p electrons are 
—0.136(r;,~*) and +0.089(r;,,~*), respectively. Inserting 
these values and the value of B(4p5p*P;) and J=}3 in 
the usual formula for obtaining Q, we get Q’= (0.12 
+0.07) barn. This Q” is definitely smaller than Q=0.27 
barn. If we assume that A(4p)=—0.16 in the con- 
figuration 4p5p, then we conclude that A(5p) = —0.8, 
namely the antishielding effect in 5p is larger than 
in 4p. If A(4p)>0 contrary to the above-mentioned 
assumption, then the conclusion would have to be 
modified. Anyhow, this shows that in deducing the 
value of Q in a medium-heavy element we must be 
careful, if a highly excited p electron is involved. 

In this connection two recent papers concerning 


MURAKAWA 


Q(K*) may be quoted. The values 0’=0.07+0.02 barn 
and Q’=0.11+0.02 barn were obtained from the 4p 
state® and the 5p state” of K 1, respectively. Since the 
shielding correction is neglected in these two values, 
and since A(4p) and A(5p) are in general not necessarily 
equal, it is not necessary that the two values of (V’ are 
equal. Actually the above-mentioned values can be 
considered to be in agreement only in the extreme case 
of the combined errors, but this is not likely. It might 
be assumed in the case of Kit that most probably the 
antishielding effect is larger in the 5p state than in the 
+p state. 

In summary, it may be concluded that although the 
present work is still contined to a one-digit discussion 
of the shielding effect, it serves to demonstrate that, 
without considering the shielding effect, different values 
of YQ would be obtained from different terms of an 
isotope.* 

** P. Buck and I. I. Rabi, Phys. Rev. 107, 1291 (1957). 

2G. J. Ritter and G. W. Series, Proc. Roy. Soc. 
A238, 473 (1957). 

* Note added in proof. 


(London 


After sending the manuscript to the 
editor, we received the article of Y. Ting [Phys. Rev. 108, 295 
(1957) ] who measured the hfs of La in the level 5d6s?2D and 
obtained Q= (0.268+0.010) barn. In addition to the procedures 
described by him in deducing Q, two points seem to require further 
consideration. First, from the theory of G. Racah [Phys. Rev 
63, 367 (1943)] it follows that (d?s2D & r ds??D) = — (70H, 
[H»= R?(dd,ds)/35), and therefore 5d6s??D is perturbed by 
5d*6s?D. Second, Sternheimer’s correction consists of shielding 
part (considered by Ting) and antishielding part (note considered 
by Ting).-The latter 1s also important in this case 

In the calculation of Q it is sufficient in this case to put 
5d6s? ?D’ = K, ?D(5d6s?) + Kz ?D(5a? 6s), Ky==0.825, K2=0.175 
Putting this relation and A(5d6s?)= —0.3 and A(5d? 6s)= —0.6 
(see Sec. III of the present work), and the value of B measured by 
Ting in the usual formula for obtaining Q, we get Qi Lal) =0.2 
barn from both J=} and 3. This is in complete agreement with 
the result of the present work. 
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Gamma rays emitted by excited Si?* formed in the reaction Al?*(p,7)Si?8 at E,=771 kev have been 
selectively absorbed in silicon. Selective, or resonant, absorption occurs when the absorber is placed at such 
an angle that the loss of energy upon emission and reabsorption of the photons is restored by the Doppler 
shift resulting from the forward motion of the excited Si** nucleus. A narrow slit in a lead collimator is 
filled with silicon powder, and the transmitted gamma radiation is detected by a scintillation counter. 
The absorption dip observed as the collimator is rotated through the resonant angle has a width (determined 
primarily by the width of the collimator slit) of 0.75 degree, the maximum absorption amounting to 21%. 
From the integral of the absorption as a function of angle, and from an absolute measurement of the (p,7 
integral cross section, the radiation width for transition to the ground state (FE, =12.33 Mev) is determined 
to be 5.2+0.5 ev, while 2.0+0.5 ev is found for the proton width, and 9.0+0.8 ev for the total width. The 


half-life calculated from the latter is 


(4.540.4) X10!" sec 


bution of the ground-state radiation, measured by Gove et al. are consistent with a 1° assignment to the 


resonance level. 


1. INTRODUCTION 


HE conditions under which nuclear resonant fluo- 

rescence can be observed are rather limited. In 
general terms, we may classify into four groups the 
various means by which the loss of energy upon emission 
and reabsorption may be overcome to a sufficient degree 
to permit resonant absorption to take place. These are 
(1) Doppler broadening by increase of temperature, 
(2) Doppler broadening by previous emission and or 
absorption, (3) Doppler shift by mechanical motion, 
and (4) Doppler shift by previous emission and or 
absorption. In addition there is at least one more class 
of experiments, typified by the work of Hayward and 
Fuller,! in which the source of selectively scattered 
radiation is the bremsstrahlung emitted by a betatron. 
In methods making use of Doppler broadening the 
direction of motion of the emitting nucleus is not 
determined experimentally. In experiments making use 
of Doppler shift, such a determination is necessary. 
Methods (1), (2), and (3) have been successfully 
applied previously.* We report here upon an application 
of method (4). The relative merits of this method are 
discussed at the:end of Sec. 3. 


2. PRINCIPLES OF THE MEASUREMENT 


Consider an excited nucleus in the target shortly 
after it has been formed by the absorption of a proton. 
It will be in motion (in the direction of the proton 


* A short account of the method and some preliminary results 
have appeared as a short contribution by one of the authors 
P.B.S.) in the Proceedings of the Rehoveth Conference on Nuclear 
Structure, edited by H. J. Lipkin (North-Holland Publishing Com- 
pany, Amsterdam, 1958), p. 5&7. 

1. Hayward and E. G. Fuller, Phys. Rev. 106, 991 (1957). 

? For a review of work up to 1955, see K. G. Malmfors, in Beta- 
and Gamma-S pectroscopy, edited by K. Siegbahn (Interscience 
Publishers, Inc., New York, 1955), Chap. 23 (II). For more 
recent work, see F. R. Metzger, J. Franklin Inst. 260, 239 (1955), 
and 261, 219 (1956); F. R. Metzger, Phys. Rev. 101, 286 (1956), 
and 103, 983 (1956); H. Schopper, Z. Physik 144, 476 (1956); 
V. Knapp, Proc. Phys. Soc. (London) A70, 142 (1957). 
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These values, together with the angular distri- 
beam) with a velocity 
V=(2E,m,): M, (1) 


where M is the mass of the nucleus (after absorption of 
the proton) and m,.and E, are the mass and kinetic 
energy of the proton, respectively. The high-energy 
radiation emitted in the reaction studied is emitted 
long before any slowing down by collision can possibly 
occur. Upon emission at an angle a with respect to the 
direction of motion of the nucieus, a gamma ray from 
a transition of energy Eo will receive an increment of 
energy: 


V Mgf Lis 
AE, =—E, cosa= Fo- ( — 


cosa. (2) 
c M N\m,c? 
The energy which must be supplied externally in order 
that a photon may excite an identical nucleus to the 
same level as that from which it has been emitted is 
given by 
AE,= E,?/ Mc’. (3) 


This energy difference is the sum of two equal parts, 
une representing the loss of energy to the recoil of the 
emitting nucleus and the other to the recoil of the 
absorbing nucleus. Roughly speaking, resonant fluores- 
cence can occur when AF, and AE,» do not differ by 
more than the width of the line. Equating Eqs. (2) 
and (3), we obtain for the resonant angle, a,, 


cosa,= Eo (2E,m,c*)}. (4) 


The apparatus used to detect this absorption effect 
is shown schematically in Fig. 1. The collimator con- 
sists of two lead blocks which can be rotated about a 
vertical axis through the target. The radiation from 
the target can reach the detector only through the 
narrow slit between the lead blocks. The appropriate 
element is placed in the collimator opening and the 
intensity of the full-energy gamma rays is recorded as 
a function of angle. The measurements described in 
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Fic. 1. A schematic horizontal cross section of the apparatus 
used to detect resonant absorption. The rectangles marked “Lead” 
constitute a collimator which permits the radiation from only a 
very narrow angular region to reach the detector. The collimator 
and the scintillation crystal are rotated as a unit about a vertical 
axis through the target spot. 


Sec. + show that there is indeed strong absorption at 
the angle defined by Eq. (4) as compared to angles 
differing slightly from this angle. 


3. THE ABSORPTION INTEGRAL 


In this section it will be discussed how information 
on nuclear level parameters can be obtained from a 
measurement of the absorption as a function of angle. 

Neither the width of the absorption dip nor the maxi- 
mum absorption alone can yield information on the 
actual width of the level or on the absorption cross 
section since the natural width is small compared to 
the instrumental width. The latter is determined pri- 
marily by the width of the collimator slit. Quite direct 
information, however, can be obtained from the absorp- 
tion integral 


Aa= f Alaide= f {1—T(a)}da, 


where A(a) and T(a) are the absorption and the 
transmission, respectively, at the angle a. 
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The absorption A (a) can be written more explicitly as 


Ae)= f [1—exp{—no(E)) ]f(E-E)dE, (5) 


a 


where E is the energy of a gamma quantum incident on 
the collimator slit, and m is the number of absorber 
nuclei per unit area. The average energy E’ of gamma 
quanta incident on the slit follows from Sec. 2 as 


E,? V 
E’=Fy— +—K» cosa. (6) 
2Mc? c¢ 


The function f(£—£E’), normalized so that 


f f(E-E\dE=1, 


is the energy distribution of the gamma quanta which 
would be transmitted through the collimator in the 
absence of absorber. The width of this function (the 
instrumental width) is determined by the width of the 
collimating slit and by the angular divergence of 
the protons incident on the target. The absorption 
cross section o(E) is given by the Breit-Wigner ex- 


pression : 
NS PoP, 
r( ) : (7) 
897 (E— Fy')?+ (39)? 


where g= (2J/,41)/(2/,+1), with J, and J, the spins 
of the excited state and the ground state, respectively, 
while T, and [',o represent the total width of the 
excited state and the width for the ground-state transi- 
tion. The resonance energy EF,’ differs from the excita- 
tion energy Ey of the level by an amount equal to the 
recoil loss: Eo’ = Eot+ Eo? 2Mc*. It might be remarked 
that Eq. (7) differs from that generally employed in 
the description of resonant fluorescence experiments in 
that the numerator contains I’,,I"; instead of Tyo", since 
one is not interested in the process de-exciting the 
absorbing nucleus, but only in the cross section for 
removal of photons from the beam. 

The absorption integral can now be evaluated from 
Eqs. (5) and (7): 


A= f Aa)da= f dhiil—e {4} 


‘i da 
xf f(E—E')—dE’. (8) 
0 dk’ 


The factor da/dE’ is obtained by differentiation of 
Eq. (6). As the integrand of the second integral differs 
from zero over a very narrow energy region, this factor 
may be considered as constant and may be replaced by 


o(k)= 














RESONANT 


the value (da/dE’), at resonance, yielding 


da ‘ : 
4.=( ) J dE{1—expl[—no(E)]}. (9) 
dk’ r 0 


It is seen that the function f(E—F’) has no influence 
on the absorption integral. By inserting the expression 
(7) for o(E), and by putting x=2(E—E,') T,; and 
ay=h(d* 2x) (Tyo Te) (where X can be considered con- 
stant over the effective range of integration), one 
obtains 


da r, ss — Nay 
1.=( ) f {1—exp( ) 
ri ce fe : 1+x° 


This integral appears in the analysis of neutron absorp- 
tion curves and has been shown by von Dardel and 
Persson® to be expressible in terms of Bessel functions 
of the first kind with pure imaginary arguments. 
It is customary to denote these functions by J,(z) 
=exp(—4irv)J,(iz),’ where J,(z) is the Bessel function 
of the first kind. Applying the results of von Dardel 
and Persson to Eq. (10), one finally obtains 


da ry 
Ae ( ) rk ingy), 
dk’, 2 


F (noo) = nov exp( — 3noo){ 1o(4noo) +1, (4noo) |. 


dx. (10) 





(11) 


where 


The function F(noy) is plotted in Fig. 2. 

In principle it is possible to determine I, and Tyo 
from the variation of the absorption integral with 
absorber thickness (1.e., with 1), since only one com- 
bination of T, and [’,o can fit the curve of Fig. 2 at two 
or more points. In practice the nonlinearity of F (neo) 





The function 


Fic. 2. 
F (nao) =noy exp( — }nao)(/0( 4nao) +1, ( dno) J. 
In Sec. 3 of the text it is shown that this function describes the 
variation of the absorption integral with absorber thickness. The 
experimental points, with corresponding errors, are plotted against 
the right-hand scale (see Sec. 5 of text). 


3G. von Dardel and R. Persson, Nature 170, 1117 (1952). 
*G. N. Watson, A Treatise on the Theory of Bessel Functions 
(Cambridge University Press, New York, 1952). 
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(upon which such a unique fit depends) is too small to 
make this method useful. Another independent obser- 
vation is therefore necessary in order to determine I, 
and I'yo. A yield measurement was used in this experi- 
ment to find the value of (2/,+1),I,/T:, where I’, is 
the total radiation width and I’, the proton width. The 
relationship between I’,, and I’, must also be known in 
order to interpret the results. The procedure followed 
in obtaining I’, P,9, and I’, is explained in the following 
paragraph. 

Assuming that the quantity l,l, I’; is measured to 
be equal to b electron volts, and that an analysis of the 
energy spectrum of the radiation emitted by the level 
in question gives the value of a, where ,=al',o, we 
can eliminate all variables except I; from Eq. (11) in 
terms of a and 8, obtaining 


da\ x | H 4b\3 
A.=( ) I .F fiz(1— ) |} (12) 
des.2” \4 r, 


where H=ng(X* 2x). The plus sign is appropriate to 
the physical situation here, although the minus sign 
might be called for under different circumstances. From 
the graph of Fig. 2 and an auxiliary graph of the 
relation [1+ (1—46 T,)!] as a function of I",, one can 
quickly find the value of I’; which corresponds to a given 
pair of values of m and the measured absorption in- 
tegral, 44. This is done by first choosing an arbitrary 
value of I,, corresponding to which the argument of F 
can be found from the known value of H and the auxil- 
lary graph. The graph of Fig. 2 gives the corresponding 
value of F, which, multiplied by the appropriate factors 
(see Eq. (12) ] gives the related value of A. This trial 
value is compared to the measured value of 4, and 
another trial value of I’, chosen. Three or four trials are 
sufficient to find the value of I’, corresponding to the 
measured value of Aq. 

In writing Eqs. (5) through (11) the thermal motion 
of the emitting and absorbing nuclei has not been 
taken into account. The thermal] motion of the emitting 
nuclei merely contributes (negligibly in this case) to 
the instrumental width. The thermal motion of the 
absorbing nuclei broadens the absorption line, however, 
and thus reduces the peak cross section. This has the 
effect of diminishing the self-absorption and thus of 
increasing the absorption integral.’ It is probably not 
possible to reduce the absorption integral to known 
functions when the correct Doppler broadened cross 
section is substituted for that given in Eq. (7). The 
integral has been calculated, however, by von Dardel 
and Persson* and by Melkonian ef al.° The latter 
authors have also developed an excellent approximation 
procedure for the analysis of neutron absorption in- 
tegrals which has been adapted here to find the values 
of the level parameters. The increase in the absorption 


5 Melkonian, Havens, and Rainwater, Phys. Rev. 92, 702 


(1953). 
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integral due to thermal motion of the absorbing nuclei 
is described in terms of a parameter 8=2A4 T,, where 
A=(2kT/Mc*)!Ep is a measure of the Doppler width. 
The temperature T is not room temperature but some- 
what above, and is determined according to Lamb® 
from the ratio of room temperature to the Debye tem- 
perature of the absorbing nuclei. In the present case 
the absorbing substance is silicon, the temperature 
T=400°K, and A=20 ev. 

In order to correct the values of the level parameters 
for the effect of thermal motion of the absorbing nuclei 
an approximate value of I, is obtained by the method 
described above, on the assumption of no temperature 
motion. From this an approximate value of @ is calcu- 
lated. From curves given by Melkonian e/ al.,° covering 
a large range of values of 8 and no», a correction is 
found which must be applied to the value of the absorp- 
tion integral. A new value of I is then calculated and 
the procedure repeated until I, reaches a stationary 
value. 

From the above analysis it can be seen that no 
assumptions need be made about the resolution of the 
apparatus, or the angular distribution of resonant 
scattering, in order to arrive at unique results for the 
level parameters. The statistical factor, g, must be 
known, as is always the case in resonant fluorescence 
experiments. This implies a prior knowledge of the spins 
of the excited and ground states. In addition, the decay 
scheme, at least in general outline, must also be known 
in order to find the relationship between I’) and Ty. 
The measurement of absorption instead of scattering 
frees the interpretation of the assumptions regarding 
nonresonant scattering cross sections necessary when 
resonant scattering is measured. 


4. EXPERIMENTAL 


The Utrecht 800-kev cascade generator was used as 
a source of up to 30 ya of protons. The generator has 
recently been equipped with a 90° deflection magnet 
and converted from 50-cycle to 500-cycle operation. 
These changes have resulted in a much better beam 
definition and lower ripple than previously obtainable. 
The collimator, mounted on an angular distribution 
table in front of the counter, consists essentially of two 
precisely machined lead blocks, 4 cmX7 cmX14 cm. 
Adjustment was provided for the accurate alignment 
of the collimator slit on the target. The zero-degree 
mark of the angular distribution table was brought into 
line with the direction of the proton beam by optical 
means. A screw, operated by a synchro system from 
the generator control desk, was installed to vary the 
angle of the collimator and counter through a range of 
4.2°. This mechanism was set so that the expected 
absorption dip would fall at the center of the available 
range. The collimator opening in this experiment was 
1.90+0.02 mm. Top and bottom pieces of lead were 


6 W. E. Lamb, Phys. Rev. 55, 190 (1939). 
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provided to shield the counter from direct radiation. 
The counter, a 4 in.X4 in. NaI(TI) scintillation crystal 
mounted on a Dumont type 6364 photomultiplier tube, 
is encased in a hollow lead cylinder with 8-cm thick 
walls. A 2-in. scintillation crystal is used as a monitor 
counter. 

Figure 3 is a yield curve of the Al*7(p,y)Si*> reaction 
in the region of the resonance (E,,=771 kev) studied. 
The value given for the resonance energy is that found 
by Brostrém et al.7 In order to obtain the curve shown 
the target had to be freshly prepared. Since the ground- 
state radiation only appears in the one resonance 
studied, a thicker target could be used in the measure- 
ment of resonant absorption. In the determinations of 
yield and spectra, however, extreme care had to be 
taken. It was found that after about ten minutes of 
bombardment the carbon deposit on the target began 
to endanger the purity of the line by broadening it as 
well as shifting its apparent energy (upwards). One 
precaution was necessary in the resonant absorption 
experiment in view of the fact that about 10° of the 
total radiation width was due to de-excitation to the 
first excited state of Si? (at 1.78 Mev). The +-in. crystal- 
multiplier combination could not resolve the radiation 
emitted in transitions to this level from the ground- 
state transitions, and so pulses were only accepted from 
near the top of the pulse distribution due to the 12.33- 
Mev radiation, upwards. 

In determining the resonant absorption the experi- 
mentai procedure was to load the collimator with a 
known amount of silicon powder and then to record the 
number of full energy gamma rays stopped in the 
crystal as the angle of the collimator was varied about 
a, in 0.28° steps. A 2-in. crystal was used as a monitor. 
In order to reduce the effect of discriminator drifts the 
angle of the collimator was varied over the available 
range in about an hour. This procedure was repeated 
from 20 to 30 times until the desired number of counts 
was obtained. A separate run was also made with 
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Fic. 3. A graph of the gamma-ray yield in the region of the 
resonance studied (771 kev). The values of the resonance energies 
at 757 kev and 764 kev are based on the assumption of an energy 
of 771 kev for the highest resonance. : 


* Brostrom, Huus, and Tangen, Phys. Rev. 71, 661 (1947). 
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empty collimator to be sure that no unsuspected varia- 
tion with angle existed. Approximately 400° micro- 
ampere hours were deposited on the target during a run. 
The background of the counter and the “‘leak-through” 
radiation from the penetration of the collimator by 
radiation not falling on the slit were quite constant, 
each amounting to approximately 2°; of the total 
counting rate. The “leak-through” was determined by 
a separate measurement with the collimator closed. 


5. RESULTS 


Three separate measurements (runs) of the absorp- 
tion integral were made with varying amounts of silicon 
in the collimator. The results of one of these measure- 
ments is shown in Fig. 4. The centroid of the absorption 
dip falls at 14.7 turns of the adjusting screw. The 
expected position was 14.0 turns [from the alignment 
procedure used, and from a calculation of the resonant 








angle given in Eq. (4) ]. The agreement (~0.1°) is 
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Fic. 4. A measurement of the absorption as a function of angle 
with silicon powder completely filling the collimator slit. The 
arrow marked a=71.1° indicates the centroid of the absorption 
dip. This angle is calculated from Eq. (4). The solid curve is a 
Gaussian of 0.75° full width at half-maximum and 21% maximum 
absorption. 


within the expected alignment error and is an excellent 
check upon the correctness of the interpretation. No 
analogous check exists in those experiments in which 
the scattering of Doppler-broadened radiation is meas- 
ured. The solid curve in Fig. 4 is a Gaussian of full width 
at half maximum of 0.75°, and a maximum absorption 
of 21°). This curve is seen to fit the points well. Ele- 
mentary considerations of the various sources of instru- 
mental broadening lead to the expectation of a width 
of about 0.88°. The fact that the observed width is less 
than this is almost certainly accounted for by the 
failure of the proton beam to fill the slits completely. 
The value of (da dk’), calculated from Eq. (6) is 3.38 
«10° degree ev, yielding an instrumental width of 
220 ev. 

In the three separate runs the value of » was varied 
over a factor of about 3.4. In Table I are shown the 
resulting values of the absorption integral. It would 
have been extremely difficult either to increase 7 above 
the largest value used (the collimator was full) or 
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TABLE I. Measured values of the absorption integral. The errors 
given are standard errors determined by statistics only. 


2 
. Aa=f. Alaida 
Run 10% atoms cm? degrees 
1 3.01 0.17620.018 
2 1.59 0.14540.016 
3 0.876 0.104+0.009 


decrease it below the smallest (the absorption would 
have been so smal] that adequate precision would have 
been difficult to achieve). Thus it is not surprising that 
it was not practical to determine I, and I,» from the 
variation of the absorption integral with n. The 
quantity (2/,4+1)P,1, IT, was therefore determined by 
a yield measurement* made with a target of saturation 
thickness. The result found is (2/,+1)P.l, l.=4.7 
+1.5 ev. The ground-state branching ratio was deter- 
mined from a scintillation spectrum taken with a 
Hutchinson-Scarrott pulse analyzer. The result of this 
measurement is I’, P,=0.75+0.09. About 10% of the 
decay proceeds to the 1.78-Mev level in Si**. A good 
part of the remainder proceeds to a level at about 
4.9 Mev. 

From each of the measurements of the absorption 
integral, and from the determination of the (p,y) yield 
and of the branching ratio, the level parameters I’;, Tyo, 
and I’, were determined by the procedure described in 
Sec. 3. In Table II the results are given for I, both 
for the preliminary determinations neglecting thermal 
motion of the absorbing nuclei, and for the corrected 
values when this is taken into account. The weighted 
average value of I, is 9.0+0.8 ev. The error assigned 
to lr, was the largest of the internal and external errors, 


‘ which in the present case were almost equal. The corre- 


sponding average values of I',) andl, are 5.2+0.5 and 
2.0+0.5 ev, respectively. From the uncertainty prin- 
ciple and the value of I’, one finds a half-life of (4.50.4) 
X10-" sec. In Fig. 2 the numbered experimental! points 
correspond to the three runs. As can be seen by com- 
paring with Eq. (11), the right-hand ordinate scale of 
Fig. 2 should equal F(noo). The Doppler-corrected 
absorption integral for each point was plotted against 
the value of no) corresponding to the individual meas- 


TaB_E II. The values of ne» and T, calculated for each of the 
determinations of the absorption integral. 





ed for 

Neglecting thermal motion thermal motion 
Run ne ry (in ev no Ir; (inev 
1 &S 10,2 7.6 7.5+0.9 
2 48 11.6 4.5 9.11.2 
3S 27 12.0 2.6 99+1.0 


Weighted average: 9 0+0.8 


§ See, e.g., Van der Leun, Endt, Kluyver, and Vrenken, Physica 


22, 1223 (1956). 
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urement, after dividing by the weighted average of I, 
and the constant factor }4(da,/dE’),. 

The values of [, and I,» which can be obtained from 
the variation of the absorption integral alone are in 
agreement with the much more precise values given 
above. 

The calculations above depend on the value of J, 
assumed, as was mentioned earlier. The existence of a 
strong ground-state transition limits the choice to 
either one or two (since the ground state of Si** has 
spin and parity assignment 0*). If the spin were two 
with positive parity the state would certainly be formed 
by s capture and the angular distribution of the radia- 
tion would be isotropic. Since this definitely is not the 
case (see below) this possibility can be ruled out. Spin 
two with negative parity can be left out of consideration 
since the ground-state radiation would be M2 while 
the radiation to the 1.78-Mev level (known to have a 
spin and parity assignment 2*) would be £1. In this 
case the transition to the 1.78-Mev level would cer- 
tainly be more intense than that to the ground state, 
even in the case of T forbiddenness. 

The above arguments show that the spin of the 771- 
kev level is one, permitting the determination of the 
total and partial widths, as described above. 

The question of the parity of the 771-kev level can 
also be decided virtually without ambiguity. In order 
to show this we employ two independent arguments. 
The first involves the angular distribution of the ground- 
state radiation. If the level had a spin and parity assign- 
ment 1~ it would almost certainly be formed by p cap- 
ture, with channel spin 2. The calculated angular dis- 
tribution of the £1 ground-state radiation would then 
be 1—0.14 cos*6. If, on the other hand, the level assign- 
ment were 1* the level would be de-excited by (pure) 
M1 radiation and would be formed by d capture with 
channel spins 2 and 3 possible. In the first case the 
angular distribution would be 1+ cos’#, and in the 
second, 1—0.20 cos*@. The angular distribution as meas- 
ured by Gove ef al.* is 1—(0.20+0.03) cos’6, if one 
neglects their P;, P3, and P, terms which are either zero 
or very small. The experimental result is therefore in 
disagreement with a 1~ level assignment, although this 
is not quite excluded. The result is in agreement with 
a 1* level assignment if it is assumed that only channel 
spin 3 participates in the capture process. 


*H. E. Gove (private communication). 
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A 1* level assignment is strengthened by the value 
of I’, determined in this experiment. The expected 
value of I’, is given by 


l= (2k/xK)0D, (13) 


in which & is the proton wave number outside the 
nucleus, A is the proton wave number inside the 
nucleus (taken as 10" cm~'), 1% is the penetration 
factor of the Coulomb barrier (computed with ry=1.5 
X10~" cm), and D is a proportionality constant with 
the dimensions of energy. 

For a 1~ assignment (p capture) our measured value 
of I’, would require a value of 50 kev for D. A 1* assign- 
ment (d capture), on the other hand, would lead to 
D=700 kev. The latter value of D is in much better 
agreement with the average value (D=2 Mev) found 
for this region of the periodic table." 

No information on the parity of the resonance level 
can be obtained from the radiation width. Both an M1 
transition or a T-forbidden E1 transition would have 
widths of the observed order of magnitude. 


CONCLUSIONS 


A new measuring technique involving resonant ab- 
sorption of gamma rays has been used to determine the 
parameters of a level in Si** produced in the reaction 
Al**(p,y)Si?*. The freedom of this method from assump- 
tions regarding nonresonant scattering, and the spectral 
composition of the incident radiation, have permitted 
the attainment of low relative errors not easily reached 
in other types of resonant fluorescence experiments. 
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The main point of this paper is to discuss the connection between 
the unified model and a modified form of the nuclear shell model. 
In the latter, the effective interactions between nucleons, i.e., 
those not included in the central average potential, are assumed 
to be factorable. It can be argued that inside nuclear matter the 
Pauli principle greatly suppresses the off-diagonal effects of the 
interactions, i.e. it prohibits most inelastic collisions; so that the 
nucleons move nearly freely within the nucleus, at least as far as 
low-energy phenomena are concerned. Short-range correlations 
due to the interactions are not suppressed, but these are expected 
to manifest themselves at rather high energies. 

According to this view, the effective interactions between 
nucleons occur mainly at the nuclear surface and give rise to 
surface oscillations. While quadrupole oscillations predominate, 
higher modes also arise in a natural way. Under certain conditions, 
the problem of particles subject to mutual interactions may be 
solved by introduction of additional collective variables, which is 
the method of the unified model. Physically, the nuclear motion 
separates, at least approximately, into intrinsic and collective 
motions. The resulting wave functions are very similar to the ones 
used by Bohr and Mottelson, except that they are integrated over 
the collective variables. Also, the energy spectra are of the form 


INTRODUCTION 


N recent years two nuclear models have had con- 

siderable success in accounting for a large variety 
of low-energy data. The shell model,’ * in which the 
nucleons are treated as moving independently in a 
central average potential, except for some residual 
two-body interactions, has generally worked well for 
nuclei containing only a few nucleons outside of (or 
missing from) closed shell configurations. On the other 
hand, in nuclei far removed from closed shell con- 
figurations, some of the low-lying excitations are most 
easily described as collective, i.e., they involve a sizable 
number of nucleons. Rotational states** are the best 
known examples of this phenomenon. Collective 
excitations as well as those involving single nucleons 
can both be treated by the unified model,*~* in which 


* This work was supported in part by the Office of Ordnance 
Research. 

1M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
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obtained by Bohr and Mottelson, but the collective excitation 
spectrum is cut off, i.e., only a finite number of states occur. 

This method is applied to a simplified two-dimensional nuclear 
model. The particles are assumed to move in an isotropic harmonic 
oscillator potential, and to be in addition subject to (a) one-body 
spin-orbit forces, and (b) mutual quadrupole-quadrupole inter- 
actions. In the absence of spin-orbit coupling, the spectrum 
separates into a series of rotational bands, while in the absence 
of mutual interactions we have an independent-particle spectrum. 
The intermediate coupling problem is also treated in the hope 
that it may provide some insight into the competition between 
independent-particle and collective motions in nuclei. In the 
present example, the transition between the two limiting schemes 
occurs quite suddenly, in agreement with the experimental 
evidence. 

Another case of interest is the situation at the beginning of the 
nuclear 1p shell. In the limit of pure LS coupling, the states of 
maximum spatial symmetry form a rotational band, though only 
very few members can appear, and collective effects are not pro- 
nounced, because of the small number of particles involved. The 
effect of spin-orbit coupling can also be described in the language 
of the unified model. 


the particles are assumed to move essentially inde- 
pendently in the nuclear potential, but this potential 
is noncentral and variable in time. A special version 
of the unified model is the rotational model, in which 
the shape of the potential is regarded as fixed and only 
its orientation is allowed to vary. A rather basic 
assumption of the unified model is that the shape and 
orientation of the nuclear potential change slowly in 
comparison to the characteristic frequencies of in- 
dividual nucleons. 

While the shell model and unified model may appear, 
on first sight, to be quite different, there are good 
reasons to believe that these models are basically 
equivalent, being merely different ways of describing 
the same phenomena. A striking case in point is the 
fact that many features of the F'’ level scheme can be 
accounted for by the shell model'® and by the rotational 
model." 

The purpose of the present paper is to discuss the 
general connection between these models. The view is 
toward development of a single nuclear model which 
can describe the low-energy features of nuclei near to, 
as well as far from, magic numbers. In Sec. 1 we discuss 
the qualitative features of the effective two-body 
interactions, i.e., that part of the nuclear interactions 
which is not included in the average central potential. 
These effective interactions can be described either in 
the language of the shell model or of the unified model 
and a connection between the two approaches is dis- 


oS P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955); M. Redlich, Phys. Rev. 99, 1427 (1955). 

KE. B. Paul, Phil. Mag. 15, 311 (1957); G. Rakavy, Nuclear 
Phys. 4, 375 (1957). 
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cussed in Sec. 2. In Secs. 3 and 4 we treat a simplified 
two-dimensional nuclear model which is meant to 
illustrate the competition between independent-par- 
ticle motion and collective motion. The level spectra 
at the beginning of the nuclear 1p shell are briefly 
studied in Sec. 5. We conclude this article with some 
general remarks concerning coupling schemes in heavy 
nuclei. 


1. QUALITATIVE CONSIDERATIONS 


A large part of the interactions between nucleons in 
nuclear matter can be replaced by a central nuclear 
potential which is essentially the average interaction 
of each nucleon with the rest. If this were the only 
effect of the interactions, each nuclear wave function 
would be a single Slater determinant of one-particle 
wave functions, and all excitations would involve a 
single particle at a time. The success of the single 
particle version of the shell model in accounting for 
ground-state spins of many odd-A nuclei and for the 


magic numbers implies that such an independent- 


particle description is at least a fair approximation to 
the actual situation in nuclei.’ Of course, even this 
kind of coupling scheme implies the existence of some 
correlations rather than strictly independent motions 
of nucleons. First of all, the Pauli principle acts effec- 
tively like a repulsive force between identical particles 
(if their spin wave functions are the same), even in the 
absence of any explicit interactions between them. 
Secondly, a part of the correlations due to the inter- 
actions is already included in the single-particle model : 
Since it is unlikely to find a nucleon outside the nuclear 
surface, it is improbable to find any two nficleons more 
than one nuclear diameter apart. : 

A strict independent-particle description 
imply that the energy of any state depends only on the 
orbits which the nucleons occupy, and not at all on the 
way in which these nucleons couple their angular 
momenta. Thus most levels would be highly degenerate, 
contrary to the experimental evidence. Consequently, 
in order to account for the features of nuclear level 
schemes, it is necessary to consider the interactions 
between nucleons, i.e., the correlations, in more detail. 
For example, since the interactions are mainly attrac- 
tive, they tend to maximize the spatial symmetry of 
the low-lying states. These additional correlations can 
be regarded as due to so-called “effective” interactions. 
The problem of relating these effective interactions to 
the basic two-nucleon interactions has not yet been 
completely solved, but considerable progress in this 
direction has been made.” In this paper, we will restrict 
ourselves to some qualitative remarks on this subject. 
First of all, it is very likely that the effective inter- 
actions are less singular than the basic interactions, 


would 


2 Brueckner, Eden, and Francis, Phys. Rev. 99, 76 (1955); 
H. A. Bethe, ibid. 103, 1353 (1956); R. J. Eden, in Vuclear Re 
actions, edited by P. M. Endt and M. Demeur (North-Holland 
Publishing Company, Amsterdam, 1957). 
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since the fluctuations are at least partially averaged 
out in nuclear matter. Thus, on the basis of reasonable 
assumptions regarding the basic interactions, it is 
expected that the probability of finding any two 
nucleons separated by 2X10~% cm or more in the 
interior of a nucleus is given nearly correctly by an 
independent-particle picture.* On the other hand, 
short-range correlations involving distances of 107! 
cm or less are very sensitive to the details of the inter- 
actions, e.g., the existence of a repulsive core."' How- 
ever, these correlations should manifest themselves 
only at high energies and are probably not of great 
importance for most low-energy phenomena. 

It is possible to fit the properties of the two-nucleon 
system, viz., the deuteron and nucieon-nucleon scat- 
tering, with a variety of interactions, especially if we 
restrict ourselves to low and medium energies. Thus, 
below about 100 Mev, the two-body data can be 
accounted for quite well with static (except possibly 
for spin-orbit effects) and rather nonsingular (i.e., 
Yukawa or Gaussian) interactions.’* In most shell- 
model calculations to date,'* these have been used as 
effective interactions and regarded as essentially the 
complete interactions between extra-shell nucleons, 
rather than as fluctuations about the average. This 
approach has proven very satisfactory, especially for 
nuclei with very few nucleons outside of, or missing 
from, closed-shell configurations. However, in these 
cases, the results depend mainly on the coupling of the 
nucleon angular momenta, and to a much lesser extent 
on the detailed form of the interactions, e.g., the radial 
integrals. 

We would like to argue that the effective interactions 
may be actually somewhat different from the above 
form. Fluctuations of the matter density tend to be 
suppressed by the action of the exclusion principle, 
especially in the interior of the nucleus where the density 
is largest. On the other hand, in the region of the 
nuclear surface, the matter density is lower, and the 
’auli principle is less effective in cutting down the 
correlations. Thus, it appears plausible that the effective 
interactions, at least those which are of the most im- 
portance for low-energy phenomena, occur mainly at 
the nuclear surface.t This approach is closely related 


8K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958); Gomes, Walecka, and Weisskopf, Ann. Phys. 3, 241 
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NUCLEAR SHELL 
to the idea of the unified model. For example, it is 
known®!® that a deformation of the nucleus gives rise 
to an effective interaction between nucleons at the 
surface. 

To study this relation a little more closely, let us 
consider the following effective interaction: 


t= — Ud(r,— Ro)6(r,— Ro) expl— (rie/r0)?], (1-1) 


i.e., two nucleons interact (in addition to their inter- 
action via the average potential) only if they are both 
on the nuclear surface, which is assumed to be sharp. 
The quantity r,, is the distance between the two 
nucleons, Ry denotes the nuclear radius, while ro and 
() refer respectively to the range and strength of the 
effective interactions. The specific Gaussian dependence 
is chosen here only for convenience of illustration. Of 
course, the above form is oversimplified: more realistic 
effective interactions will certainly depend not only on 
spatial coordinates but also on spins, and probably also 
on the nucleon momenta.t 

Note that (1.1) implies that the interactions are 
also suppressed outside the nucleus, while in actual 
fact, the interactions are not suppressed there at all. 
However, this should not introduce any significant 
errors, at least for calculations of bound states, since 
bound nucleons only rarely penetrate outside the surface 
region. 

The above effective interaction can be decomposed 
into angular components as follows: 


tie=— DY o6(r,— Rib(r,— Ro) Pa (C088 ,«), 


h sme) 


(4.2) 


where @,. denotes angular distance between the two 


nucleons: 
Ou=Prix/Ro. (1.3) 


In this expansion, terms for which 


A> Ro, ro (1.4) 


are expected to be very small. 

Incidentally, for each A there is only one radia] term, 
and each radial integral can be factored into a product 
of two integrals each involving one particle only. 
Instead, if conventional interactions are used, the 
radial terms depend on the coordinates of the two 
particles in a more complicated way, i.e., they are not 
factorable. Thus the use of surface interactions may 
actually simplify the calculations. While the validity 
of form (1.1) depends on the assumption that the 
surface thickness is small compared to the nuclear 
radius, the factorability of the effective interactions 
may hold more generally. 

By means of the well-known addition theorem for 
spherical harmonics, the effective interactions can be 
interactions give rise to a pairing energy in even-even nuclei 
analogous to the energy gap in superconducting metals [ Bardeen, 
Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 

16, Levinson and K. W. Ford, Phys. Rev. 100, 1 (1955). 
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rewritten in the form 


[4 (2+1) e874 — Ro) Vin® Ox, ee) 


A 
ah, 2 
d per 
Xb(7,— Ro) ¥n,(6,¢,) ]. (1.5) 
The above interactions may be readily described in the 
language of the unified model. To begin with, suppose 
that at a given time, the nucleons are in specific single- 
particle states. Then the interactions give rise to an 
extra potential, in addition to the central average 
potential. The extra potential seen by particle 7 at a 
given time is 


= da > [4x 2A+1) le); b(r7.— Ro) Vny* (Ox, ex) 

X6(r:—Ro) Vr,(6.,¢.) J (1.6) 
in first order in the cy. The angular brackets indicate 
the expectation value of the enclosed term. An extra 
potential can also be generated by having the potential 
well shape be nonspherical. Suppose, for example, that 
the nuclear surface is given by 


R(O,¢)=R[14+DX Dyan .(8¢) J, 


aed Low Dry t dry! 


(1.7) 


to first order in the deformation parameters ay,, and 
that the depth of the potential is Vo inside and zero 
outside. Then the extra potential is® 


=F. FV Meade Roi uc); 1D 


to first order in the ay,. 
It appears from these remarks that the two de- 
scriptions are at least qualitatively equivalent, pro- 
vided 
dis. VoRo) 
K (Ye b(n — Ro) Vry* (Oi, ¢%)). 


ayy= 4r(2A4+1 
(1.9) 
The connection between the two approaches is dis- 
cussed more fully in the next section. 


2. DESCRIPTION OF INTERACTIONS IN THE 
LANGUAGE OF THE UNIFIED MODEL 


We shall assume, in view of the remarks in the last 
section, that the nuclear Hamiltonian can be expressed 
as a sum of one-body and two-body terms. Accordingly, 
we write the Hamiltonian in the form 


H= > Kit} Di Le rit, (2.1) 


5, denotes the one-body Hamiltonian for each 
represents the effective two-body 
single-particle Hamiltonian is given 


where 
particle and tv, 
interaction. The 
by 
X=T+Y, (2.2) 
where 7 denotes the kinetic energy operator and the 
potential V is spherically symmetric. 
As written here, the two-body part of the Hamil- 
tonian also contains self-interaction terms, since we 
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have 


AD re = LL ve tL tii. (2:3) 
a k 


i<k a 


These self-interaction terms (the 7;,;) have the same 
effect as a slight change in the one-body potential, but 
it is mathematically convenient to include these terms 
in the effective interactions, rather than in the potential. 
This point is illustrated in Appendix B. 

In line with the remarks of the last section, we also 
assume that the effective two-body interactions are 
attractive and factorable, i.e., that they can be ex- 
pressed as follows: 


Vic= — >, Crg,*(k) g(t), 


where the c, are positive constants, while the g, repre- 
sent Hermitian one-body operators, the g,* their com- 
plex conjugates, and the sum is assumed to contain a 
relatively small number of terms. [Each term may, 
for example, correspond to one of the terms in the 
multipole expansion (1.5) of the surface interaction. ] 
This kind of decomposition is also used in conventional 
shell model calculations, but only for the angular part 
of the interaction. Incidentally, factorable interactions 
of the form (2.4) have been used previously for the 
purpose of classifying nuclear states. Thus Racah has 
extensively treated such interactions, in which the g, 
are the components of the angular momentum vector, 
or generalizations thereof.’ In that case, the interaction 
has the form of a Casimir operator, and group theo- 
retical methods may be applied. Elliott'* has also con- 
sidered these interactions for the case that the g, are 
the components of the quadrupole tensor. Note that 
the g, depend on the values chosen for the scale factors 
c,. If the c, have the dimensions of energy, then the 
g, are dimensionless variables. In summary, the nuclear 
Hamiltonian is assumed to be of the form 


H=3 %i-3 DO YY og,*(h)g, (i). (2.5) 
i k y 


i 


(2.4) 


The instantaneous potential seen by particle 7 is given 


by 
(2.6) 


Vi (nr) =Vilr)— Di Dd, cg," (R))g, (1). 


We can simulate the effect of the two-body inter- 
actions by letting the potential depend upon additional 
collective variables a, as follows: 


(2.7) 


17 G. Racah, ‘Group Theory and Spectroscopy,” mimeographed 
lecture notes, Princeton, 1951 (unpublished). G. Racah, Farkas 
Memorial Volume (Research Council of Israel, Jerusalem, 1952), 
Vol. 1, p. 29. This approach was applied to calculations of nuclear 
binding energies by I. Talmi and R. Thieberger, Phys. Rev. 103, 
718 (1956); see also R. Thieberger and A. De Shalit, Phys. Rev. 
108, 378 (1957). 

18 J. P. Elliott, Proceedings of the Pittsburgh Conference on 
Nuclear Structure, June, 1957. Elliott has also shown that the 
wave functions generated by these quadrupole-quadrupole inter- 
actions are surprisingly close to those resulting from conventional 
shell model calculations, e.g., using Yukawa interactions of the 
usual range. 


V (a,r)=Vi(r)—D, crag, (1), 
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where the symbol @ denotes the set of a,. The two 
descriptions are seen to be essentially equivalent, 


provided 
a,=(>-« g,*(k)). 
Next, we introduce a so-called intrinsic Hamiltonian: 
h(an) =>. R,—- LD, cong, (t) +3 Dd, ca? 


which depends upon the a,. In this paper the a, are 
assumed to be real, but this is no essential restriction. 
The set of particle coordinates is denoted by r. 

Clearly, A generates independent motions of all the 
particles in the same nonspherical potential. As will be 
seen, this intrinsic Hamiltonian can be regarded as a 
starting point in a perturbation calculation. Note that 
the magnitude of a, depends upon the value chosen for 
cy. If c, has the dimension of energy, then a, is dimen- 
sionless. The intrinsic wave functions and energies are 
given by 


(2.8) 


(2.9) 


hlaw)Xx(ar)=Ex(a)Xx(a,r). (2.10) 


The intrinsic wave functions are antisymmetrized 
products of single-particle functions. Note that the 
second term on the right-hand side of (2.9) essentially 
counts all the two-body interactions twice, but this 
error is effectively compensated by the last term. 

The main point of this paper is to show the close 
relation between the original Hamiltonian H and the 
intrinsic Hamiltonian hk. Thus approximate solutions 
(energy levels and wave functions) of the many-body 
problem (2.5) can sometimes be obtained in terms of 
solutions of the intrinsic Hamiltonian, without having 
to explicitly diagonalize the complete energy matrix. 
In order to investigate this relation in more detail, we 
begin by noting that, in 


1 /o0h\? 
H=h-}>. -(- ) : 
» ¢C,\0a, 


While both # and 0/, da, depend ona,, the a,-dependent 
terms which appear on the right-hand side of (2.11) 
must cancel, since H does not invoive a. 

Incidentally, it may be convenient to include a part 
of the two-body interactions explicitly [i.e., in the form 
(2.4) ] in the intrinsic Hamiltonian.t Then the intrinsic 
wave functions are no longer products of single-particle 
wave functions. In this case, (2.11) still holds except 
that the sum y now extends only over those indices 
which stand for the remaining interactions, i.e., those 
not already included in A. 

In general, the intrinsic wave functions are not 
eigenfunctions of the original Hamiltonian. However, 
let us suppose that operation of H on the intrinsic 
function Xx gives the following: 


(2.11) 


H(r)Xx(r,a) = Ox(a,0/da)Xx (ra), (2.12) 


where ©x denotes an arbitrary Hermitian differential 
operator which involves a, and 0/ da, but not particle 
coordinates or momenta. We shall show that a wave 
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function of the form!*-?° 
dain) f Xx(n9)Pay(a)da (2.13) 


is actually a solution of the many-body problem: 


HYky=EkWko. (2.14) 


The quantity ®x, is a collective wave function. The 
first subscript A describes the corresponding intrinsic 
wave function, while 9 refers to the particular quantum 
state of the collective motion. In this paper, we shall 
be concerned mainly with the collective spectrum 
based on the lowest intrinsic state X;(a@). For the sake 
of simplicity we shall, for the moment, restrict ourselves 
to consideration of a single collective variable @ which 
may be any function of the a,. It is readily shown by 
partial integration that 


feat da)yK (ta) Px, (a)da 


= fxxira)[oxtiad da)P x(a) da. (2.15) 
Thus, if (2.12) holds, (2.14) takes the form: 
fr ra) Ox* (ad da)® Kyla) \da 
= Exy f Xx\ na) esa)da (2.16) 


The previous equation must be satisfied for every 
value of r. This requires that the collective wave 
function obeys the following equation: 


Ox*(a,d Oa) Pxy(a) = Ex Px, (a). (2.47) 


These considerations are readily generalized to take 
into account several collective variables. We shall 
show below that under certain conditions of interest 
an equation of the form (2.12) is in fact approximately 
satisfied. In particular, it will be found that 


HX1.= e)(@)X.+D, €,(0°X;, da,’), (2.18) 
where the e 9 are functions of @ but the e:, are all 
constants. 
Under these conditions, the differential equation 
governing the collective motion is of the form 
0 
€)(a)P,,+)>., €,—?,, = F4,,. 
’ Oa, 


(2.19) 


19 Wave functions of this form have also been used as starting 
point for a variational treatment of the collective motion. See 
R. E. Peierls and J. Yoccoz, Proc. Phys. Soc. (London) 70, 381 
(1957). T. H. R. Skyrme, Proc. Roy. Soc. (London) 239, 399 
(1957); and reference 20. 

20 J. J. Griffin and J. A. Wheeler, Phys. Rev. 108, 311 (1957). 
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Fic. 1. Schematized intrinsic level spectra. (a) Uniform spacing 
of levels. Collective displacement operator 4/da couples only 
states in adjacent groups. (See Sec. 2.) (b) Essentially uniform 
spacing of levels, but collective displacement operator couples 
close-lving states as well as states in adjacent groups. (See 
Appendix A.) Arrows connect pairs of states coupled by 0/da. 
The total wave function can be expressed in the form (2.46). In 
case (a), we have a collective spectrum built on the lowest in- 
trinsic state. In case (b), the wave function is a sum of two terms 
corresponding to states L and M. 


Before studying the collective excitation spectrum 
in more detail, we give a few general relations which 
will prove useful in this connection. Consider any 
collective variable a (say, a real function of the a,). 
Starting with the commutation relation: 


bho 


[a da,h |= dh da, (2.20) 


it is readily shown that 


Oh é OF, 
x; E(k F)( ) Xk+——X,, (2.21) 
KL 


Oc kK da da 


where the matrix element is given by: 


0 0 OX, 
( . ) — -( ) = fx = dr. { 22) 
Oal Ki Oal rK 0a 


In particular, the diagonal element of 0h da for the 
intrinsic ground state is 


tN 


(0h da)rrp=OEz, da. (2.23) 


If a refers to any one of the a,, it follows that from the 
above and (2.9) that the self-consistency relation (2.8) 
must be satistied whenever 0, da vanishes, i.e., when 
we are at an equilibrium deformation.” 

Let us now make some specific assumptions regarding 
the intrinsic energy level spectrum. The simplest case 
we will treat is illustrated in part (a) of Fig. 1. It is 
assumed that the collective displacement operator 
0 da couples the lowest intrinsic state X; only to states 
at a specific energy, denoted here by e, above it. Thus 
we have 


(0 da)xr=0, unless Ex—FE,=e. (2.24) 


In this case we may replace every term (Ex—£,) in 
Eq. (2.21) by e. No error is made by this substitution, 


1S. A. Moszkowski, Phys. Rev. 103, 1328 (1956). 
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since, in view of (2.24), the only states which contribute 
to the sum over A are those for which Ex—/,;, equals 
e. Using the closure relation, we then obtain 


oh 0 0k, 
a (a pu. (2.25) 


Oa da da 

We shall assume, in addition, that e is independent 
of a and that E, depends only weakly, if at all, on a, 
Then we can write 


(0h da)X,= —e(O0X, da). (2.26) 
If @ is an angle variable, this assumption is obviously 
satisfied as a result of rotational invariance. However, 
if a denotes some other collective variable, it is not, in 
general, valid. Nevertheless, even if the intrinsic 
energies depend strongly on a, relatively little error is 
made by using (2.26) as we shall see in the following 
sections. 

Next, we turn to the evaluation of HX,. From (2.9) 
it follows that 


07h 0a,0a,' = C,6y,". (2.27 
We can verify the commutation relation: 
[0 da,,dh, da, |=c,. (2.28) 


With the help of (2.26) it then is easy to show that 
(0h da,)?X = e?(0°X,, 0a,”) +ec,X 1. (2.29) 


Substituting this result into (2.11) and using (2.10), 
we obtain 


Hx,=-3e> 


» C, Oa,” 


1 ax, 
+(k,—}ne)X,, (2.30) 


where is the number of collective variables. This 
equation is just of the form (2.18) with 


(2.31a) 


(2.31b) 


eo= E,—4ne, 


€9= —e (2c, ). 

It is often convenient to use as collective variables 
not the a, defined by (2.9), but certain real functions 
of the a,. These quantities which we denote by 3,, may 
for example, describe the deformation and orientation 
of the system. We shall assume that the transformation 
between the a, and 8, satisfies 


OB y/ Oay= (Cr/Yp) tyr, (2.32) 
where the c, have been defined previously, the y, and 
uy, are functions of the 8 variables, and the u,, form 
the components of a real orthogonal matrix. An 
explicit expression for the y, can be obtained as follows: 
We assume that the intrinsic energy £,, is essentially 
independent of all collective variables. Then according 
to (2.23) we have: 


(dh, 08,)i,=9 (2.33) 
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for every 3,. Using (2.32), we readily obtain 


Oa, OB y= (Yui Cv) Myo. (2.34) 
With the help of the above relations and (2.27) it can 
be shown that 
Oh 0 Oh 
vi ) 3 : (2.35) 
06," LI 0B, 08, Ll 
It also follows that 
i 3 i oO 0 
> —-—=2 fF—, {2.36a) 
i 0a,” “ F 03 , Oo, 
where 
F=(y-¥2°°*Y¥n)?. (2.36b) 
Substitution of this result into (2.30) gives 
i of oO 
HX; =—le 9 x 
“ i Oo, Yu 03, 
+ (hy —3ne)X;. (2.37) 


Let us attempt to take into account the dependence 
of FE, on the g,. For simplicity, we shall, as before, 
regard ¢ as a constant. Using (2.25), we find 


1 0 Ob F 
iin, 
iG da, Oa, 


+E, 


> 


HX,=-32 


—3ne)X;,. (2.38) 
Now suppose that the intrinsic wave function X;, but 
not the intrinsic Hamiltonian 4, is independent of one 
or more of the collective variables say, #1, ie., all 
matrix elements of the operator @ 43, vanish. In this 
case, the intrinsic energy must depend on 3). In par- 
ticular, with the help of (2.23) and (2.35) it is seen that 


Oh, 08 ;°= 71. (2.39) 


Let us, however, neglect any dependence of /; on the 
other collective variables, and assume that @; is fixed 
at some value for which all 0/, da, vanish, Le., at an 
equilibrium deformation. Making the transformation 
of (2.30) to 8 variables, we obtain Eq. (2.37) except 
that the sum is now to be taken over all variables 
except 3, and n is to be replaced by n—1. 

In all the cases treated above, the total wave function 
is of the form (2.13) except that we have several col- 
lective variables. If the intrinsic structure satisfies 
(2.37), the corresponding collective wave functions ®7, 
obey the equation 


ier v 


u F OB, Vu OB , 


(3) 


v 


2 nN 
+(e Sry 3) = E®,,(8). (2.40) 
2 
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Thus, we have a collective excitation spectrum built 
upon the lowest intrinsic state. The first term in (2.40) 
can be regarded as a collective kinetic energy, essentially 
of the form 


gr 
| ge -> ’ (2.41) 
» 2B, 0B," 
where the inertial parameter B, is given by 
B= h*y,/e?. (2.42) 


If 3, denotes an angle variable, then the corresponding 
parameter is a moment of inertia. Let us compare 
(2.42) with the value obtained by use of time-dependent 
perturbation theory?” : 


1 0 > 
B, = 2h > ( ) : (2.43) 
K Ex—E,\ 08,7 x1 


By combining Eqs. (2.21) and (2.35) (again under the 
assumption that /:; is independent of 3,), we may 
readily show that 


: 0 . 
DlEx-E, ( ) hy, 
A 03, KI 


If all energy differences appearing in the sum are equal 
to e, we immediately obtain (2.42). The quantity 
EF, — ne represents the potential energy of the col- 
lective motion. If the variation of e with g, can be 
ignored, then the intrinsic energy /; and the collective 
potential energy differ only by an additive constant. 
Next suppose that the intrinsic level structure is more 


(2.44) 


MODE 
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complicated so that instead of (2.12) we have the more 
general relation: 


HXK= Lk Onn XK, 


where each of the xx: is again a differential operator 
involving a, and 0, da,. Then each eigenfunction of H 
is no longer of the simple form (2.13) but is a linear 
combination of such functions: 


(2.45) 


(2.46) 


y(r) =Ee f Xxira Px, (ada, 


where the collective wave functions ®,(a) obey the 
coupled set of differential equations: 


wre Ox K*(a,d, da Px, (a) = Ex,Pr,(a). 


(2.47) 


In the example illustrated in part (b) of Fig. 1, each 
of the wave functions is a sum of two terms. This case 
is discussed in more detail in Appendix A. 

It should be noted that the integration over a@ intro- 
duces correlations into the total wave function, even 
if the intrinsic wave function is a single Slater de- 
terminant. Also, though the y and ® are separately 
normalized to unity, the total wave function as given 
by (2.13) is not, since it is not a simple product. 

Now consider the matrix element of a one-body 
operator, 1.€., 

T= >, 


Di MN (r,) (2.48) 


between two states denoted here by the indices An 
and A’n’, respectively. Even if we restrict ourselves to 
a single collective variable, such matrix elements have 
a rather complicated form. Thus it is seen that 


L{Px gla MWK a’ a)Px,(a)da'da 
Vee Mv ar a ——, (2.49) 
LID Ry AN Ke a)P Kg (a)da'da)( [{Px,*(a’) Vx Ka’ a)PK(a)da'da)' 
where ‘ 
Vewtala)= fXx*(ra’)Xx (eae, (2.50) 
and 
Mkexla’a)= fr *(ra’)M(r)Xx«(r.a)dr. (Z.5%) 


However, if the number of particles is large, a simple 
approximate expression for the matrix element can be 
obtained, as we will now show. 

Each intrinsic wave function is essentially a product 
of single particle functions, thus any normalization 
* integral can be written as a product of overlap integrals, 
each involving one particle. If a and a’ are only slightly 
different, each of the single-particle functions changes 
only a little between a and a’; thus each of the one- 
particle overlap integrals is only slightly less than unity. 
Still, if the number of particles is sufficiently large, the 


27). R. Inglis, Phys. Rev. 96, 1059 (1954); 97, 701 (1955). 

23 A summary of other approaches to the calculation of inertial 
parameters especially moments of inertia, is given by T. Tamura, 
Fortschr. Physik (to be published). 


total overlap integral will be small.*° We may represent 
this quantity as follows: 


te 
wn 
Nm 


. , . , 5 
Via’ a)—S (a’—a) ( 
ae 


where S is proportional to the Dirac delta function: 
S(x)=1 if x=0 
=0 if x0. 


By the same kind of argument, one can show that: 


hm 
wn 
ohn 
~S 


Ma’ a) —M (a,a)S(a’—a). ( 


n-*x 


Consequently, if the overlap integrals are proportional 
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to 6 functions, the matrix element is given by: 


[oa*onb nae 
= femet dames (a,a)Px,(a)da. (2.55) 


This result is also obtained if we regard the a not asa 
generator coordinate as in (2.13) but as an extra 
variable, i.e., if we write each wave function in the 
product form used by Bohr and Mottelson®: 


WK, (T,a)=Xx(ra)Px, (a). (2.56) 


Although this wave function is not strictly correct, (it 
contains too many variables), we can use it for the 
approximate evaluation of one-particle matrix elements, 
at least if the overlap integrals are essentially 6 func- 
tions. This will usually be the case if we are dealing 
with a large number of particles in unfilled shells. 


3. SIMPLIFIED TWO-DIMENSIONAL NUCLEAR 
MODEL; ENERGY SPECTRA 


An important aspect of nuclear structure is the 
competition between independent-particle motion and 
collective motion. If all interactions were of the one- 
body type, the nucleons would move independently 
in the average nuclear potential, and excitations would 
involve only single particles at a time. Closely asso- 
ciated with this kind of coupling scheme is the existence 
of a nuclear shell structure and also of spherical nuclear 
shapes. 

While a large part of the basic internucleon inter- 
actions can be represented in the form of an effective 
one-body interactions, i.e., the self-consistent potential, 
there are always some remaining terms which give rise 
to correlations between the motions of nucleons. At 
least a part of the correlations involve polarization of 
the nucleus. If these effects are strong enough, they 
lead to stable nonspherical nuclear shapes and to 
rotational spectra. In nuclei, we have a situation 
intermediate between the two extremes mentioned 
above. It is expected that collective effects become 
relatively more important as the number of particles 
in unfilled shells increases. Thus nuclei which contain 
very few nucleons outside of closed shell configurations 
are usually well described by an independent-particle 
model, while nuclei which are far removed from closed- 
shell configurations usually possess rotational spectra. 

In this section, we shall consider a very simplified 
two-dimensional nuclear model which, it is hoped, will 
provide some insight into the intermediate-coupling 
situation. All the particles are assumed to move in a 
two-dimensional harmonic oscillator potential. The 
single-particle states of this potential are characterized 
by the principal quantum number V and the orbital 
angular momentum \. [In two dimensions (x,y) there 
is only one possible direction of angular momentum 
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along the z-axis. | The possible values of \ are +), 
+(.V—2)---+1 or 0, and the single-particle energies 
are given by 


€va=hao(.V+1), (3.1) 


independent of A. The quantity wo denotes the charac- 
teristic oscillator frequency. Each particle is assumed 
to have an intrinsic spin of magnitude }, ie., the 
component ¢ of spin along the z axis is either } or —}. 
Besides the oscillator potential, we postulate that each 
particle is subject to a spin-orbit coupling: 


Ve.0.= Ag, (3.2) 


Finally we will suppose that the particles are subject 
to two-body interactions of the form 


Ck = —G(moy 2h)r2re cos2(ei— 6x), (3:3) 


i.e., two-dimensional attractive quadrupole-quadrupole 
interactions. We impose one additional condition: all 
matrix elements of the interaction which involve a 
change in the .V of any particle are assumed to vanish. 
Altogether the Hamiltonian for the system of particles 
can be written as follows: 


H=Hyo.t+hew.t+He-a, (3.4) 
where 
Ayo. =D ANAM han, (3.5) 
i =—c) Aw, (3.6) 
and 


He e=-3@ Lilied, fh fi. (3.7) 
The quantities f, are defined as follows: 


fi(t) = (men 2h)r? cos2¢,, (3.8a) 


f(t) = (may, 2h)r? sin2dg,, (3.8b) 
but all matrix elements of the f’s between single- 
particle states of different .V vanish. Note that (3.7) 
contains so-called ‘‘self-interaction” terms. The sig- 
nificance of these is discussed in Appendix B. 

A more accurate expression for the f’s which auto- 
matically gives the same matrix elements as (3.8) 
between states with the same .V and vanishes when 
taken between states of different .V is 


Mw rs 1 p:— p, 
h=- ‘ ( )+ os ( ), (3.9a) 
2h 2 2muh 2 


mw 1 
fr= oor a a (3.9b) 
We may also write Hg_g in the form (2.5), i.e., 
He-e=-3 LE ZX og *(h)g.(i), (3.10) 
i ok vel? 
where 
gv=G/,, (3.11) 
cy=1 (3.12) 
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For the present problem the calculation of the energy 
matrix may be simplified by the introduction of some 
new quantum numbers. We regard each single-particle 
state of principal quantum number V as_ having 
associated with it a fictitious three-dimensional angular 
momentum / given by 
(3.13) 


, 


[=4N 


and with component along a fictitious 2 axis equal to: 
t,= 4). (3.14) 


In the following we assume that there are particles 
in the shell of principal quantum .Y. All other shells 
are assumed to be either completely filled or empty and 
thus they do not enter into the excitation spectrum. The 
first term in (3.4), namely //;,,. may be ignored, since 
it has the same value for all possible states. 


(a) Only Quadrupole-Quadrupole 
Interactions Present 


We will first treat the case of no spin-orbit coupling, 
i.e., that only quadrupole-quadrupole interactions are 
present.** These interactions can be conveniently 
expressed in terms of the ¢ operators. Thus it is easily 
shown that f; has the same matrix elements as the 
operator (,. These are given as follows: 


(fi)nrn, NA> W(N’—de \(N’+X ,) es voy » Ae2y (3.15) 


and 


(C,)t't:’.tt2= Mt’ —t,. U+4, >} 6 bts! tz+2, (3.16) 


where As. and Ax denote, respectively, the larger and 
smaller of \ and \’, and the same for the /,. Thus we 
can make the correspondence : 

hirk (3.17a) 
and similarly 

(3.17b) 


The total Hamiltonian can then be expressed as follows: 


H=Hg.g=—-3G(T24+T,7)=-3G[T-T?], (3.18) 
where 
T,= 2 ti). (3.19) 


Each resultant many-particle state is characterized 
by the two quantum numbers 7 and 7,, where 


T,=}A, (3.20) 
A=3> Xi. (3.21) 


The 7, range from —T to T in steps of unity. 
In this limit, the energy levels are given as follows: 


Ery=3@[—T(T+1)4+}347]. (3.22) 
Thus all states of the same 7 can be regarded as forming 


2 This is the two-dimensional analog of the model considered 
by Elliott, reference 18. 
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a rotational band with A having the values +27, 
+27—2, ---+1 or 0. (The physical justification for 
this description is discussed below.) Of course, the 
energy ratios are slightly different from the values 
appropriate to three-dimensional rotation. Thus, for 
an even number of particles, the sequence of A is 0, +2, 
+4, --- with an energy ratio of second excited state 
equal to 4 rather than to 10, 3. Note that all bands have 


the same moment of inertia: 


i? 23=@ 8. (3.23) 
For any configuration, the band with the largest 
value of T, denoted by 7», occurs lowest in energy. 
The quantity 7) is equal to the maximum possible 
value of 3A for the particular configuration. It is easily 
shown that if there is an even number n of identical 
spin } particles in a shell which can accommodate g 

particles, then 
o=4n(g—n). (3.24) 


> 
In particular for the shell of principal quantum number 
V, we have 


(3.25) 


nm 


g=2N42. 


Asa simple example, for a configuration of two particles 
in the shell .V the allowed values of T range from 0 to 
To (which equals .V), in steps of unity. Figure 10(b) 
shows the calculated energy level scheme for the con- 
figuration of two particles in the .V=2 shell. 

The present problem can also be treated very con- 
veniently by the method of the unified model. The 
intrinsic Hamiltonian corresponding to (3.7) is given 
by: 

h=—-G YD farfi(i)+aefo(t) ]+4(ar+a-z*). (3.26) 


We next define two new collective variables 8, @ as 


follows: 
(3.27a) 


(3.27b) 


a,=8 cos26, 
* a=B8 sin2é. 


Using definitions (3.8) for the f, we can rewrite (3.26) 
in the form 


h= —8G (may 2h) [72 cos2(¢;—8) ]+4387, (3.28) 


but with the extra condition that all matrix elements 
involving a change in the .V of any particle vanish. 
The first term in / represents a deviation of the potential 
from spherical. If this term is added to the central 
oscillator potential, it is found that the surfaces of 
constant potential are ellipses. The quantity 8 can be 
regarded as a deformation parameter. The angle 
between the major axis of each ellipse (i.e., the direction 
of maximum elongation) and the fixed axis is denoted 
by 6. The second term in / denotes a restoring term 
which tends to oppose the deformation. 

In order to find the intrinsic energy levels and wave 
functions, it is convenient to express the / in terms of 
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the ¢ operator. Thus we obtain 


h=—G[T, cos20+T, sin20}+38°. (3.29) 


It is seen that the eigenfunctions of / are also eigen- 
functions of 7°, since this operator commutes with 
T, and with T,. However, since the potential depends 
on direction, the orbital angular momentum is not a 
good quantum number for these functions. The eigen- 
functions of 4 can be expressed in the form x(r,¢’), 
where 
¢ =¢i-0 (3.30) 

denotes the angular coordinate of particle 7 in the body 
reference frame, i.e., relative to the direction of maxi- 
mum elongation. 

It can be seen that the eigenvalues of /7 must be the 
same as the eigenvalues of 


—AGT +48. (3.31) 


In particular, the lowest eigenvalue, the ‘ground state 
intrinsic energy” is given by 

E,= —BGT+ 36°. 
The corresponding intrinsic wave function is denoted 
by X,. Note that in the present case al] intrinsic wave 
functions are independent of 8. the equilibrium defor- 
mation, which gives minimum energy is 


(3.32) 


B.a=GT, (3.33) 
and the corresponding intrinsic energy equals 
E..= —4G°T°. (3.34) 


At this point, there are two alternative ways of 
proceeding. One method is to regard 8 as fixed and 
equal to GT, and to treat only variations of @ (..e., 
rotations). This constitutes the rotational model. The 
other possibility is to treat variations of both 6 (rota- 
tions and 6 (vibrations). The latter approach is a more 
general version of the unified model. 

We shall first treat the problem by the rotational 
model. Note that the intrinsic levels are uniformly 
spaced in energy, with intervals between adjacent 
levels (AT=1) given by 


e=8G=G'T. 


It is easy to show, in addition, that the operator @ 00 
couples only intrinsic states separated by e. Conse- 
quently, this problem can be treated by the method 
discussed in Sec. 2. The total wave functions are of the 
form (2.13), where the collective rotational wave 
functions ®7, obey an equation of the form (2.40). 
From (2.32) it is readily shown that the quantities y3 
and ‘ye are given by 


ye=1, (3.36a) 

yo= 48". (3.36b) 
Thus, F defined by (2.36b) equals 

F= 28. (3.37) 
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In view of the remarks following Eq. (2.39), the sum yu 
in (2.40) extends only over the angle variable 6 and the 
effective number » of collective modes is unity. Thus 
the equation for the collective motion is 


—3G (Pry dP)—3GT(T+1)?ry=EPry. (3.38) 
The collective (rotational) wave functions are 
Pry = (2x) he", (3,39) 


and the energy levels are given exactly by (3.22). 

We see that the rotational model reproduces the 
correct energy levels at least for the present problem. 
Each total wave function is of the form 


Wra(r) = (27) If xuitse'Me 0 (3.40) 


except for a normalization constant. Note that while 
X; is not an eigenfunction of A, the integration over 
angles picks out of it the component of given A. Thus 
if we express X,;, in the form 


Xr (r¢',O)=d0 4 ayXralte’), (3.41) 


then 


Yra(r)=constayXraltyy). (3.42) 


The total wave function is nonvanishing only if the 
corresponding da is finite, even though the collective 
wave function (3.39) by itself is an eigenfunction of 
(3.38) regardless of the value of A. The rotational 
spectrum (3.40) goes only up to a certain value of A, 
and for each spectrum only even (or odd) values of A 
can occur, according to whether 7 is integer or half- 
integer. 

If 6=0, then each of the single-particle wave func- 
tions in the deformed potential is an eigenfunction of 
t,. All single-particle states in the major shell .V are 
characterized by a fictitious angular momentum V2. 
The lowest intrinsic state has component }.V along the 
x axis. For the next higher state, the x component 
equals 4.V—1, and so on. The intrinsic two-particle 
state of lowest energy is evidently obtained by putting 
two particles in the orbit with component }.V. This 
two-particle state is characterized by a fictitious angular 
momentum 7)=.V with maximum possible component 
along the x direction, and it generates the lowest 
rotational band. The intrinsic state which generates 
the next higher rotational band (7=7 )—1) may be 
formed by putting two particles into the lowest two 
orbits, but with a spatially antisymmetric wave func- 
tion. (The corresponding spatially symmetric wave 
function generates the ground-state band.) 

As was mentioned earlier, the present problem may 
also be treated by regarding both 6 and @ as collective 
variables. Since the intrinsic wave functions are inde- 
pendent of 8, all matrix elements of 0/48 vanish. The 
method of Sec. 2 is again applicable, since all that is 
required is that matrix elements between states of 
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energy difference other than e vanish (2.24). On the 
other hand, since the intrinsic energy depends on 8, 
and this dependence is only partially taken into account 
in this method, we cannot expect to reproduce the 
correct energy levels and wave functions exactly. This 
time, all excitations (i.e., changes in @ or in @) are 
regarded as collective, based on the intrinsic state of 
lowest energy (with T=7 )). The sum over uw in Eq. 
(2.40) now extends over both 8 and 6 and n=2. We 
regard e as a constant, but the other quantities as 
functions of 8. Substitution of (3.32) and (3.35-3.37) 
into (2.40) gives 


—( ef 14 1 2 ) 
ie - + > 
) ax pag 48° 06 


+[—8G67T),+}8-GT7,)b= Fe. (3.43) 
According to (3.43) the collective motion consists of 
rotations and vibrations, the latter involving oscil- 
lations of 8 about the equilibrium value G7». If the 
zero-point amplitude of the vibrations is small compared 
to the equilibrium deformation, the previous equation 
can be approximated as follows: 


GT Pb Gob 
pee ~ +3(8—GTy)*> 
2 of 8& 
—1G-T (To +2)o= FE. (3.44) 
The characteristic vibrational energy is given by 
hw, = G°T ». ( 3.45) 


In the limit of very large To, this is the same as the 
energy difference between bands whose T differs by 1, 
and in any case, it is equal to the excitation energy of 
the next to lowest band. The zero-point amplitude is 


given by 
Oh, } 
Ag= (tors / ) =G(T»)!, (3.46) 
03" 


which is, indeed, small compared to the equilibrium 
deformation (3.33) if 7» is large. The resulting energy 
spectrum is: 


E=G(-3To(Tot1)tuTot 02]. (3.47) 


If To is very large, this agrees with the previous result 
(3.22) provided we identify « with the quantity Ty—T. 
The corresponding collective wave function is of the 
form 


Ory = Ure 7r(B—GT»)e'*?, (3.48) 


where the « are the solutions of the one-dimensional 
oscillator problem. 


(b) Only Spin-Orbit Coupling Present 


Up to now, we have considered only quadrupole- 
quadrupole interactions in this section and neglected 
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the one-body spin-orbit coupling (3.6). We will now 
treat the opposite limiting case; i.e., only spin-orbit 
coupling present, besides the central ‘oscillator potential 
and no mutual interactions between the particles. In 
this limit, the particles move independently. 

Note that while the spin-orbit interaction is spin- 
dependent, it cannot give rise to any spin-flip. Thus 
the \ and o of each particle separately remain good 
quantum numbers. (On the other hand, in the three- 
dimensional case, neither /. nor s, remain good quantum 
numbers, only their resultant does.) In the absence of 
any further interactions, each of the single-particle 
states is doubly degenerate; the states A, o and —A, 
—o occur at the same energy. Thus, a configuration 
consisting of an even number of particles will have a 
ground state with total orbital angular momentum and 
total spin both equal to 0, while for an odd-A con- 
figuration, the net angular momentum is just that of 
the last odd particle. 

Another special property of the spin-orbit coupling 
in two dimensions (but not in three) is that the levels 
are uniformly spaced in energy. It is evident from (3.6) 
that an energy of c is required to raise any particle to 
the next higher orbit. Let us restrict our consideration 
to states with Y=0. Any single-particle excitation 
bet ween two such states involves a change of two units 
in the orbital angular momentum X of this particle, and 
therefore also in the total orbital angular momentum 
A. Thus the first excited state of an even-A configuration 
occurs at energy c above the ground state and has 
A=+2, while the second excited 
degenerate with A=0, +4. 

Altogether, we can express the energy spectrum in 
the form 


state (at 2c) is 


E=E,v+ ve, (3.49) 
where Ey is the ground-state energy, and vy is a non- 
negative integer, which may be regarded as the number 
of excitation quanta. The equal spacing of levels is 
suggestive of an alternative description of the spectrum, 
namely to regard the excitations not as jumps of indi- 
vidual particles, but as vibrational excitations. 

Since there are no mutual interactions, the intrinsic 
Hamiltonian contains no terms which tend to deform 
the nucleus. For this case, it follows from (2.9) that 


h=H+4°. (3.50) 


The intrinsic energy of the lowest state (v=0) is given 
by 


(3.51) 


E,=Eot}e. 


The coefficient of the 8° term is actually arbitrary for 
this case and we set it equal to unity. As before the 
method of Sec. 2 is applicable, since the intrinsic levels 
are uniformly spaced, at intervals given by: 


e=C. (3.52) 
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This time Eq. (2.40) has the form 


o io 1 0 
o( —-+ ; + ——— )e 
08 BAB 43° 0 
+ (Eo—c+36°)6= 4, 


nix 


(3.53) 


which is just the Schrédinger equation for a two- 
dimensional isotropic harmonic oscillator. The char- 
acteristic vibrational energy is given by 


hw, i, =C, (3.54) 


just the same as the spacing between intrinsic levels 
and the collective energy spectrum is exactly given by 
(3.49). Note that the term —c in (3.53), i.e., the last 
term on the left-hand side of (2.40), is just cancelled 
by the zero-point energy. 


(c) Both Quadrupole-Quadrupole and Spin-Orbit 
Interactions Present 


Having treated separately both the cases of quad- 
rupole-quadrupole forces and spin-orbit coupling, we 
are now in a position to study the more general inter- 
mediate-coupling case that both interactions are 
present. This forms a highly simplified nuclear model, 
which exhibits the transition between independent- 
particle motion and collective motion. For this kind 
of system, the total orbital angular momentum A and 
also the intrinsic spin = are each constants of the 
motion. We will suppose that there are two particles 
with o equal to +} and —}, respectively, so that the 
resultant © vanishes. Each particle is assumed to have 
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Fic. 2. Intrinsic single-particle levels in the V=2 shell as 
function of deformation. Each state is characterized by a quantum 


number 7 defined by (3.58). Also given are the values of A and o 
in the limit of 8=0. Each energy level is doubly degenerate. 
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a fictitious angular momentum 7)/2. The Hamiltonian 
is given by 


H=—-c{(T.(+)]-[T—)]}-$@[7T24+T/). (3.55) 


In this way we are actually covering a more general 
case, as may be seen in the following way: Suppose 
that one or both of the particles (say the one with ¢=} 
and specitied A) is replaced by a group of particles each 
of which has o=} and which couple together to form 
a resultant 7 equal to 37) and orbital angular mo- 
mentum A equal to A. Since the Hamiltonian depends 
on the ¢’s of the individual particles only through the 


operators 
> t (1) {o,= 
afe ’ \Ya 


there will be no change in either of these quantities. 
Consequently the group of particles may be regarded 
as equivalent to the original single particle. For ex- 
ample, a system of two particles in the .V=1 shell 
(t=4) which form a spatially symmetric wave function 
is equivalent to a single particle in the V=2 shell 
(t=1), and the problem of 4 particles in the V=1 
shell is, in many respects, equivalent to that of two 
particles in the .V=2 shell. 

For the intermediate-coupling problem, the unified- 
model approach is simpler, though less accurate, than 
the explicit treatment of all the interactions, and will 
be presented first. We shall treat both vibrations and 
rotations. The intrinsic Hamiltonian corresponding to 
(3.55) is given by 


T(t) +3) (3.56) 


h=—-c[TA+)-T.(-)] 


—G8[T, cos26+T, sin26)+}8*. (3.57) 


Apart from the effect of the restoring terms, the in- 
trinsic single-particle energies are 


—7(C+G%3")}, (3.58) 


where r ranges from —}7y to }T» in steps of unity. 
For large values of 8 and 6=0, + is equal to the eigen- 
value of ¢, for the single particle state, while for small 
8 and o=+} it approaches +/,, i.e., +}A. Figure 2 
shows a sketch of the intrinsic energy levels for a par- 
ticle in the .V=2 shell as function of deformation. 

The intrinsic energy of the two-particle system is 
obtained by adding the single-particle energies (3.58) 
and the restoring term (38”). For the lowest intrinsic 
state, we find 


E1(8) = —T(CPC+Gs")!+ 38. (3.59) 


Higher states are uniformly spaced in energy at intervals 
of 

e=(7+G°6")!. (3.60) 
We will find it convenient to define a coupling parameter 
as follows: 


x=TG"/c. (3.61) 


In Fig. 3 we have sketched the ground state intrinsic 
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energy as function of @ for several values of x. Lt is seen 
that if x<1, the equilibrium shape is spherical, while 
for x>1 it is nonspherical.® 

Let us now consider the two coupling schemes in 
somewhat more detail. In the weak coupling case, an 
expansion of F;, in powers of 8 gives 


E,= —cTot}(1—x) 8", (3.62) 


to second order in 3. While the equilibrium shape is 
spherical, the energy curve becomes flatter as x in- 
creases toward unity. The spacing between adjacent 
intrinsic levels is equal to c at 8=0, independent of x. 
The characteristic vibrational energy is quite generally 
given by 


hey i» =e( CE,’ 08")}. (3.63) 
For the present case, we have 
hey ip=c(1—ax)). (3.64) 


From (3.46) it follows that the zero-point vibration 
amplitude Ag is given by 


Ag=l—x)-4, (3.65) 


According to (3.59) the effect of anharmonicity of FE; 
is expected to be proportional to the ratio 


G?(A8) Ce =x/[To(1—x)!] (3.06) 
in lowest order. 

As the coupling strength goes from 0 to 1, the energy 
levels move closer together, but without any change in 
their relative spacing. If 7» is large, deviations from the 
harmonic law become appreciable only when x is close 
to unity. While the excitation spectrum can be quali- 
tatively characterized as vibrational even in the limit 
x=0, this kind of description is completely accurate 
only if the frequency of the collective motion is small 
compared to the characteristics frequency of individual 
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Fic. 3. Ground-state intrinsic energy Ex, as function of de 
formation 8 for several values of the coupling parameter x. (Not 
to scale.) 
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particles, i.e., if the collective motion occurs adiabati- 
cally. If the equilibrium shape is spherical, this occurs 
when the ratio 

(hay i, e)=(1—x)} (3.67) 
is small compared to unity, which requires that x is 
close to unity. 

When the coupling strength exceeds unity, a pro- 
nounced change in the spectrum occurs. The spherical 
shape becomes energetically unstable and the system 
requires an equilibrium deformation given by 


Beq=GT (1 —x7*)!. (3.68) 


The ground-state intrinsic energy, expanded about the 
equilibrium deformation, is 


E,(8)= —3G@°T¢(1+2x-7)+4(B—Beg)*(1—2"). (3.69) 


Thus, as x increases, the equilibrium deformation 
increases toward the limiting value GT», and the energy 
minimum becomes sharper. The energy difference 
between adjacent intrinsic states, evaluated at 8.4 is 
given by 


e=G°T>. (3.70) 


In this case, the deformation can oscillate about its 
equilibrium value, and we also have collective rotations 
about the z axis. The characteristic vibrational energy 
iS 


heyinp=GTy(l—x 2), (3.71) 


while the characteristic rotational energy is given by 


nh? ee 43 
Rin mo, (3.72) 
$ (i~zs*) 


Thus, as the coupling becomes stronger (e.g., if G and 
To remain constant, while c decreases), the vibrational 
energies increase again, while the rotational energies 
continue to decrease, in agreement with the experi- 
mental evidence. With the help of (3.46), we can make 
the following rough estimate: 

Ag 1 

a , (3.73) 
Beg Toi(1—x*)? 


If the ratio (3.73) is small compared to 1, the rotational 
and vibrational degrees of freedom are uncoupled from 
each other. One would then expect to find relatively 
little perturbation of the rotational bands. Thus if 7» 
is large, the energies in a rotational band should exhibit 
only slight deviations from the law, unless x is close to 
unity. 

The transition between vibrational and rotational 
spectra is expected to occur when the effect of the non- 
spherical equilibrium shape is just “‘washed-out” by 
the zero-point oscillations. According to (3.73) this 
requires that 


= 1 +y¥ Ty t (3.74) 
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Fic. 4. Energy spectrum for two-dimensional intermediate 
coupling problem according to unified model. Each particle is 
assumed to be subject to a spin-orbit interaction of strength c, 
and the particles interact by attractive quadrupole-quadrupole 
forces of strength G*. The total intrinsic spin Y is assumed to 
vanish. The quantity 7, which is half of the largest possible v — 
of total orbital angular momentum A, is taken equal to 20, 
rather large value. This corresponds to the problem of ies 
particles in the harmonic oscillator shell of principal quantum 
number N = 20 [see Eq. (3.55) ]. However, it also corresponds to a 
variety of problems involving a larger number of particles in 
shells of smaller principal quantum number. It is convenient to 
define a coupling parameter x=7)G?/c. For x<1_ (spherical 
equilibrium shape), the excitation energies, in units of c, are 
plotted against x. Below x=0.8, the spectrum is assumed to be 
of the vibrational form (3.64). For x>1, (nonspherical equi 
librium shape) the eee es energies are expressed in units of 
TG and plotted against 1/x. Above x=1.25, the spectrum is 
assumed to be of the nantieanl form [see Eqs. (3.71) and (3.72) ] 
The dotted lines in the transition region represent qualitative 
interpolations. Each level is characterized by the oscillator 
quantum number » and by its orbital angular momentum A in 
the limit x +0, and by the quantum numbers 7 and A in the 
limit x + x. Only states corresponding to values of » up to 3 are 
shown. The states which correspond to »=4 Brees the following 
in the limit of x + x: T=To, A=8; T=To—1, A=4; T=T)—2, 
A=0. Also plotted for comparison is the energy so ing e between 
intrinsic levels as function of x. (See 3.52, 3.70.) 


where y denotes a constant of order unity. In the 
transition region, the collective energies are small 
compared to the intrinsic excitation energy; in par- 
ticular, using Eqs. (3.70-3.72), we find that 


wo 
~I 
wn 


(Econ /e)=const X Ty}. (3. 


Of course in this region the collective motion does not 
separate into rotations and harmonic vibrations. On 
the other hand, in the strong-coupling case (*>>1) the 
adiabatic condition holds for the rotational motion, 
but not for the vibrational motion. 

Figure 4 shows a sketch of the energy spectrum as 
function of the coupling parameter for a rather large 
value of To, namely 20. Note that the energy of the 
first excited A=0 vibrational state has a minimum in 
the transition region. This is expected since the mini- 
mum of the intrinsic energy curve is flattest in this 
region (as shown in Fig. 3). 

We now treat the intermediate-coupling problem 
(3.55) by explicit consideration of all the interactions. 
We expect to find that the calculated energy spectra 
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will essentially agree with the results just calculated 
by means of the unified model. 

In the weak-coupling case (<1), is convenient 
to use the a le wave functions (char- 
acterized by A+, A—) as a basis set. The spin-orbit 
interaction is diagonal in this representation. Its matrix 
elements are given by 


(H, rey Wes a ee 


=- ScL(A+) (r ) Ova ag On +> (3.76) 
The matrix elements of the quadrupole-quadrupole 
interaction may be obtained with the help of (3.14), 


(3.16), and (3.18). The diagonal elements are 


(Hag) xen-nsn 


=1G7[— Tu Ti+2) 44004)? 


1 > “mony 
+3(\- yj. (9.44) 


This interaction also couples pairs of states with the A 
of each particle differing by two units (but with the 
same total A). These off-diagonal elements are given by 
AG'{LTy— A+) <] 
JTo-— A—)  JITo+ (A—) > ]}3 

XK by4°. A+ +25. ae t 2 (3.78) 


(He_@)ay rn a= 


X[To+ (A+) 


where (A+). means the smaller of A+ and A+’, and 
similarly for the other symbols. The quantum numbers 
A+, A— are related to vy and A as follows: 


Cou 


(A+) +10 A. (3.79a) 


19b) 


w 


(A+) — (A—) =2(T) 


vy). { 
The energy spectrum, up to second order in the x and 
first order in 1 7», is 


a— Eno x = 1lfx A? 
={ 1-—--- )o+ (° + 
C 2 8 Tol 4 4 


In the limit 7)>— ~, this gives the same vibrational 
spectrum as calculated previously (at least up to second 
order in x, but presumably to higher order as well) 
The levels in a vibrational multiplet are split by an 
amount proportional to 1 7., and arranged in order of 
increasing A°. 

It is of interest to compare these results with the 
ordering of levels in even-even nuclei exhibiting vi- 
brational spectra. In particular, consider the so-called 
“two-phonon states” (J=0, 2, The experimental 
evidence on their level ordering is still very incon- 
clusive.** However, it appears that the 2+ state Is 
98, 212 


2° G. Scharfi-Goldhaber and J. 
Theoret 


(1955), see also M. Nagasaki and T. 
Phys. Japan 12, 248 (1954). 
26C. A. Malilmann (to be published 


Weneser, Phys. Rev 
Tamura, Progr 
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frequently below the 4+ state,°®?? while the 0+ state 
seems to be higher in energy. 

The same effects which split the levels in a multiplet 
must lead to deviations from the uniform level spacing. 
Thus the v=2 states occur at energies slightly larger 


than twice the energy of the v=1 state: 
Eao— Fo 1 
2+ 2”) (3.81a) 
Fy2— Eno Tl 
I alas En 1 
2+. (xix) (3.81b) 
/ oe Ei 0 1 


When the coupling parameter exceeds unity, it is 
convenient to use the strong-coupling wave function 
(characterized by 7, A) as a basis set. The quadrupole- 
quadrupole force is diagonal in this representation : 

(He OITA TA 3G°L- T T+ 1 +3N7 lor-r. (3.82) 
For the present case, the strong-coupling wave func- 
tions are symmetric or antisymmetric in the spatial 
coordinates of the two particles, depending on whether 
T)—T is even or odd. Using this fact, it can be readily 
verified that the matrix elements of the spin-orbit 
interaction satisfy the relation: 
(Heo rea. raz . c[1 { 1)? TUts(+) devs, ra. (3.83) 
In particular, the spin-orbit interaction has no diagonal 
elements. Since the spin-orbit operator is a vector, it 
can only connect pairs of states with 7 differing by 
unity. By using the standard techniques of Racah 
algebra, it can be shown that 


(t.(+) ra ara (-1)7Q27+0)! 

(715A 0 71 T—1 5A) 

XW4T To T T—1514T0)(GT0 ,t4T0), (3.84) 
where the quantities on the right-hand side denote 
Clebsch-Gordan  coethcient, Racah coefficient, and 
reduced one-particle matrix elements, respectively.** 
Evaluation of these quantities gives 


(Heo)r-1a.ta= —¢CL(Tot1+T) (To+1—T) 
< (T?— 4A?) /(47?—1) }§. (3.85) 

Since the spin-orbit coupling has no diagonal elements, 
there is no first order effect on the energy levels. In 
second order, the spin-orbit interaction alters both the 
rotational and vibrational level spacings. 

The effective moments of inertia of the rotational 
bands are given by 


h? C 1 F 10( T)— T)+1 
= [1+ [i+ || (3.86) 


2% 8 x 2T» 

27 F, Raz (to be published). See however, L. Wilets and M. 
Jean, Phys. Rev. 102, 788 (1956). 

234. R. Edmonds, Angular Momentum in Quantum Mechanics 
(Princeton University Press, Princeton, 1957). 
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to second order in 1 x. In the limit of infinitely large 
Ty, this result agrees with the unified model result 
(3.72). The effect of finite 7) is to further increase the 
energy spacings, especially within the higher bands. 

Deviations from the A* law appear only in fourth 
order of the spin-orbit strength. To study this effect, 
say for the lowest rotational band, we may start from 
the general perturbation equation: 


oy 
BE = Ky : Ai 4 > 


nxo E—E, 
Hon Ham Ano 
+> > (3.87) 


nvo men E— E,)(E— Em) 


where the subscript 0 refers to the state in question in 


absence of perturbation (H’=0), and the other sub- 
scripts represent the other unperturbed states. In the 
present case, the spin-orbit perturbation term H,., 
couples only states whose T differs by 1; thus each state 
in the ground-state band (7) is coupled only to the 
state of the same A in the next band (7)—1). Denoting 
the states by their values of 7)— 7, we obtain 


Hy |? 
F\— FotL Aye’ ?/(Fi— Fo) ] 
Ho’)?! Hy! ? 


_ (3.88) 
( k.- Eo) ( ky- Ey)? 


for the energy up to fourth order in the spin-orbit 
coupling. We can pick out of (3.88) the term propor- 
tional to A‘: 


Gr A 21 
(AE),=— | (1+ -)} (3.89) 
8l4x°T? 8T> 


These terms lead to deviations of the rotational energy 
spectrum from the A* law. In the language of the unified 
model, these deviations are due to rotation-vibration 
interaction, i.e., an increase of .¥ with A’, due to 
centrifugal forces. It is then easy to show that 


Etyaa—Etro A? A—4 Zt 
é = i (1+ ..-)I (3.90) 
Ety—Eteo 4 4x'T? &T, 
to fourth order in x~!. If To is large, the deviations from 
the A? law become significant only when x is close to 
unity. 

Consider next the effect of the spin-orbit interaction 
on vibrational energies. In particular, we may regard 
the excitation energy of the state with T= 7 )—1 and 
A=0O as the first excited vibrational state. Using second 
order perturbation theory, it can be shown that: 
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Fic. 5. Energy spectrum for intermediate-coupling problem calculated by diagonalization of energy matrix of (3.55) as function of 
the coupling parameter, (2 =0 states only). The energies are plotted on the same scale as in Fig. 4. For explanation of the symbols, 


see the caption to Fig. 4. Part (a) 
we obtain the spectrum shown in Fig. 10(b). Part (c) 


to second order in 1/x and first order in 1/7». In the 
limit of large J», this agrees with (3.71) (at least up 
to second order in 1x, but presumably to all orders). 
It might be thought that the spin-orbit interaction 
should increase the vibrational energies, since it has 
no diagonal elements and interacting levels tend to 
repel. This argument is indeed valid for the case To= 1, 
in which case there are only two interacting levels with 
A=O0 (i.e., T=0, 1). However, when Ty is larger, the 
situation is different. True, the energy of the ground 
state is pushed down, energetically, but the coupling 
to the lowest state in the first excited band. This 
coupling by itself, would push the 7)>—1 state up by 
the same amount. However, the 7)—1 state is also 
pushed down by its coupling to the 7)—2 state. Explicit 
calculations show that the latter coupling is con- 
siderably stronger than the coupling to the ground 
state, in fact the T)—1 state is actually lowered even 
more than the ground state. Consequently, the relative 
energy difference between the two states, i.e., the 
vibrational energy, is decreased by the spin-orbit 
interaction. 


for To=1. Part (b)—for T)=2, on the lowest states (up to y=3 are shown). In the limit x—> =, 
for Ty>=4. Part (d) 


for To=8. 


The energy spectra in the intermediate coupling 
region were also obtained by explicit diagonalizations” 
of the energy matrices for Ty=1, 2, 4, and 8, each for 
several values of x. The 7A representation was used 
even in the region of weak coupling. The resulting 
energy spectra of the lowest states as function of the 
coupling parameter are plotted in Fig. 5 for To=1, 2, 4, 
and 8, respectively. For Ty)=1 there are only three 
states, not enough to exhibit any appreciable collective 
effects. As J increases, more states are added, and the 
spectrum acquires form expected on the basis of the 
unified model. Detailed calculations were not made for 
values of TJ» larger than 8, but there seems little doubt 
that the energy spectra will look very similar to the 
one sketched in Fig. 6 for Ty=20. As expected [see 
(3.74) ], the transition between weak coupling and 
strong coupling occurs for values of x slightly larger: 
than unity. As 7» increases, the transition occurs more 
suddenly. This is also illustrated by plots of the ratios 

* These diagonalizations were performed on the Johnniac at 


RAND Corporation. The author is indebted to the RAND Cor- 
poration for making time available for the matrix diagonalizations. 
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Fic. 6. Ratio (Ey— Ee)/(E2— Fo) of excitation energies plotted 
as function of x for various values of 7). The subscripts 0, 2, 4 
denote the lowest states with A=0, 2, 4, respectively. 


of excitation energies shown in Figs. 6 and 7, respec- 
tively. 


4. ELECTRIC QUADRUPOLE TRANSITION PROB- 
ABILITIES ACCORDING TO THE 
TWO-DIMENSIONAL MODEL 


An important characteristic of nuclear spectra is the 
frequent enhancement of electric quadrupole moments 
and transition probabilities for electric quadrupole 
radiation far above the values associated with single 
protons.’® In the present case, the quadrupole operator 
is given by 


Q=) 017.2 cos2¢,. (4.1) 


Each particle is assumed to have unit charge. For the 
sake of convenience, we will express the quadrupole 
operator in units of the quantity (# 2ma ) and restrict 
ourselves to transitions involving no change in the 
principal quantum number .V of any particle. Using 
(3.8, 3.17, and 3.19) we then find 


Q0=)D); filt)=Li te (t) =T3. 


Note that this operator only connects pairs of states 
whose orbital angular momenta A differ by two units. 
Thus it has no diagonal matrix elements; Le., the 
density distribution, averaged over time, is independent 
of direction (although the instantaneous density dis- 
tribution may not be). In this respect, the two-dimen- 
sional problem is simpler than the three-dimensional 
one, since in the latter, each state usually has a static 
quadrupole moment. However, even in the two- 
dimensional problem, certain quadrupole matrix ele- 
ments exhibit pronounced collective behavior. 

Let us first consider the strong-coupling limit (only 
quadrupole-quadrupole interactions present). For this 
case, the spectrum separates into a series of rotational 
bands, each of which is characterized{ by a definite 
value of the quantum number 7. Since the operator 
T, only connects states with the same value of 7, it 
follows that quadrupole transitions can only occur 
between states of the same rotational: band. In par- 


(4.2) 
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as function of x for various values of Ty. The subscript 0’ denotes 
the first excited (vibrational) state with A=0. The other sub- 
scripts have the same meaning as in Fig. 6. 


ticular, the matrix element between the ground state 
(T= T o, A=0) and the first excited state (T= 7, A= 2) 
for an even-n configuration is given by: 


VUTM2 Two>= SLT o( Ty+1) ]}. (4.3) 


The corresponding single-particle value of the matrix 
element is 37»! as will be shown later. Thus if 7 is 
large, the quadrupole matrix elements are larger than 
the single-particle values. 

The matrix elements may also be calculated by 
expressing the wave functions in the form (3.40). As 
an illustration, suppose we have particles, each in the 
lowest intrinsic state of the \V=1 shell. It is easily 
shown that the overlap integral is given by 


N11 (0,6) = cos"(6—6’). (4.4) 


For V>1, the overlap integral is expected to fall off 
even faster as function of 6—6’. Thus, if the number of 
particles is sufficiently large, the overlap integral 
behaves essentially like a 6-function of the argument 
(9—6').’ If this 6-function assumption is valid, the 
wave function can be written in the form given by 
Bohr and Mottelson®: 


(4.5) 


Wra=Xz(r,¢") (2x) he? 


for the evaluation of matrix elements. Let us use this 
form to calculate the matrix elements of the quadrupole 
operator. Now each of the x corresponds to a unique 
value of 7, and, the quadrupole operater connects only 
intrinsic states of the same 7. Furthermore the total 
wave function has the same 7 as the intrinsic wave 
function which generates it. It follows that all matrix 
elements between states of different 7 must vanish. 
This result was already derived above. 

To evaluate the matrix elements between states in 
the same rotational band, we express the quadrupole 
operator in the body reference frame as follows: 


Q=T,=T,' cos20. (4.6) 
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We define an intrinsic quadrupole moment by 


Qo=Tz' | 11. (4.7) 


This is the instantaneous quadrupole moment of the 
density distribution in the body frame of reference. 

The quadrupole matrix element is a product of Qo 
(which equals 7) for the lowest intrinsic state) and an 
integral over the 6. Thus we obtain 


VT2,T0= $T». (4.8) 


This approaches the exact result (4.3) if 7)>>1. 

Next we study the weak coupling limit (i.e., only 
spin-orbit coupling present), using the two-dimensional! 
model of Sec. 3. In this case we have an independent- 
particle spectrum. Since the quadrupole operator can 
act only on one particle at a time, it is evident that 
transitions are allowed only between states differing 
with respect to the wave function of a single particle. 
The orbital angular momentum A of this particle must 
change by two units. It can be seen from (3.79) that 
this is equivalent to the selection rule Av=1. Thus, for 
example, the transition between the y=0, A=0 ground 
state and the v=3, A=2 excited state is forbidden, 
since it would require a change in the A of both particles. 
The matrix element for the transition between ground 
state and first excited state (v= 1, A= 2) is given by 


Or, 0= 370}. (4.9) 


In the language of the unified model, the collective wave 
functions are the eigenfunctions of a two-dimensional 
isotropic oscillator problem (3.53). The quadrupole 
operator is evidently proportional to the collective 
variable a;, and thus it permits only ‘‘one-phonon”’ 
transitions,® in agreement with the above result. 

Now suppose that we turn on the two-body inter- 
actions. This has the effect of increasing the amplitude 
Ag of quadrupole vibration [Eq. (3.65) ] but without 
significantly changing the form of the energy spectrum 
(provided the quantity 7 is large, and the coupling 
strength x is less than unity). The quadrupole matrix 
elements between states with Av=1 are therefore 
expected to increase with x. In fact explicit calculations 
show that they are proportional to 1—{x up to first 
order in x. On the other hand, transitions involving 
Av=1 remain forbidden. In any case, all ratios of 
transition probabilities, like ratios of excitation energies, 
are essentially independent of x, provided x<1 and 
T,>1. 

Finally, consider the case of nonspherical equilibrium 
shapes. The quadrupole matrix elements between states 
within a rotational band will increase with x, since they 
are proportional to Bgq. [Eq. (3.68) ]. For example, it 
can be shown that in the limit of large 7) we have 


OTA, To A4+2= §T9(1—}3x°*) (4.10) 
up to terms of order x~*. On the other hand, the tran- 


sition strengths between states in different rotational 
bands (which can be regarded as vibrational transi- 
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tions®’) depend on the oscillations of 8 about its equi- 
librium value. Thus, according to (3.73) we would 
expect that vibrational transitions are weak compared 
to rotational transitions, at least if 7’) is large. To take 
a specific example, it can be verified that 


(4.11) 


QOry-12,T0= }Tyix™, 


up to first order in x ' and assuming 7')>1. In the 
strong-coupling limit, «—» *, the vibrational tran- 
sitions cannot occur at all, as was already discussed at 


the beginning of this section. 


5. NUCLEAR 1p SHELL 


The most striking evidence for collective behavior 
in nuclei is found in heavy nuclei far removed from 
magic numbers. However, the connection between the 
shell model and unitied model is perhaps most simply 
illustrated near the other end of the nuclear periodic 
table, in the 1p shell. Consider a system of » interacting 
nucleons in 1p orbits. We assume at the outset that all 
configurations mixing with other states, Le., virtual 
1p—2p excitations, ete., can be neglected. This ts 
expected to be a fairly good approximation since the 
1p shell is well separated from other shells.’ Suppose 
that there are two kinds of interactions, (a) one-body 
spin-orbit interactions, and (b) two-body central, 
charge-independent, and velocity-independent inter- 
actions, i.e., linear combination of the four well-known 
types: Wigner, Heisenberg, Majorana, and Bartlett 
interactions. The nuclear coupling scheme in the 1p- 
shell is determined by the competition between these 
two kinds of interactions”? If the spin-orbit forces 
dominate, the particles move essentially independently 
and the j of each nucleon remains a good quantum 
number, i.e., we have jj coupling. If the two-body 
interactions dominate, the motions of the particles will 
be correlated, but the total orbital angular momentum 
L and total spin S will be constants of the motion, i.e., 
we have LS coupling. In actual 1p nuclei we have an 
intermediate situation. At the beginning of the shell 
(.4 up to 9) the coupling scheme is fairly close to the 
LS limit, but for heavier nuclei, the strength of the 
effective spin-orbit coupling is larger,” and jj coupling 
provides a better approximation. Of course, for any 
detailed fits to the experimental data, it is necessary 
to treat both spin-orbit and two-body interactions.’ 

Let us first consider the LS coupling scheme, and 
restrict ourselves to states which are completely sym- 
metric with respect to the spatial coordinates of all 
nucleons. These completely space-symmetric states 
will be lowest in energy, since the mutual interactions 
are predominantly attractive. The energy levels of 


* They can also be regarded as particle transitions involving 
a change of the intrinsic structure. 

31 Such configuration mixing must, however, be 
account for some applications. See reference 2 
#7). R. Inglis, Revs. Modern Phys. 25, 390 (1953). 
% TD. Kurath, Phys. Rev. 101, 216 (1956) 


taken into 
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such states of the p” configuration can be expressed in 
terms of the energy levels of the space-symmetric 
two-particle states.’ Two p nucleons may form a 
space-symmetric state of orbital angular momentum 
0 or 2. We can always fit the energies of these two states 
by expressing the interaction between the nucleons in 
the form 

(5.1) 


Usk a +dl,-1,, 


where a and 6 are constants, which depend on the 
details of the effective two-body interaction. The 
interaction Hamiltonian for the p" contiguration may 
then be written as }° Dove, ty, Le., excluding self 
interaction terms, and the energy levels are given by 


Kip") 1=hn(n—DatTAL(L4+1)—n Jb. (5.2) 


For attractive interactions, the constant 6 is positive, 
so that a characteristic rotational spectrum is obtained. 
We may express (5.2) in the form 


I; — IL i? 2Q)CL(L+1) — Lo(Lo+1) J, (5.3) 


where the subscript 0 refers to the ground state and 
the effective moment of inertia is given by 


(h?/2.3) = 38, (5.4) 
independent of the number of particles. Because of 
symmetry requirements, the allowed values of L are 
restricted to the following: », n—-2,---(1 or 0), ie. all 
even or odd values up to » occur according to whether 
n is even or odd. Figure 8 shows the level schemes 
(completely space-symmetric states only) for p’, p', 
and p* configurations in 1S coupling. 

If self-interaction terms are included, each energy 
level is displaced by a constant, but there is no change 
in the relative spacing, e.g., the moment of inertia. 

To be more specific, let us suppose that the two-body 
interactions are spin-independent and of the form: 

Vik = —G*Po(cos¢ix). (5.5) 
The energies of the two-particle S and D statgs may 
then be readily evaluated by standard shell-model 
techniques. It is found that 


(5.6a) 


(5.6b) 


E( p*)o= oe 1G”, 
E(p*)2= — (1/25)G?. 


The spacing between these two levels gives the moment 
of inertia: 
h?/ 2% = (3/50)G?. (5.7) 


In order to interpret the above energy spectra on the 
basis of the rotational model, we proceed by essentially 
the same method as in Sec. 3. The particles are regarded 
as moving independently, but in a variable non- 
spherical potential." For the present case, we assume 
that the surfaces of constant potential are spheroids. 


«SG. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd 29, No. 16 (1955) 
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I'ic. 8. Level schemes for p?, 3, and p* configurations in LS 
coupling. Only states which are completely symmetric in the 
spatial coordiates of all nucleons are shown. Since the total 
nuclear wave function must be antisymmetric with respect to 
interchange of any two particles, it must also be antisymmetric 
with respect to spin and isotopic spin variables. Such states cannot 
be constructed for more than 4 particles in the p shell. Each level 
is characterized by ?7+425+1Z, and its excitation energy in units 
of #?/2%. Note that while all states shown follow the rotational 
L(L+1) law, only the states with S=0 also follow an /(7+1) law. 


The well is characterized by a deformation a which is 
proportional to the fractional elongation of the sym- 
metry (3) axis, and by three Euler angles collectively 
denoted by 6, which specify the orientation of the system 
with resnect to a fixed reference frame. The part of the 
intrinsic Hamiltonian which describes the nonspherical 
part of the potential ‘s 


h=—Ga ¥; Ps(cosy,’) + 40° (5.8) 
analogous to (3.28), where ¢,’ denotes the angular 
coordinate of particle ¢ with respect to the 3-axis. The 
single-particle states have components of orbital 
angular momentum (denoted by A,) along the sym- 
metry axis equal to 0 or +1. (Note that the quantity 
A now has a different meaning than in Sec. 3.) The 
intrinsic single-particle energies are given by 


(5.9a) 
(5.9b) 


Fa,=0= —3Ga, 
Ea;=+1=1Ga 
5 ’ 


to tirst order in the deformation a. 

Clearly it is energetically most favorable to put all 
the particles into the A;=0 orbit. Then the total com- 
ponent of orbital angular momentum A along the 
symmetry axis vanishes. The spatial part of the re- 
sulting intrinsic function, being a product of identical 
single-particle functions, is of course symmetric in the 
spatial coordinates of all the particles. The equilibrium 
deformation, i.e., the value of a which minimum in- 
trinsic energy, is given by 


arq=G DY; [P2(cos¢,’) Jzr= 3nG, (5.10) 


where the subscripts LL denote the diagonal element 
with respect to lowest intrinsic state Xz. The spacing 
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between adjacent intrinsic levels is given by 


e= (3/5)Garg= (6/25) nG’. (5.11) 


The uniform spacing of intrinsic levels is a consequence 
of the fact that there are only two separate single- 
particle levels. Also it is readily shown that the col- 

' lective rotation operators connect only states separated 
by e in energy. Finally the intrinsic energy is inde- 
pendent of the orientation angles. Consequently, we 
may obtain an exact solution of this particular many- 
body problem (including self interaction terms) : 


H=-}3 35>. GP2(cosyix), 


by the method of Sec. 2. The procedure is very similar 
to that followed for the derivation of (3.38). 

In the present case, there are two collective degrees 
of freedom; viz., rotations of the system about the 1 and 
2 axes, the diyections perpendicular to the symmetry 
axis. Rotation about the symmetry axis does not 
constitute collective motion, since the intrinsic structure 
is entirely unaffected by such a rotation. The differential 
equation for the collective motion (2.40) is of the form: 


(5.12) 


e 1 ox 
—-— > —(—-) o+(2-o= PH, (5.13) 
2 sa=127,\ 00, 
where 


¥1= 3ceq?= (12/25) n°G?. (5.14) 


The eigensolutions of (5.13) are the well-known D 
functions.”® Thus the eigenfunctions of H are of the 
form 


WLA uit) f Xu(e9)Dvs" Ode (5.15) 


where dé denotes integration over all orientation angles. 
The effective moment of inertia is given by 


(h?/23) = (e?/24:), (5.16) 


which equals the result (5.7) obtained previously by 
explicit treatment of the interactions. 

Next consider the calculation of electric quadrupole 
moments and transition probabilities. According to the 
remarks in Sec. 2, the calculation of physical quantities 
may be greatly simplified by not integrating the wave 
function over the collective variables, and instead re- 
garding the latter as extra variables. The resulting 
error is small, provided the number of particles involved 
is large. For the present case, this procedure implies 
that we write the wave functions in the well-known 
form, 

Vrot (1,0) =Xz(1,0)D ara” (8). 


According to this version of the rotational model, the 
quadrupole moment of any state in the lowest rotational 
band is given by 


(5.17) 


3A°—L(L+1) Ss 
rot = ————————_0o= -——@o,__ (5.18) 
(L+1)(2L+3) 2L4+3 
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where Qo, the intrinsic quadrupole moment (its in- 
stantaneous value in the body system) is 


Qo=> (322-177) 12 = (4n/5\2°), 


and (r*) denotes the average value of r? for any p-shell 
nucleon. The coefficient of Qo in (5.18) is the well-known 
projection factor.® Explicit calculations show that the 
“exact” value of the quadrupole moment [calculated 
using (5.15) ] is related to the approximate value (5.18) 
as follows: 


(5.19) 


Or, L 2n + 3 


— (5.20) 

(Orot)z,n 2M 
As n becomes larger, the rotational model comes closer 
to reproducing the exact result. 

These quadrupole moments increase essentially 
linearly with the number of particles. The quadrupole 
matrix elements are also nearly proportional to the 
number of particles and they obey the relation 


O1s21 (n—L)(n4+-L+3)}} 


—-—- (5.21) 

(Orot) 14 2. n° 
Again, in the limit of many particles, transition proba- 
bilities between states of small Z are given correctly 
by the rotational model, if the number of particles is 
sufficiently large. Incidentally, since Q is a symmetric 
operator, it can only connect a state of complete spatial 
symmetry to another of the same kind, ie., no /2 
transitions can occur between the lowest rotational 
band and any other. This is similar to the selection rule 
on the quantum humber T discussed in Sec. 4. 

While all the above spectra follow the rotational law, 
they are truly collective, i.e., rotational bands extending 
to large values of L, and quadrupole matrix elements 
large compared to the single-particle values, only if 
is large. However, this cannot occur in the p shell, since 
the Pauli principle limits 7 to a maximum value of 4. 
In particular, at most two protons can act coherently 
in producing an electric quadrupole moment (neglecting 
configuration mixing to orbits other than 1p, which 
can further increase the quadrupole moment). It is for 
this reason that collective effects have not been strik- 
ingly evident in the nuclear 1p shell.*® 

While the nuclei at the beginning of the p shell are 
rather close to LS coupling, the effect of the spin-orbit 
interaction is appreciable. In first order, the spin-orbit 
interaction 

<5 : 1;-s; 


has the same effect on the energies of the completely 
space-symmetric levels as the interaction 


—(c/n)L-S. 


Thus there is no effect on S=O states. For » odd and 


(5.22) 


(5.23) 


35 See however, R. A. Ferrell and V. M. Visscher, Phys. Rev. 
104, 475 (1956), and D. Kurath, Phys. Rev. 106, 975 (1957). 
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y= 5 the energy levels up to first order in the spin-orbit 
interaction, are given by: 


3 c 
Eus— Ey=- UR ay = 
50 


for f=L 


where E, is the energy of the ground state (L=1) in 
absence of spin-orbit coupling. 
The L value corresponding to each J is given by 
L=I—}(-—1)"*. ( 


seo) 


un 
Ie 


Substitution of this result into (5.24) makes it possible 
to express the energy spectrum as function of J. We 
obtain 


Exr— Eo= (h*/ 23) [1 1+1)+a(—1)'*4(14+-4)] 


— (#/23)0(11/4)+a], (5.26) 
where the moment of inertia is given by (5.7) and the 
quantity a is the following: 


a= —1— (25/3) (c/nG*). 
Apart from the last term, which is independent of /, 
the spectrum is precisely that of a rotational spectrum 
based on an intrinsic state with K=}3 and with a 
decoupling parameter a.6 The calculated energy spec- 
trum of the completely space-symmetric states of the 
p’ configuration as function of the spin-orbit strength, 
and the decoupling parameter is shown in Fig. 9. Ac- 
cording to the rotational model, the lowest intrinsic 
state of the p* contiguration has no net orbital angular 
momentum along the symmetry axis. ‘The component 
K of the total angular momentum equals 3, since it is 
due entirely to the spin of the last odd nucleon. Thus 
the level spectrum is expected to be of the form (5.26). 
The decoupling parameter is given by* 


1= (1G GAH = ley? 


where c, denotes the probability amplitude for finding 
the last particle with total angular momentum /j. To 
first order in the spin-orbit coupling strength, this 
reduces to the value (5.27) obtained previously. 

We have seen that the rotational model yields both 
the correct moment of inertia and decoupling parameter, 
at least in the 1p shell near the LS limit. In second 
order, the spin-orbit interaction leads to a decrease of 
the moment of inertia, i.e., an increase of the energy 
spacing between states, but without altering the 
characteristic rotational energy ratios. However, in 
third and higher order, the spin-orbit interaction tends 
to destroy the rotational structure. This occurs in the 
second half of the 1p shell where the spin-orbit inter- 
action is much stronger than in the first part of the 
shell. 


(5.28) 
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DECOUPLING PARAMETER a 

Fic. 9. First-order effect of spin-orbit coupling on the energy 
levels of the p* configuration. Only states of complete spatial 
symmetry are shown. The energies are plotted as a function of the 
decoupling parameter a which is related to the strength of the 
spin-orbit coupling by (5.27). The value a=0 corresponds to a 
pure rotational spectrum in absence of decoupling effects. For 
a= —1, we have the LS coupling limit. The effect of the nuclear 
spin-orbit coupling is to make a more negative. Thus for Li? we 
have a~—1.2. 


6. CONCLUDING REMARKS 


It appears from the treatment of the previous 
examples that the shell-model approach (the explicit 
treatment of the effective two-body interactions) and 
the unified-model approach (replacement of the inter- 
actions by a variable potential) are rather comple- 
mentary. The shell-model method is, in principle, 
exact, if the Hamiltonian is known, while the unified 
model gives, in general, only approximate answers. 
On the other hand, the unified model provides con- 
siderably more insight into the physics of the nuclear 
coupling scheme than does the shell model, and also 
it is often easier to apply. 

Thus, for example, consider the sudden transition 
between vibrational and rotational spectra for the case 
discussed in Sec. 3. This feature, which is found ex- 
perimentally,*°*® can be reproduced by the shell model, 
but is difficult to understand physically in terms of the 
mutual interactions without reference to the unified 
model. Also, even if the exact form of the effective 
two-body interactions is known, the calculation of 
energy levels and wave functions may be extremely 
difficult in practice unless the number of particles 
outside of (or missing from) closed shells is very small. 
For example, to study the nuclei of mass number ~220 
it would be necessary to consider the system of about 
10 interacting particles outside the Pb”* core, assuming 
that core excitation can be neglected. Even if the 
aeunitiny huge energy matrices could be diagonalized, 


36 G. Scharfl-Goldhaber, Phys. Rev. 103, 837 (1956). 
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we would still not understand the physics of the nuclear 
coupling scheme. Experimentally, a few odd-A_ nuclei 
in this region exhibit striking close-lying doublets,*’ 
and other interesting features as well, which may 
suggest that we have a number of nearly uncoupled 
modes of collective oscillations. One has hopes that the 
unified model will provide some insight into these 
phenomena. 

It may be of interest in this connection to mention 
the model developed by Elliott.'* The central potential 
is assumed to be of the harmonic oscillator form and 
the two-body interactions are quadrupole-quadrupole 
interactions: 


ay — Dr ?2rePs(coseix), (6.1) 


with the extra condition that all matrix elements 
between pairs of states differing with respect to the 
principal quantum number of any nucleon vanish. 
This is the three-dimensional version of the model 
discussed in Sec. 3. Elliott has investigated the re- 
sulting coupling scheme in detail and finds that it is 
equivalent to a simple version of the Nilsson rotating 
anisotropic harmonic oscillator model.** The non- 
spherical intrinsic Hamiltonian corresponding to the 
interaction (6.1) is 


h=—Dar?P:(cos¢;’)+ 3a’. (6.2) 


The intrinsic spectrum is quite similar in some respects 
to that for LS coupling in the p shell (see Sec. 5). In 
particular, the intrinsic levels are equally spaced, in 
energy, a special property of the harmonic oscillator 
potential. Thus as before, we obtain rotational spectra. 
However, while in the p shell only at most 4 nucleons 
can act coherently, in the present case a larger number 
of nucleons can contribute to the deformation because 
of the larger number of available orbits in each shell 
(of principal quantum number > 2). Thus the quad- 
rupole-quadrupole force can generate large collective 
effects, e.g., well developed rotational spectra going up 
to large values of the angular momentum and large 
quadrupole matrix elements. These features would also 
be obtained in the # shell if an arbitrarily large number 
of nucleons could be put into each orbit. Thus some of 
the results of the previous section, but with m not 
necessarily <4, are applicable, to the present case. For 
example, Eqs. (5.20) and (5.21) still hold for the lowest 
rotational band, provided we define 1 to be the maxi- 
mum value of Z in this band, regardless of the actual 
number of particles involved. 

If we add one-body I-s and 1-1 terms to the above 
Hamiltonian, we obtain essentially the Nilsson model* 
in its most general form. This model, has had consider- 
able success in explaining many properties of deformed 
odd-A nuclei; e.g. ground-state spins, gyromagnetic 
ratios, decoupling parameters, selection rules, all of 
which depend mainly on the motion of the last odd 


37 R. Pilger, University of California Radiation Laboratory 
Report UCRL-3877, July, 1957 (unpublished). 
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unpaired nucleon.*® However, in order to understand 
other features, such as the pairing energy, or the 
magnitude of moments of inertia, it is necessary to 
take into account additional two-body interactions 
involving multipole orders higher than 2, the so-called 
“residual” interactions.®*:T 

Returning to the Elliott model, the S=0 states of 
maximum spatial symmetry form a single rotational 
band with angular momentum 1 =0, 2,4 --- Le., A=0. 
The S=O states of next lower spatial symmetry form 
two bands, one with 1=0, 2,4 --- (A=0) and the other 
with L=2, 3,4 --- (A=2). States of the same L in the 
two bands are degenerate. It is tempting to suppose 
that these bands are related to the so-called 8 and y 
vibrational bands, which are believed to occur in heavy 
nuclei. In the one nucleus, Pu®*, where both bands 
have been identified, they are nearly degenerate.” 
However, to understand these features in more detail, 
it is probably necessary to take the residual interactions 
into account. 

Finally, we wish to mention the possibility of 
simulating the system of interacting particles by a 
two-nucleon model, i.e., to replace the many-body 
problem by an effective two-body problem. For the 
simplified two-dimensional model discussed in Sec. 3, 
it was possible to do this exactly, because of the par- 
ticular form of the assumed interactions. In actual 
nuclei, the situation is much more complicated. How- 
ever, while any two-nucleon model can at best give 
approximate results, it might provide some valuable 
insight into the coupling schemes in heavy nuclei. 

In closing, it is hoped that the approach outlined in 
this paper may be helpful in the development of a 
unified low-energy nuclear theory. 
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APPENDIX A. ROTATIONAL COUPLING BETWEEN 
CLOSE-LYING INTRINSIC STATES 


Let us suppose that the intrinsic spectrum is some- 
what more complicated than the kind considered in 
Sec. 2, in particular consider the case illustrated in 
part (b) of Fig. 1. 

We shall restrict ourselves to a single collective angle 
variable (rotations in two dimensions). This treatment 
can be readily generalized to take into acount several 
collective variables. The intrinsic spectrum is assumed 
to consist of groups of nearly degenerate levels. The 
energy interval e between the lowest two groups is 
taken to be large compared to the spacing within each 
38 B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd (to be published); K. Gottfried, Phys. 
Rev. 103, 1017 (1956). 

J. Perlman and J. O. Rasmussen, in Handbuch der Physik, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 42. 
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NUCLEAR SHELL 
group. Suppose that the collective rotation operator 
connects pairs of states in the same group, as well as 
states separated by e. The former gives rise to a rota- 
tional coupling between the intrinsic states in each 
group, in particular the group of lowest energy. 

In view of the rotational coupling, we have, corre- 
sponding to (2.26), the following equation: 


oh OX, a 
X= = 4 ~ -r(—) x 
06 00 N\OO7 yy 


where v and v’ refer to any intrinsic state in the lowest 
group and the sum is taken over all such states. We 
have neglected the contribution of states within the 
same group to the quantity [d@h/d0]X,, since the 
relevant energy differences will be small og ony! toe. 
_ By the same techniques as were used in Sec. 2, we 
obtain 
OX, 


OX, 0 
HX,= (E,—}e)X,—A | ——-—2 z(- 7 
OF » \ OO 06 


ae 
+2(2) x] wo 
v’ Oe" v's 


corresponding to (2.37). The quantity A¢ is given by 


(A.3) 


(A.1) 


Ag=e?/2y0, 


and yy» is detined by (2.32). The total wave functions 


are of the form (2.46), i.e., 


v ~ sz v x oP, d0, (A.4) 


where the sum v extends over all intrinsic states in the 
lowest group, and A refers to the state of collective 
motion. From (2.45) and (2.47) it follows that the 
collective wave functions obey the set of coupled 
differential equations: 


a OP, 4 
H?,. = (E : ees Se)P,y—. i — — Pp, A 4 2 z(<) a actantaeacd 


a 


The above equations are essentially of the form used 
by Kerman*: 

H=h—A1—-j, (A.6) 
where /: is the intrinsic Hamiltonian, } denotes the 
intrinsic angular momentum operator (the latter 
assumed to connect only close-lying intrinsic states) 
and I is the total angular momentum operator which 
acts on the collective wave function. 

Let us now suppose that there are only two intrinsic 
A. K. Kerman, Kgl. 
Medd 30, No. 15 (1956). 
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states, denoted by L and M, in the lowest group and 
that the operator 0/06 couples these states to each other, 
but has no diagonal matrix elements. The nonvanishing 


matrix elements can be written as follows: 


a a | 
(<) 4 -i(<) — 
O67 wt O67 tM 


where \ and ¢ are real. We also assume that each of 
the collective wave functions can be expressed in the 
form 


(A.7) 


(A.8) 


$,,5=¢,se'?, 


where the ¢,, are constants. The collective equations 
then become 


[E,— se+A o(M+A*) la 
+ 2A Ae ‘bya= Edna, (A.9a) 
2A pd\Ae'*h ra 


+[Ey- (A.9b) 

Thus we obtain two coupled rotational bands. In the 

absence of any coupling, the energy in each band 

depends quadratically on A*. In general, the two energy 
eigenvalues of (A.9) are given by 

R=3(E,+Ey—e)t+Ao(+A’) 

-[ 3 (Ey—E, 


Set Ag(A°+A") loara = Epa. 


244.4 d2A2]1. (A.10) 


Tn case the states LZ and M are degenerate, the result is 
E=E,—}e+Ao(V+A°+2AA). (A.11) 


The last term in (A.11) is essentially of the same form 
as the well-known decoupling term which occurs for 
rotational bands in some odd-A nuclei® (with K=4 
In the latter, however, the symmetry requirements on 
the wave function only permit one value of the sign 
for each J (which corresponds to A in our case). 

Now, consider the other limit, i.e., coupling energy 
small compared to the energy difference 


e=Ey—Ey. (A.12) 


The energies may then be expanded as power series in 
A. The result for the lower state of given A, is 


E= E,- se+A a?+ (1 —44 pe 


+16APAMNe-8)A pA? (A.13) 


in second order, the coupling merely increases the 
moment of inertia in the lower of the two rotational 
bands.” We find that the effective moment of inertia 
for this band is given by 


hh? 
a4 
2A¢ 


4A»? 
—| (A.14) 


€ 


up to terms of order A*. This agrees with the value 
calculated by time-dependent perturbation theory”. 


41 G. Liiders, Z. Naturforsch. lla, 617 (1956). 
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(the so-called “cranking model”’). The first term, 


So=?/2A0, (A.15) 


is just the value which we obtain when there is no 
rotational coupling between close-lying states, while 
the second term, 

ASX = 28? /e, (A.16) 
represents the extra contribution of the close-lying 
states to Y. Altogether the rotational kinetic energy 
is given as follows: 


AX. sASdy\2sTo 
ref SHE) om 
Xo Yo € 


(A.18) 


where 
To a nA? 23 0. 


Perturbations from the simple A? law thus appear only 
in higher order, and they are of opposite sign from the 
perturbations caused by rotation-vibration interaction. 
Note that if the energy difference « between the in- 
trinsic states is large compared to the rotational kineti: 
energy, but small compared to ¢, then there will be 
relatively little departure from the A® law, even if the 
effective value of ¥ is increased considerably by the 
coupling 


APPENDIX B. EFFECT OF THE 
SELF-INTERACTION TERMS 


lt may be of interest to consnler more precisely mo 


role of the sell-interaction terma whah occur i the 
‘5 lf these are 


obtain 


Hamiltonian is expressed in the form 
in general 


Thu 


we clo tw 
-, ‘ 


> esa ct let } 4 ’ D> «fl 


net taken inte account 
Lapp ener 


form 


Wir u(r) = frxcoo wa"(0)d6, (5.1 5) 


where dé denotes integration over all orientation angles. 
The effective moment of inertia is given by 


(h?/23) = (€/2%), (5.16) 


which equals the result (5.7) obtained previously by 
explicit treatment of the interactions 
Next consider the calculation of electric quadrupole 
moments and transition probabilities. According to the 
remarks in Sec. 2, the calculation of physical quantities 
may be greatly simplified by not integrating the wave 
function over the collective variables, and instead re- 
garding the latter as extra variables. The resulting 
error is small, provided the number of particles involved 
is large. For the present case, this procedure implies 
that we write the wave functions in the well-known 
form, 
Wroe (4,0) = Xz (0,0)Da” (8). (5.17) 


According to this version of the rotational model, the 
quadrupole moment of any state in the lowest rotational 
band is given by 


3A?— L(L+1) 


L 
Qo=-———00, (5.18) 


Qrot = 0 
(L+1)(2L+3) 2L+3 
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Fic. 10, Energy level schemes for a system of two particles in 
the V=2 shell interacting via attractive quadrupole-quadrupole 
forces. In part (a), only the interactions between the particles is 
considered, while in part (b) the self-interaction terms are also 
included. Each state is labeled by the value of A) and its energy, 
in units of the interaction strength G, is also indicated. In case 

bh) each group forms a rotational band and its value of Tis also 
[In case (a), T is not a good quantun ! 


number 
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transitions can occur between the lowest rotational 
band and any other. This is similar to the selection rule 
on the quantum number 7 discussed in Sec. 4. 

While all the above spectra follow the rotational law, 
they are truly collective, i.e., rotational bands extending 
to large values of L, and quadrupole matrix elements 
large compared to the single-particle values, only if n 
is large. However, this cannot occur in the p shell, since 
the Pauli principle limits » to a maximum value of 4. 
In particular, at most two protons can act coherently 
in producing an electric (uadrupole moment (neglecting 
configuration mixing to orbits other than 1p, which 
can further increase the quadrupole moment). It is for 
this reason that collective effects have not been strik- 
ingly evident in the nuclear 1 shell."* 

While the nuclei at the beginning of the p shell are 
rather close to LS coupling, the effect of the spin-orbit 
interaction is appreciable. In first order, the spin-orbit 
interaction 

—cDik-s; 


has the same effect on the energies of the completely 
space-symmetric levels as the interaction 


—(c/n)L-S. (5.23) 


Thus there is no effect on S=0 states. For m odd and 


(5.22) 


35 See however, R. A. Ferrell and V. M. Visscher, Phys. Rev. 
104, 475 (1956), and D. Kurath, Phys. Rev. 106, 975 (1957). 
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Neutron Activation Cross Section of Technetium-987 
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The cross section for the reaction Tc%*(n,y)Tc®™ was determined by thermal neutron irradiation of a 
cyclotron-produced sample containing Tc, Tc%™, Tc%, Tc, and Tc™. The degree of selectivity and back- 
ground reduction required to permit an accurate measurement of the Tc® content, 2.68+-0.54 disintegrations 
per minute, was attained by means of 8-(740-kev y) coincidence counting. At a thermal flux of 2.1X 10” 
neutrons cm? sec™!, a saturation activity of 375485 dis/min Tc” per dis/min of Tc®* was obtained. Using 
the latest value of the half-life of Tc, (1.50.7) X 10° years, one finds a cross section of 2.6+1.3 barns. 
Relative cross sections are also given for the production of several technetium isotopes by bombardment of 


molybdenum with 10.2-Mev deuterons. 


INTRODUCTION 


N recent years, numerous attempts have been made 

to detect long-lived (>1.5X10° yr) ‘Tec®* in ter- 
restrial materials by neutron activation analysis.’ * 
While the likelihood of occurrence of such an isotope 
has been greatly reduced by the discovery of 1.5X 10*-yr 
me by Katcolf! and Boyd el al.,® the possible existence 
Ie"? is not 
excluded, as pointed out by Segre® and Mayer.’ It 


of a second, still longer-lived, isomer of 


Wo ild be ol miterest to obtain ney «ross sections for 


the formation of both Tee" and Te trom 1.5 10° yr 
1, and from the lonwer-lived isomer as well, if it 
exists, As a first step is clirection, the cross section 
beef ve Tren ‘ 
| 
| 1") f 1] 
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\ th in oon it \ ‘ i! jereml ! 

ot | mn jeune tor t feusihle, Rewarelle ot tive 
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trum of the completely space-symmetric states of the 
?’* configuration as function of the spin-orbit strength, 
and the decoupling parameter is shown in Fig. 9. Ac- 
carding to the rotational model, the lowest intrinsic 
state of the p* configuration has no net orbital angular 
momentum along the symmetry axis. The component 
K of the total angular momentum equals 3, since it is 
due entirely to the spin of the last odd nucleon. Thus 
the level spectrum is expected to be of the form (5.26). 
The decoupling parameter is given by* 


Ahtet Cailurateyu CHueIBY oper 


a= Po i(— 1) Gs | (G4) = [ey 2 —2\eq|*, (5.28) 


where ¢, denotes the probability amplitude for finding 
the last particle with total angular momentum j. To 
first order in the spin-orbit coupling strength, this 
reduces to the value (5.27) obtained previously. 

We have seen that the rotational model yields both 
the correct moment of inertia and decoupling parameter, 
at least in the 1p shell near the LS limit. In second 
order, the spin-orbit interaction leads to a decrease of 
the moment of inertia, i.e., an increase of the energy 
spacing between states, but without altering the 
characteristic rotational energy ratios. However, in 
third and higher order, the spin-orbit interaction tends 
to destroy the rotational structure. This occurs in the 
second half of the 1p shell where the spin-orbit inter- 
action is much stronger than in the first part of the 
shell. 


From the known Tc* and Tc*™ content of source A, 
and an estimated formation cross section of Tc**, it 
appeared that source A should contain several times 
10'? atoms of ‘Tc’, corresponding to a few times 107!° 
grams. This amount was hardly sufficient for mass 
spectrometric analysis; moreover, the sample would be 
destroyed in the determination. For this reason, direct 
counting appeared to be the only feasible method 
Here, the principal difficulty consisted in identifying 
and accurately measuring a few disintegrations per 
minute of ‘Te’ in the presence of about 184 dis min of 
he" and 12 400 dis min of 


hee", as well as smaller 


amounts of ‘Tk and Te” Clearly, some selective 
counting tec! nique Was required 

Katcofl' states that [i kt \ by emission of a 
4 MMev part cle, cou whet \ yamma rave «afl 
0.74 and 0.65. Mev energy, respective It sboevnalel the 
bu jermeiie to detect ly ! unt ’ TL | Mey 

ray, in which case the (81 md 1.02.\es rays of 
| ‘ i witertere, or by ce tj the O) & Mev & im 
on \ ‘ the O74. Abe ray. Here again, inter 


examples that the shell-model approach (the explicit 
treatment of the effective two-body interactions) and 
the unified-model approach (replacement of the inter- 
actions by a variable potential) are rather comple- 
mentary. The sheli-nigdel method is, in principle, 
exact, if the Hamiltonian is known, while the unified 
model gives, in general, only approximate answers. 
On the other hand, the unified model provides con- 
siderably more insight into the physics of the nuclear 
coupling scheme than does the shell model, and also 
it is often easier to apply. 

Thus, for example, consider the sudden transition 
between vibrational and rotational spectra for the case 
discussed in Sec. 3. This feature, which is found ex- 
perimentally,**** can be reproduced by the shell model, 
but is difficult to understand physically in terms of the 
mutual interactions without reference to the unified 
model. Also, even if the exact form of the effective 
two-body interactions is known, the calculation of 
energy levels and wave functions may be extremely 
difficult in practice unless the number of particles 
outside of (or missing from) closed shells is very small. 
For example, to study the nuclei of mass number ~220 
it would be necessary to consider the system of about 
10 interacting particles outside the Pb”* core, assuming 
that core excitation can be neglected. Even if the 
resulting huge energy matrices could be diagonalized, 


36 G. Scharff-Goldhaber, Phys. Rev. 103, 837 (1956). 
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we would still not understand the physics of the nuclear 
coupling scheme. Experimentally, a few odd-A nuclei 
in this region exhibit striking close-lying doublets,*’ 
and other interesting features as well, which may 
suggest that we have a number of nearly uncoupled 
modes of collective oscillations. One has hopes that the 
unified model will provide some insight into these 
phenomena. 

It may be of interest in this connection to mention 
the model developed by Elliott.!* The central potential 
is assumed to be of the harmonic oscillator form and 
the two-body interactions are quadrupole-quadrupole 
interactions : 


vin= —Dr?r2P2(cos¢ix), (6.1) 


with the extra condition that all matrix elements 
between pairs of states differing with respect to the 
principal quantum number of any nucleon vanish. 
This is the three-dimensional version of the model 
discussed in Sec. 3. Elliott has investigated the re- 
sulting coupling scheme in detail and finds that it is 
equivalent to a simple version of the Nilsson rotating 
anisotropic harmonic oscillator model.** The non- 
spherical intrinsic Hamiltonian corresponding to the 
interaction (6.1) is 


h=— Dar?P:(cos¢;’)+ 4a’. 


The intrinsic spectrum is quite similar in some respects 
to that for LS coupling in the p shell (see Sec. 5). In 
particular, the intrinsic levels are equally spaced, in 
energy, a special property of the harmonic oscillator 
potential. Thus as before, we obtain rotational spectra. 
However, while in the p shell only at most 4 nucleons 
can act coherently, in the present case a larger number 
of nucleons can contribute to the deformation because 
of the larger number of available orbits in each shell 
(of principal quantum number >2). ‘Thus the quad- 
rupole-quadrupole force can generate large collective 
effects, e.g., well developed rotational spectra going up 
to large values of the angular momentum and large 
quadrupole matrix elements. These features would also 
be obtained in the # shell if an arbitrarily large number 
of nucleons could be put into each orbit. Thus some of 
the results of the previous section, but with m not 
necessarily <4, are applicable, to the present case. For 
example, Eqs. (5.20) and (5.21) still hold for the lowest 
rotational band, provided we define m to be the maxi- 
mum value of L in this band, regardless of the actual 
number of particles involved. 

If we add one-body I-s and 1-1 terms to the above 
Hamiltonian, we obtain essentially the Nilsson model* 
in its most general form. This model, has had consider- 
able success in explaining many properties of deformed 
odd-A nuclei; e.g. ground-state spins, gyromagnetic 
ratios, decoupling parameters, selection rules, all of 
which depend mainly on the motion of the last odd 


(6.2) 


37R. Pilger, University of California Radiation Laboratory 
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unpaired nucleon.** However, in order to understand 
other features, such as the pairing energy, or the 
magnitude of moments of inertia, it is necessary to 
take into account additional two-body interactions 
involving multipole orders higher than 2, the so-called 
“residual” interactions.®* 

Returning to the Elliott model, the S=0 states of 
maximum spatial symmetry form a single rotational 
band with angular momentum L=0, 2, 4 --- ie., A=0. 
The S=0 states of next lower spatial symmetry form 
two bands, one with L=0, 2,4 --- (A=0) and the other 
with L=2, 3,4 --- (A=2). States of the same LZ in the 
two bands are degenerate. It is tempting to suppose 
that these bands are related to the so-called 8 and y 
vibrational bands, which are believed to occur in heavy 
nuclei. In the one nucleus, Pu™*, where both bands 
have been identified, they are nearly degenerate.” 
However, to understand these features in more detail, 
it is probably necessary to take the residual interactions 
into account. 

Finally, we wish to mention the possibility of 
simulating the system of interacting particles by a 
two-nucleon model, i.e., to replace the many-body 
problem by an effective two-body problem. For the 
simplified two-dimensional model discussed in Sec. 3, 
it was possible to do this exactly, because of the par- 
ticular form of the assumed interactions. In actual 
nuclei, the situation is much more complicated. How- 
ever, while any two-nucleon model can at best give 
approximate results, it might provide some valuable 
insight into the coupling schemes in heavy nuclei. 

In closing, it is hoped that the approach outlined in 
this paper may be helpful in the development of a 
unified low-energy nuclear theory. 
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APPENDIX A. ROTATIONAL COUPLING BETWEEN 
CLOSE-LYING INTRINSIC STATES 


Let us suppose that the intrinsic spectrum is some- 
what more complicated than the kind considered in 
Sec. 2, in particular consider the case illustrated in 
part (b) of Fig. 1. 

We shall restrict ourselves to a single collective angle 
variable (rotations in two dimensions). This treatment 
can be readily generalized to take into account several 
collective variables. The intrinsic spectrum is assumed 
to consist of groups of nearly degenerate levels. The 
energy interval e between the lowest two groups is 
taken to be large compared to the spacing within each 


38 B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd (to be published); K. Gottfried, Phys. 
Rev. 103, 1017 (1956). 

%T. Perlman and J. O. Rasmussen, in Handbuch der Physik, 
edited by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 42. 








NUCLEAR SHELL MODEL AND UNIFIED MODEL 


group. Suppose that the collective rotation operator 
connects pairs of states in the same group, as well as 
states separated by e. The former gives rise to a rota- 
tional coupling between the intrinsic states in each 
group, in particular the group of lowest energy. 

In view of the rotational coupling, we have, corre- 
sponding to (2.26), the following equation: 


oh Ox, 0 
sf) ] 
06 : 06 ” \00 ve 


where y and »’ refer to any intrinsic state in the lowest 
group and the sum is taken over all such states. We 
have neglected the contribution of states within the 
same group to the quantity [dh/00)x,, since the 
relevant energy differences will be small compared to e. 

By the same techniques as were used in Sec. 2, we 
obtain 


PX, a] OX, 
HX, = (E,—}e)X, =A] — 2 z(-) 
oF 3 ve 


(A.1) 
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corresponding to (2.37). The quantity A¢ is given by 


Ap=e*/2y0, (A.3) 


and ¢ is defined by (2.32). The total wave functions 
are of the form (2.46), i.e., 


y= f X, X,,1d8, (A.4) 


where the sum » extends over all intrinsic states in the 
lowest group, and A refers to the state of collective 
motion. From (2.45) and (2.47) it follows that the 
collective wave functions obey the set of coupled 
differential equations: 


- 0 OP, 4 
H®,, = (Ey, = e)®,s —_ A {—. = 2 ph ( 


30/,, 30 
ze 
+Z(=) oval (AS) 
” OF vy 


The above equations are essentially of the form used 
by Kerman®: 





H=h—AjI—jf, (A.6) 
where / is the intrinsic Hamiltonian, j denotes the 
intrinsic angular momentum operator (the latter 
assumed to connect only close-lying intrinsic states) 
and I is the total angular momentum operator which 
acts on the collective wave function. 

Let us now suppose that there are only two intrinsic 


A. K. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd 30, No. 15 (1956). 
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states, denoted by L and M, in the lowest group and 
that the operator 0/06 couples these states to each other, 
but has no diagonal matrix elements. The nonvanishing 
matrix elements can be written as follows: 


a a ; 
QO. 
007 wer 007 im 


where \ and ¢ are real. We also assume that each of 
the collective wave functions can be expressed in the 
form 


(A.7) 


(A.8) 


P,4 = dyse™?®, 


where the ¢,, are constants. The collective equations 
then become 


[E,— ke+A o(A7+A?) lbza 
+2A p—\Ac~'*oyn1=Eprs, (A.9a) 
2A erAe'*hra 


+ [Eu ke+A o(A+-A?) loan = Eoma. (A.9b) 


Thus we obtain two coupled rotational bands. In the 
absence of any coupling, the energy in each band 
depends quadratically on A’. In general, the two energy 
eigenvalues of (A.9) are given by 


E=}(E,+Eu—e)+Ae(\?+A’) 
+[3(Ey—E,)°+4A PNA}. (A.10) 


In case the states ZL and M are degenerate, the result is 
E=E,—}e+Ao(?+A?2+2AA). (A.11) 


The last term in (A.11) is essentially of the same form 
as the well-known decoupling term which occurs for 
rotational bands in some odd-A nuclei® (with K=}4)., 
In the latter, however, the symmetry requirements on 
the wave function only permit one value of the sign 
for each J (which corresponds to A in our case). 

Now, consider the other limit, i.e., coupling energy 
small compared to the energy difference 


e=Ey—Ez. (A.12) 


The energies may then be expanded as power series in 
A, The result for the lower state of given A, is 


E=E,—}e+Aad'+ (1-44 


+16AsA‘A%e) A pA? = (A.13) 


in second order, the coupling merely increases the 
moment of inertia in the lower of the two rotational 
bands.” We find that the effective moment of inertia 
for this band is given by 


h? 4A od? 
g-—{1+ | 
2Ag¢ € 





(A.14) 


up to terms of order \*. This agrees with the value 
calculated by time-dependent perturbation theory”. 


4! G. Liiders, Z. Naturforsch. lla, 617 (1956). 
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(the so-called ‘‘cranking model”). The first term, 


So=h?/2Ao, (A.15) 


is just the value which we obtain when there is no 
rotational coupling between close-lying states, while 
the second term, 

AY =2*r?/c, (A.16) 
represents the extra contribution of the close-lying 
states to 3. Altogether the rotational kinetic energy 
is given as follows: 


T= rfi-S+ (=) (7): | (A.17) 


(A.18) 


where 
To=WA2/2X0. 


Perturbations from the simple A? law thus appear only 
in higher order, and they are of opposite sign from the 
perturbations caused by rotation-vibration interaction. 
Note that if the energy difference « between the in- 
trinsic states is large compared to the rotational kinetic 
energy, but small compared to e, then there will be 
relatively little departure from the A? law, even if the 
effective value of $ is increased considerably by the 
coupling. 
APPENDIX B. EFFECT OF THE 
SELF-INTERACTION TERMS 


It may be of interest to consider more precisely the 
role of the self-interaction terms which occur if the 
Hamiltonian is expressed in the form (2.5). If these are 
not taken into account, we do not, in general, obtain 
the simple spectra described in Sec. 3. Thus, suppose 
we have 2 particles in the N=2 shell of a two-dimen- 
sional harmonic oscillator potential and consider only 
a mutual quadrupole-quadrupole interaction (3.3) 
between them. The resulting energy level spectrum is 
shown in Fig. 10(a). The spectrum is not quite of the 
rotational form. For example, the second excited state 
(A=4) occurs at an energy (relative to the ground 
state) of about 3.5 times that of the first excited state 
(A=2), a somewhat smaller ratio than the value 4 
characteristic of a rotational spectrum in two dimen- 
sions. 

The self-interaction term for each particle is given 
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Fic. 10, Energy level schemes for a system of two particles in 
the N=2 shell interacting via attractive quadrupole-quadrupole 
forces. In part (a), only the interactions between the particles is 
considered, while in part (b) the self-interaction terms are also 
included. Each state is labeled by the value of |A| and its energy, 
in units of the interaction strength G*, is also indicated. In case 
(b) each group forms a rotational band and its value of T is also 
given. [In case (a), T is not a good quantum number. ] 


quite generally by 
Heer(i) = —} & C>| g,(i) |*. (B.1) 


We may use (B.1) for the present problem if the related 
quantities f are given by (3.9), i.e., if matrix elements 
between states of different N vanish automatically. 
On the other hand, if the f are given by (3.8), the 
vanishing of the matrix elements between states of 
different N does not occur automatically, and must be 
added as an extra condition. This can be accomplished 
by expressing the matrix elements of the self-inter- 
action for each particle in the form 


[Aeet(i) xx= —3 LD Dw 6s (g,*) (8) ex (B.2) 


between single-particle states K and L. If Eq. (3.9) is 
used for the f’s, the sum extends only over single- 
particle states in the same shell as K and L. In this way 
we find that the self-interaction matrix is diagonal, at 
least for the present problem. The diagonal element for 
N=2, \=0 is —G, and for N=2, \=+2 it is —}@. 
Adding this self-energy of each particle to the matrix 
of the mutual inieraction and diagonalizing, we obtain 
the rotational energy spectrum shown in Fig. 10(b). 
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The cross section for the reaction Tc%(n,y)Tc®” was determined by thermal neutron irradiation of a 
cyclotron-produced sample containing Tc”, Tc*™, Tc*#, Tc, and Tc”. The degree of selectivity and back- 
ground reduction required to permit an accurate measurement of the Tc content, 2.68+-0.54 disintegrations 
per minute, was attained by means of 8-(740-kev y) coincidence counting. At a thermal flux of 2.1 10" 
neutrons cm™ sec™, a saturation activity of 375485 dis/min Tc” per dis/min of Tc was obtained. Using 
the latest value of the half-life of Tc, (1.5.0.7) X 10° years, one finds a cross section of 2.61.3 barns. 
Relative cross sections are also given for the production of several technetium isotopes by bombardment of 


molybdenum with 10.2-Mev deuterons. 


INTRODUCTION 


N recent years, numerous attempts have been made 
to detect long-lived (>1.5X10* yr) Tc in ter- 
restrial materials by neutron activation analysis.’ 
While the likelihood of occurrence of such an isotope 
has been greatly reduced by the discovery of 1.5X 10*-yr 
Tc** by Katcoff* and Boyd et al.,° the possible existence 
of a second, still longer-lived, isomer of Tc** is not 
excluded, as pointed out by Segré® and Mayer.’ It 
would be of interest to obtain (n,y) cross sections for 
the formation of both Tc” and Tc” from 1.5X 10*-yr 
Tc, and from the longer-lived isomer as well, if it 
exists. As a first step in this direction, the cross section 
for the reaction 


Tc8(n,y)Tc!™ 


1.5X 10°-yr B- 6-hr LT. 


has been determined. 

As can be seen from any nuclide chart, production 
of Tc®* in pure form is not feasible. Regardless of the 
choice of bombarding particle and target material 
(except for separated isotopes of far greater purity than 
presently obtainable), any Tc** formed will always be 
accompanied by greater or lesser amounts of 60-day 
Tc%™, 90-day Tc*™, 10°-yr Tc*”’, and 2.1X 10°-yr Tc. 
In our case, the only available materials were two 
sources, A and B, prepared by bombardment of natural 
molybdenum with 10.2-Mev deuterons in the Wash- 
ington University cyclotron. Source B was prepared a 
year later than source A. 

In order to determine the activation cross section, 
the number of Tc** atoms in the source had to be known. 

t This work was supported in part by the U. S. Atomic Energy 
Commission. 

1E. Alperovitch, Ph.D. dissertation, Columbia University, 
seem” 1954 (unpublished); U. S. Atomic Energy Commission 

eport NYO-6139 (unpublished). E. Alperovitch and J. M. Miller, 
Nature 176, 299 (1955). Anders, Sen Sarma, and Kato, J. Chem. 
Phys. 24, 622 (1956). 

2 W. Herr, Z. Naturforsch. 9a, 907 (1954). 

*G. E. Boyd and Q. V. Larson, J. Phys. Chem. 60, 707 (1956). 

4S. Katcoff, Phys. Rev. 99, 1618 (1955). 

5 Boyd, Sites, Larson, and Baldock, Phys. Rev. 99, 1030 (1955). 


°F. Segré (private communication, January, 1956). 
7™M. G. Mayer (private communication, January-February, 


From the known Tc® and Tc” content of source A, 
and an estimated formation cross section of Tc**, it 
appeared that source A should contain several times 
10'* atoms of Tc, corresponding to a few times 10~?° 
grams. This amount was hardly sufficient for mass 
spectrometric analysis; moreover, the sample would be 
destroyed in the determination. For this reason, direct 
counting appeared to be the only feasible method. 
Here, the principal difficulty consisted in identifying 
and accurately measuring a few disintegrations per 
minute of Tc** in the presence of about 184 dis/min of 
Tc and 12 400 dis/min of Tc*”, as well as smaller 
amounts of Tc’? and Tc”. Clearly, some selective 
counting technique was required. 

Katcoff* states that Tc®* decays by emission of a 
0.3-Mev 8 particle, coincident with 2 gamma rays of 
0.74- and 0.65-Mev energy, respectively. It should then 
be possible to detect Tc** by counting the 0.74-Mev 
7 ray, in which case the 0.81- and 1.02-Mev vy rays of 
Tc* would interfere, or by counting the 0.3-Mev 8 in 
coincidence with the 0.74-Mev y ray. Here again, inter- 
ference by Tc®* could be expected, mostly due to y-y 
and x~y coincidences from its complex spectrum. How- 
ever, the exact amount of interference could be deter- 
mined from source B, which had been prepared 12 
months later, and therefore contained a greater relative 
amount of Tc. The disintegration rate of Tc in 
source B, about 23000 dis/min, was high enough so 
that all corrections for Tc could be determined to a 
high degree of accuracy, once the relative Tc® content 
of sources A and B had been found. 

The advantage of the coincidence counting method 
was not only increased selectivity, but also appreciable 
background reduction. The coincidence counting rate of 
Tc** was about 6 times lower than the gamma singles 


_ counting rate; at the same time, interference from Tc 


dropped by a factor of 1.40 and the background, by a 
factor of 60, from 1930.04, counts/min to 0.0307 
+0.0033 counts/min. 

Once the Tc** content of the source had been ascer- 
tained, it should be a relatively simple matter to deter- 
mine the activation cross section by irradiating the 
sample in a known neutron flux, and measuring the 
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amount of 6-hr Tc” formed. It must be remembered, 
however, that Tc” is also produced by 4 interfering 
reactions : 


Mo* (2,7) Mo*——>Tc™, (1) 
66 hr 
B- 
U™(n,f)Mo®—>To™, (2) 
66 hr 
Tc*(n,n')To™, (3) 
Ru” (n,p)To*™. (4) 


For this reason, precautions had to be taken to pre- 
clude interference from these sources. 


EXPERIMENTAL 
A. Counters 


The 8-y coincidence spectrometer consisted of an 
Anton Type 1001T Geiger-Mueller tube with a 2-mg/ 
cm? mica window; a 3.8X5.1 cm thallium activated 
sodium iodide crystal mounted on a Dumont 6292 
photomultiplier tube ; cathode followers for both tubes; 
an RIDL Model 115B single-channel pulse height 
analyzer with self-contained linear amplifier and coinci- 
dence circuit; and the usual complement of scalers, 
high voltage supplies, and recorders. In order to ensure 
optimum geometry, the counters were mounted only 
1.5 mm apart. They were surrounded by a 10-cm thick 
Pb shield, lined with a graded x-ray absorber consisting 
of 2 mm of Sn and 0.25 mm of Cu. 

The coincidence resolving time of the entire circuit, 


Ne 


Irradiation 


11.46+0.061 usec, was measured by counting accidental 
coincidences between Tc™, a pure 8-emitter, and Be’, 
a pure y emitter. The counting efficiency® of the Geiger 
counter for the 0.3-Mev §-particles of Tc®* and Tc” was 
determined by means of a calibrated Co® source, since 
the 6 particles of Co® are of nearly the same energy. 
The same isotope was used to evaluate self-absorption 
and self-scattering corrections, whenever needed. 

The counting efficiency of the sodium iodide crystal 
was determined at several different energies, and values 
at 0.740 and 0.201 Mev obtained by interpolation. The 
resolution of the crystal for the Ba’ y-ray was 7.7%. 

After neutron irradiation, the sample was counted 
on a gamma-ray spectrometer of very similar design, 
but with a smaller crystal, 3.8X1.3 cm. The counting 
efficiency of the crystal for the 140-kev y ray of Tc”, 
0.244, was determined by means of a Mo”+Tc®™ 
source, calibrated by 4x 8 counting. 


B. Neutron Irradiation 


The samples, aliquots of sources A and B, were 
sealed in quartz ampoules and irradiated in the isotope 
hole No. 1 and vertical thimble No. 24 of the CP-5 
reactor at the Argonne National Laboratory. The 
irradiation times ranged from 14 to 17 hours. The 
procedure and experimental data quoted below refer 
specifically to source A, but apply with only minor 
changes to samples B-1 and B-2. 


8 In the present paper, this term denotes the quotient: number 
of particles (or y rays) detected/number of particles (or y rays) 
emitted. No attempt has been made to break it down into 
geometry factor, detector efficiency, back-scattering correction, 
etc. In the case of y rays, only the photopeak was counted. 
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TaBLe I. Beta 740-kev gamma coincidence counting data for source A. 
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Time Total Coincidences Accidental 
(min) counts Counts/min Background due to Tc* coincidences Tc* net coincidence counting rate 
975 82 0.0842 0.0307 0.0164 0.0005 0.0366+-0.0093 
5321 348 0.0654 0.0307 0.0155 0.0005 0.0187 +0,.0035 
3840 237 0.0617 0.0307 0.0144 0.0005 0.0161+0.0040 
Weighted mean: 0.0196+0.0041 counts/min = 2.66+0.57 dis/min 
TABLE IT. 740-kev gamma singles counting data for source A. 
Time Correction 
(min) Counts Counts/min Background for Tc Net counting rate of Tc** 
152 643 4.23 1.93 2.28 0.02+0.17 
342 1506 4.41 1.93 2.26 0.22+0.11 
475 1925 4.05 1.93 2.01 0.11+0.09 


In order to preclude interference by Mo, U, and 
Tc”, the same precautions were taken as in our 
mineral experiments. The Tc” content was determined 
in the presence of the 90 kev e~ of Tc’ by means of 
an aluminum absorption curve. The effective (n,n’) 
cross section under the conditions of this irradiation was 
measured by irradiating 0.4 wg of Tc” simultaneously 
with the Tc** sample. The correction turned out to be 
quite negligible, 0.04%. 

The molybdenum contamination was measured by 
adding 2 mg of inactive molybdenum to the sample 
after irradiation, under conditions where the exchange 
between active and carrier molybdenum was known to 
be complete, and separating it into a technetium and 
molybdenum fraction (Figs. 1 and 2). The 140-kev 
y ray of Tc” was counted in both samples, and, after 
correcting for chemical yields, the amount of Tc” 
grown from Mo” up to the time of separation calcu- 
lated from Rubinson’s modification of Bateman’s equa- 
tions.’ The yield of Mo was determined spectrophoto- 
metrically, and the yield of Tc, by counting the 201 kev 
y ray of Tc. The correction for Tc” grown from Mo” 
amounted to 3.8%. 

The radiochemical purity of the samples was proven 
by the absence of extraneous activities in both the 
B- and y-decay curves. 

No attempt was made to check for ruthenium 
contamination, since its chemical behavior made its 
presence most unlikely. 

The neutron fluxes and cadmium ratios were meas- 
ured by the reactor staff by irradiating gold foils in the 
reactor and comparing the resulting activity with that 
produced by a calibrated neutron source. The fluxes 
quoted are believed to be accurate within 5%. 


RESULTS AND DISCUSSION 
A. Technetium-98 Content of Source A 


The coincidence counting results are summarized in 
Table I. 


* W. Rubinson, J. Chem. Phys. 17, 542 (1949). 


Weighted mean: 0.13+0.08 counts/min =2.8+1.7 dis/min 


It is seen that a small but definite net counting rate 
attributable to Tc®* remains after correcting the gross 
B-(740-kev y) coincidence counting rate for background, 
x-y and y-y coincidences due to Tc, and accidental 
coincidences between the conversion electrons of Tc” 
and ¥ rays of Tc and Tc**. From the mean net coinci- 
dence rate Vg, of 0.0196+0.0041 counts/min, one can 
calculate the absolute disintegration rate R, if cg and c,, 
the 8- and y-counting efficiencies, are known. For a 
sample with a mass thickness equal to that of source A, 
cg=9.159+ 0.004, while c, for a 740-kev y ray is 0.0463 


Taste III. Relative cross sections for the production of 
technetium isotopes by bombardment of natural molybdenum 
with 10.2-Mev deuterons. 


Isotope Tc Tees Tc™m*e = Tctim 


Relative cross section 1.00 133 3.3 24 
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Fic. 2. Sample A. Decay curve of molybdenum fraction 
after neutron irradiation. 
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TABLE IV. Neutron activation cross sections of Tc®*, Tc”, and Mo*. 
Sample Location in reactor Thermal fiux Tc (n,y) barns*® Tc (n,n’) millibarns Au-Cd ratio Mo" (n,y) barns 
A Isotope hole No. 1 2.110" 2.6+1.3 0.0091 +0.0018 620 0.21+0.03 
B-1 Vertical thimble 24D 2.5X10" 3.2+1.6 2.74 +0.14 6.6 0.36+0.05 
B-2 Vertical thimble 242 2.610" 3.4+1.7 3.07 +0.15 ee! 0.35+0.05 











* The specific activity, in dis/min of Tc®* per dis/min of Tc®, was known to better than 10%. Again, the over-all error was chiefly due to the uncer- 


tainty in both the half-life of Tc and the Tc®* content of the sources. 


+0.0020. We thus find 
R=N54,/cgcy=2.66+0.57 dis/min. 


Because of the type of circuitry used, the gamma 
singles counting rate in the 740-kev channel, V,, had 
to be determined independently, rather than con- 
currently with the coincidence counting rate, Ng,. 
We may, therefore, calculate a second value for R, 
2.8+:1.7 dis/min, from the mean value of NV, given in 
Table II, and c,. In view of the large probable errors, 
the close agreement is somewhat fortuitous. 

From the weighted mean of the above disintegration 
rates, 2.68+0.54 dis/min, and the half-life of Tc®, 
1.5X10® yr+0.7X 10° yr,” one finds (3.0+1.5) X10" 
for the number of Tc®* atoms in source A. 

From this number, we can calculate a relative cross 
section for the production of Tc** from molybdenum, 
and compare it with the cross sections for several other 
technetium isotopes. It has been assumed that each 
technetium nuclide of mass A is produced by a (d,n) 
reaction on a molybdenum nuclide of mass A-1. The 
results are summarized in Table III. 


B. Irradiation Results 


An aliquot of source A was irradiated for 14 hours in 
the isotope hole No. 1 of the CP-5 reactor, at a flux of 
2.1X10'*n cm~* sec~'. After irradiation, the sample 
was separated into a technetium and a molybdenum 
fraction, as described above. After applying all neces- 
sary corrections, a saturation activity of Tc” of 174 
dis/min of 140-kev gamma rays was obtained for a 
sample containing 19.2% of source A. Correcting this 
disintegration rate for an e/y ratio of 0.11 of the 
140-kev y ray of Tc”, and using previously quoted 
figures for the flux and the Tc** content of source A, 
we obtain a cross section of 2.6+1.3 barns for the 


reaction: 
To8(n,y)To™™. 


Since the large probable error arises mainly from the 
uncertainty in half-life, +0.7X 10° yr,! the saturation 
specific activity of 375+85 dis/min Tc” per dis/min 


© G. D. O’Kelley and Q. V. Larson, Southwide Chemistry 
Conference, December, 1956 (unpublished). 


of Tc at a neutron flux of 2.110! is also given, in 
order to permit a recalculation of the cross section 
when a more accurate value for the half-life becomes 
available. 

In two additional experiments, aliquots of source B 
were irradiated at higher neutron fluxes in vertical 
thimble No. 24, and the cross section was calculated as 
above. Here it was necessary to infer the Tc®* content 
from the Tc®* counting rate, under the assumption that 
the formation cross sections of the two nuclides were 
the same in both cyclotron irradiations. Subject to the 
validity of this assumption, we can compare the results 
of the three experiments in Table IV. 

The agreement is fairly satisfactory. However, another 
point is worth noting. It had been suggested by 
the author," in order to explain irreproducible results 
in the activation analysis of minerals for Tc®*, that the 
cross section of Tc®* might have a resonance in the 
epithermal region. In this case, the effective cross 
section would depend rather sensitively on the neutron 
spectrum. 

An approximate measure of the epithermal flux is 
given by the gold-cadmium ratios in column 6, In 
addition, the effective inelastic scattering cross section 
of Tc (column 5) serves as an indicator of the fast 
component of the spectrum, the threshold of the reac- 
tion Tc*(n,n’)Tc®™ being 20.14 Mev. Both of these 
indicators show a large difference between the neutron 
spectrum in the isotope hole and the vertical thimbles. 
This difference causes a noticeable change in the activa- 
tion cross section of Mo** (column 7), presumably due 
to the existence of an epithermal resonance. However, 
the change in the cross section of Tc** (column 4) is 
certainly too small to explain the observed discrepancies, 
so that the previous suggestion must now be with- 
drawn. 

It must be pointed out in conclusion that our cross 
section was computed on the assumption that there 
exists no long-lived state of Tc®* other than 1.5X 10®-yr 
Tc®’. Should there be a second isomer, it certainly was 
present in our source and contributed to the neutron- 
iriduced Tc activity. 


li FE. Anders, Progress Report for the U. S. Atomic Energy Com- 
mission, Contract AT(11-1)-382, November 30 1956. 
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A theory of finite nuclei is formulated, based on the reaction- 
matrix theory of the nuclear many-body system. The reaction 
matrix appropriate to the finite nucleus is in the exact theory 
determined by the solution of coupled Hartree-Fock and reaction- 
matrix self consistency problems. This formal procedure is ex- 
tremely difficult to carry out; the finite-nucleus reaction matrix 
has instead been approximated by the reaction matrix appro- 
priate to the local density, which is a nonlocal coordinate space 
operator (r| |r’). It is shown that this approximation is equiva- 
lent to the assumption that a finite nucleus has the same short- 
range correlation structure as nuclear matter. 

The formalism used to determine (r|K!r’) from the results 
previously obtained in the study of nuclear matter is derived, 
and the methods used in explicit evaluation are described. The 
numerical results discussed are based on the phenomenological 
two-body potentials of Gammel and Thaler which give an ex- 
cellent description of all scattering data up to 300 Mev. The 
operator (r|K|r’) obtained shows marked nonlocality for r and r’ 
less than 10™ cm. That this is largely associated with the re- 
pulsive cores in the potentials is shown by a simple analytic 
approximation to (r|K|r’).The nonlocality is further enhanced 


in the triplet states by the effects of the noncentral forces which 
lead to marked / dependence in the even states. 

The reaction matrix so determined contains a large spin-orbit 
term. It is shown that this is almost entirely due to the spin-orbit 
two-body potential and that the tensor forces give only a very 
small contribution. 

Proceeding from the reaction matrix as an effective two-body 
interaction, the Hartree-Fock problem is formulated taking into 
account the complicated exchange and nonlocal character of the 
reaction matrix. A general result is obtained for the single- 
particle spin-orbit potential which is shown in the case of a local 
interaction to reduce approximately to the form of the Thomas 
interaction. 

An iteration method is proposed for solving the single-particle 
eigenvalue problem with a nonlocal potential which reduces the 
differentio-integral equation characteristic of the theory to ar 
ordinary differential equation. This procedure requires the intro- 
duction of a linear derivative term in the differential equation. 
The method is exact in the limit of convergence of the iteration 
method or if the nonlocal potential is replaced by a local 
approximation. 





I. INTRODUCTION 


N a series of previous papers'~” a theory of the 

nuclear many-body body problem has been de- 
veloped and applied to the study of various properties 
of nuclei. In these applications it has been usually 
assumed that the nuclei were very large so that the 
properties determined should be more properly called 
the properties of “nuclear matter,” i.e., the properties 
of a system of nucleons of sufficient extent so that 
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surface effects can be neglected. To make such a study 
possible it is also necessary to neglect the Coulomb 
interaction between the protons. In this approximation 
various studies have been made of the properties of 
nuclear matter, particularly a recent detailed numerical 
study carried out by Brueckner and Gammel” based on 
the phenomenological two-body forces of Gammel, 
Christian, and Thaler,”? and of Gammel and Thaler.” 
In the papers on the theory of the methods used in 
these calculations, some discussion has been given of 
the problem of finite nuclei, showing how in principal 
it is possible to alter the methods used in the nuclear 
matter problem to allow their applications to finite 
systems.!-!?.1.20 For reasons to be discussed below, these 
methods cannot be applied to an actual problem because 
of their excessive complexity and hence our work has 
been carried out in an approximation discussed in Sec. 
{I. This approximation is based on the short range of 
the correlation distances in the nuclear wave functions, 
and hence the short range over which the nuclear re- 
action matrix or effective two-body operator differs 
from the local two-body potential. Once this approxima- 
tion is made, it is possible to calculate the nonlocal 
coordinate space operators whose diagonal matrix 
elements taken with respect to the eigenstates of the 
finite nucleus give the interaction energies. These 


21K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958). We shall refer to this paper in the following as I. 

® Gammel, Christian, and Thaler, Phys. Rev. 105, 311 lly 

%3 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 1337 (1957). 
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operators then can be taken to be the basis of a Hartree- 
Fock calculation for the nuclear “model” state. In Sec. 
III it is shown how this operator is constructed in de- 
tail, proceeding from the results previously obtained in 
the study of nuclear matter. This operator is of interest, 
not only as the basis of a Hartree-Fock study, but also 
since it is the “residual two-body interaction” or 
effective two-body potential which is the basis of the 
configuration mixing studies of the shell model. 

The Hartree-Fock calculation is formulated in detail 
in Sec. IV, taking into account the nonlocal character 
of the reaction matrix and the presence of a spin-orbit 
term in the reaction matrix. Finally in Sec. V it is 
shown how the Hartree-Fock equations can be reduced 
from the differentio-integral equations appearing in 
the theory to differential equations. The approximation 
procedure proposed is particularly useful for the non- 
local single-particle potentials characteristic of our 
theory. 


II. APPROXIMATION TO THE FINITE SYSTEM 
REACTION MATRIX 


Our theory of nuclear matter and of finite nuclei is 
based on the reaction-matrix K which determines the 
interaction energies and correlation structure of the 
many-body system. We review here only the necessary 
properties of K and refer to I and earlier papers for 
details of the theory. 

The reaction matrix K is defined by the integral 
equation 

K=0+0GK. (1) 


To define the Green’s function G, we introduce a 
set of single particle eigenstates ¢; together with the 
associated eigenvalues £;. Written in this representa- 
tion, Eq. (1) becomes 


Kj, ct= 255, n+ > 0;j,mn(Ext E:— En— En) Kan, ut, (2) 


which defines the Green’s function in this representa- 
tion. The sum over m and n in Eq. (2) is to be carried 
out over empty states only so as to satisfy the Pauli 
principle. In writing the expression for the energies E;, 
we make an approximation similar to one to be made in 
our use of the Hartree-Fock equation, i.e., we drop 
terms in £; which vanish for a large number of par- 
ticles. These have little effect in large nuclei and become 
important only for small systems. In this approxima- 
tion, the single-particle energies are 


E.= (p/2M) ie+X (Kis, s— Kisii), (3) 


where the sum is over all filled states. The coordinate 
space potential which determines the eigenfunctions 
¢: is also determined by the diagonal elements of the 
K matrix: 


Vier) =Ler(n) L(Ki,is—Ku ser’). (4) 
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In the limit of a weak interaction, K can be replaced by 
the potential » and the single-particle potential defined 
by Eq. (4) is just the Hartree-Fock potential. Starting 
from a given set of eigenfunctions ¢;"" (m meaning, 
for example, the mth iterate), the new set ¢,‘"t» ob- 
tained from the single-particle potential V‘")(r,r’) will 
in general not agree with the input. The problem of 
obtaining agreement is the self-consistency problem of 
the Hartree-Fock method. It is usually solved by an 
iteration-interpolation procedure, starting from a trial 
guess and improving the wave functions until self- 
consistency is achieved. 

In our problem, a new self-consistency problem 
arises since a shift in the representation ¢;°" — g,("*? 
not only changes the single-particle potentials but 
also, through the change in the energy spectrum, 
changes the Green’s function in Eq. (1) and Eq. (2). 
This shift changes the K matrix which change in turn 
reacts back on the single-particle potentials and eigen- 
functions. Thus a new problem arises of obtaining a 
self-consistent energy spectrum and reaction matrix. 
In the study of nuclear matter the usual Hartree-Fock 
problem does not occur since the eigenstates are known 
(plane waves). The second self-consistency problem 
remains, however, and is one of the principal difficulties 
which have been encountered in the study of nuclear 
matter.*:*.”! In a finite system the K matrix and Hartree- 
Fock self-consistency problems are coupled together and 
very great computational difficulties arise if an attempt 
is made to solve the problem exactly. In fact, estimates 
of the order of magnitude of the computing problem 
show that it is probably beyond the capacity of pres- 
ently available computing facilities. 

The magnitude of the problem described above has 
been a severe deterrent to the study of finite nuclei. 
We believe, however, that a reasonable approximation 
exists in which the central difficulty is avoided. To 
show the origin of the approximation, we examine the 
structure of Eq. (2). We note that the energy differ- 
ences appearing in the energy denomination are quite 
large, being the difference between a pair of energies of 
bound particles and a pair of particles excited above the 
Fermi surface. These energies are usually quite large, 
a typical difference being 150 to 250 Mev. Consequently, 
to determine the Green’s function we need only give 
the large energy differences accurately. These energy 
differences correspond to quite small wavelengths, the 
momenta in excited states being of the order of p~1.5pr 
which, at normal density, corresponds to X~0.5X 10-" 
c.m. If the nuclear density is slowly varying over dis- 
tances of this size, then we expect that the important 
values of the excitation energies appearing in the 
Green’s function in the actual finite system can be 
replaced by those of a spectrum appropriate to a uni- 
form medium at the local density. 

An alternative and perhaps clearer way of viewing 
this approximation is to examine the K matrix in co- 
ordinate space. It has already been emphasized in 
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earlier papers” that the wave function for relative 
particle motion very quickly approaches its unperturbed 
form, the distances involved being about 10-“ cm, with 
marked departures occurring only over somewhat 
smaller distances. Thus the correlation distances in the 
wave function are quite small. In terms of the K 
matrix, this means that K approaches » at distances of 
the order of 10-" cm. (We shall see in more detail the 
character of this approach in the following.) Thus we 
expect the correlation structure in the wave function 
and the correlation-dependent effects in the K matrix 
to be determined only by the local density, as long as 
the density varies slowly over the correlation distance. 

We would like to add that the above condition of 
local density uniformity is certainly a sufficient condi- 
tion; it may not, however, be necessary. It seems likely 
to us that a less stringent condition, such as that of 
linear density variation over the correlation distance, 
may still leave our approximation quite accurate. 

This approximation allows us to compute the K 
matrix for the finite system directly from the results 
obtained in the studies of nuclear matter. The K 
matrix so determined will in general be a nonlocal 
density-dependent operator in coordinate space. Let 
Kij,n1(p) be an element of the K matrix computed in 
the plane-wave representation at the density p. To 
transform to coordinate space we take the Fourier 
transform, i.e., 


(11,82 | K(p) | 11’,12") 
=D oi* (11) 9)" (82) Kuz, eee (tn’) gi(t2’). (5) 
ij, kl 

Our approximation now allows to assume that this is 
the correct reaction matrix in the finite system, ie., 
that Eq. (5) defines that coordinate space operator 
whose expectation value taken with respect to the eigen- 
states of the finite nucleus determines the interaction 
energies. This operator also determines the correlation 
structure which in our approximation is the same as in 
nuclear matter at the same local density. 

We discuss in the next section the detailed evaluation 
of Eq. (5). 


Ill. K MATRIX IN COORDINATE SPACE; THEORY 


We start from the solutions for the K matrix as 
determined for a uniform medium as a function of the 
density, i.e., from the solutions of the equation 


K ij, t= Pas, kt 

+3004; mn(ExtEi— Em— En) "Kini (6) 
In this equation the density appears through the Fermi 
momentum pr= 1.52/ro. The quantum numbers appro- 


'----priate for the uniform medium problem are the mo- 


mentum, spin, and isotopic spin. To obtain the K 
matrix in coordinate space, we shall carry out a Fourier 
transformation on the explicit dependence of K on the 
momenta but neglect the effects of the change in 
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representation on the intermediate state sum over m 
and n. The assumptions involved in this approximation 
have been discussed in the previous section. To carry 
out this transformation, we start from the definition of 
the K matrix, 


Ky, a (¢ij,~We1), (7) 


where ¢j; is the unperturbed wave function and yy; is 
the wave function determined by the solution of the 
integral equation 


v= otGy. (8) 


This equation is discussed in detail in I; we need only 
the properties of y here and shall not again refer to 
Eq. (8). 

To simplify Eq. (7), we make use of a result obtained 
in the studies of I which showed that the K matrix is 
a very slowly varying function of the total momentum 
P= p,+p, and depends strongly only on the relative 
momentum k=4(p,—p,). Thus in the following we 
suppress the dependence of K on P, replacing P by an 
average value appropriate to the Fermi gas. This aver- 
age value we have taken to be P= pr. Then, calling 
}(pi— p,;) =k’, we rewrite Eq. (7) as 


(k’| K| k) = (¢x-,2), (9) 


where we have not yet indicated the spin indices ex- 
plicitly. We also do not write explicitly the total mo- 
mentum conservation which is contained in the K 
matrix. To carry out the transformation to coordinate 
space, it is convenient to introduce the coordinate 
space representation of K not by Eq. (5) but by the 
equivalent defining equation 


(k’| K| k) 
= far f dreet@ cere Kin extn, (10) 


where we now write the spin functions explicitly, and 
¢x(r) is a plane wave function for momentum k. We 
note here that since (k’| K|k) is diagonal in the total 
momentum, (r’|K|r) will be diagonal in the center- 
of-mass coordinate, ie., (t12|K|ri2’) will contain a 
factor 6[$(1r1+12)—4(11'— 12’) |. Upon combining Eqs. 
(7) and (9), it then follows that 








fake ve em(e), (1) 


1 
(r’| K|r)xX."= 
(2x)* 


where we now write the spin indices explicitly. The 
evaluation of the right-hand side of Eq. (11) can now 
be carried out by using the angular momentum ex- 
pansions of ¢ and y. The expansion of ¢x(r’) is 


vx(e’) = [4 (+1) Pi(krEV P(r’). (12) 


For singlet states the expansion of y is not complicated 
by the presence of noncentral forces, and is 


Wx, 0,0(r) = > [49r(2/+ 1) }hu, x(r)t'¥ °(r)X—°, (13) 
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where %;,,'°(r) is the radial function for the singlet 
state with angular momentum / and relative momen- 
tum k. The solution to Eq. (13) has been obtained in I 
in determining the properties of nuclear matter. 

Combining Eqs. (11), (12), and (13), we find for the 
singlet part of K: 


4x 
(2m)* 





f dk © (21-41) jr(kr’osingtee(1) 
l 


(r’ | K| r)singlet = 


X uy, e!(r)P(r,0'). (14) 


For the triplet states the presence of noncentral 
forces results in K being nondiagonal in m. Taking 
matrix elements of Eq. (11) with respect to spin, we 
obtain 


1 
(LK | ain f dkes*(HK "(Ns sm(T). (15) 


We now insert the angular momentum expansion of y 
which is [see I, Eq. (43) ] 


Wi, .m(H)=D DY [40(21+-1) ]4i'C (Es0m | ls Jm) 
ee 
xd uy *(r)Fyy™(r), (16) 


where Fy,,"(r) is an eigenfunction of the total angular 
momentum, C(/sOm|/sJm) is a Clebsch-Gordan co- 
efficient, and «,;-7*(r) is the radial function for total 
angular momentum J, spin s, angular momentum /’, 
driven by the entrance-channel angular momentum /. 
We also make use of the equation 


far vce yo( Pave) 
=¥ [4/141 Pore *)Paem(ee you, (17) 


where 2;-;-7* is defined by the equation 


evett= fda F yy f*0F gy,™. (18) 


We also need the spin matrix element 
X.”"*F 31,™(1,1') 


=> Vr (r,2')C(lsm’ m—m'\lsJm), (19) 


which we obtain by using the Clebsch-Gordan expan- 
sion of Fz;,"*. Collecting these results, we find for K 
the result 


(4x)! 
(t'| K | 1) mm=——— Rdk > (—i) 4" (21'+1)! 


(2s) sw’ 
X jrlkr’ yee 7*(r)op-y7*(r)C (U'sOm| I's Tm) 


<C(ls m—m! m’\IlsTm)Y (1,1). (20) 


gl abt Li 
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Equation (20) determines all matrix elements of K. 
In our Hartree-Fock studies, however, we need only 
the central and spin-orbit parts of K. We determine 
these most simply by writing K in the general form™ 


for triplet states alone 
/ 


rf 

(r’| R| r)tripiee= A (1,2’) + B(r,r’)i(o1 +02) oie 4, (21) 
r of 

eS . et 

+C(84f)0-(—*)os-(5-") 

“eee “ee 


U 


rr rr 
+D(r,r')o,- (-- -) x (“x “a 
oe “Sy 
a “ea 
(--5)x(-x5). (22) 
if rr 


The coefficients A and B which interest us are then 
easily shown to be given by the expressions 


A(r,r’)=4 Lan(r’|K| Tne 


B(r,r’)=32L("'|K|n) ot (r'|K (23) 





r)o,1.] cscbe~*¥, 


Using the explicit form for K of Eq. (20), and the 
formula 


a1 
DX C(l'10m | l'1Im)C (0m | 11m) =———6,n, (24) 
m al+1 
we obtain, for the central term A, 


dr 
A(r,r’)=-—— 


1 
Rdk > (2I+1)ji(kr’)uw7*(r) 
3 (2r)* yw 


Xo? *(”)Pilt,r’). (25) 
We give this explicitly for the states /=0 and /= 2, dis- 
regarding the J—1, J+1 coupling except for the J=1 
state as was done in the calculations of I. We write » as 


v(r) =0,-(r) +0(r)Si2+0z5(r)L-S. (26) 


Tase I. Parameters of the Gammel-Thaler potentials. The 
potentials all have the Yukawa form outside of a repulsive core 
of radius 0.4 10-* cm. 











Strength Inverse range 
State (Mev) (1038 cm~!) 
Triplet central even — 877.39 2.0908 
Tensor even — 159.40 1.0494 
Spin-orbit even — 5000 3.70 
Singlet even —434.0 1.45 
Triplet central odd — 14.0 1.00 
Tensor odd 22.0 0.80 
Spin-orbit odd —7315 3.70 
Singlet odd 130.0 1.00 





| 
} 
| 





% Lincoln Wolfenstein, Phys. Rev. 96, 1654 (1954). 
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The matrix elements of v are Again writing this out explicitly for /=0 and 2, we find 
Vo! =, 
Voz"! = Veo! = v4/4/8, B’(r,1') j(kr){ — 9tt20" (r’)o1(9’)/4/8 
Vogl = ue 2u.—- 308, (27) 
V2q" = 0,.+20,— dL, — Mtaa!'(7) a. )—2n(r')—Sors(r’) ] 
099"! = 0,— (4/7) +20z8. — 5tuo2" (r’)[0e(r’) + 2r(1’) — vzs(r’) ] 
mt these results into Eq. (25), we find + 144423*!(r’)[v-(r’) — (4/7) 01(1') +2028(r') }} 
A(t,r)=-—— =f kdb {3 jo(kr) XP2(r,). (33) 
In Born approximation the terms in », and » drop 
Paha ore (r’)0:(1’)/V/8 ] out, leaving 
+jo(kr) Po(r,r’)[3tt20"(r’)0i(1')/+/8 
B' (nr ma fi kr) jo(kr’ ' 
+312! (r’)(ve()—201(r)—308(7)) ee ee 
z , , , , X5P2(r, r), (34) 
+51t22" (1’) (0¢(1') + 20:(1’) — 01 8(1')) 
+ Tatas! (v’)(0-(r’) — (4/7) -+20n8(7))]}. (28) which is just the contribution from /=2 to 


As a check, we consider the Born approximation limit 
where tz"! and uo! vanish, woo! (r’)=jo(kr’), and 
t42971(r’) = jo(kr’). In this case the coefficient of v,(r’) is 
just jo(kr) jo(kr’)+-5j2(kr) jo(kr’) Po(t,1’) and the coeffi- 
cients of v, and vs vanish, as we expect. 

Next we consider the spin-orbit term. Using Eq. (20) 
and Eq. (23), we find 


4)! 
B(r,r’)= Nee 


x { de (-ii (21 +1) §j (kr )uv ee (ron? (r) 


Jul 
x[C(’100|0170)C (111—1)/1J0) 
+C (1101 |0171)C(1110| 111) ]} 
XV i (ene cscb. 


k'dk 


(29) 


We can bring this to somewhat simpler form by using 
the relation 


d 
Y;'(cos6)e~*¥ csc# = [1 (14-1) }-+——Y ;"(cos@), 
d cos 


(30) 


and also the identity 


sve 
“(ote -X- —f(rr isda tah tie TX VS (1,7 u) 
r vr du 1 
=2L-Sf(rr'u). (31) 
Thus the coefficient of L-S in the K matrix is 


4r)! 
B'(r,r')=} wae 
(2)* 


T 


k’dk 


x a a "(2U’+-1) 47, (kr) ¥ °(8',r) 


Jil 
x (+1) Maver *(r ovr’ (r’) 
 [C (1’s00 | I's J0)C (ls1 — 1| 1s J0) 


+C(I's01|0’sJ1)C(1s10|tsJ1)]}. (32) 


B'(r,r’) Born>= ?LS (r)6(r— r’). (35) 


IV. K MATRIX IN COORDINATE 
SPACE; EVALUATION 


In this section the numerical results we give are all 
based on the Gammel-Thaler®™ two-body potentials 
which have also been used in the study of nuclear 
matter. The parameters of these potentials are given 
in Table I. 

To evaluate the expressions obtained in the previous 
section, it is first necessary to remove the repulsive 
core singularity in the potential, which must be treated 
separately. To do this we consider as an example the 


singlet state. We rewrite the singlet potential as 
(36) 


Ysinglet —? Vsinglet + Vcorey 


where by ?gingiet WE NOW mean the attractive part of the 
potential. The singlet part of the K matrix then is 





ua k°dk(21+-1) ji(kr’ 
=A j (21+1) ju(br’) 


(r’ | K | r) singlet ~ 
(2 


x [o (r) singlet +0 (r)core }ure'(r) Pi (r,r’). (37) 
As in I, we next make the replacement 
Vcore (1) Ure!?(7) = Arz"5 (7 —7-). (38) 


The constant A;,”° is determined by the boundary condi- 
tion that the wave function vanish at the core radius. 
This determination is discussed in detail in I [see Eq. 
(55) of I]. The separation of the core contribution leads 
to the appearance of a core term in the K matrix, which 
is 





NK! = Bdk(2+1 
("KI dom =< E J (21+1) 


XK jilkr’ re Pi(t,r')b(r—re). (39) 
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g 5 || A similar treatment holds for the triplet states; we shall 
d mi | not give the details here but refer to I for further 
3 a 39 discussion. 
Ss = $= | The evaluation of the integrals over & such as that 
= it | appearing in Eq. (39) has been carried out numerically 
S 8 ae || at the computing center of the Los Alamos Scientific 
=| i —_ . . 
a = | ct | Laboratory. The & integration has been cut off at a 
§ maximum value of k chosen to insure convergence of 
s 3 | z 5 Be | the integrals. iid : 
TE lee ri One approximation was necessary in carrying this 
s 4 out. In evaluating the Fourier transform of K, we found 
4 8 Fs 3 2 3° || it desirable to go to very large values of relative mo- 
. ere: mentum to which our previous calculations of I did 
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Hartree-Fock problem, they are of importance in ex- 
hibiting the structure of K and its approach to the 
local potential. 

One further comment is necessary before we give 
our results. The K matrix is from its definition sym- 
metric in r and r’. This is most easily seen from the 
integral equation for K which, if solved by iteration, 
gives a manifestly symmetric result. The reason for 
asymmetry is most easily seen in the core contribution. 
This contains an explicit r dependence 6(r—r,) but the 
r’ dependence enters through the & integral 


fra jilkr’ ru”. (40) 


It can be shown that for an infinite cutoff on the k 
integral, this contains a delta function on r’—r,. Cutting 
off at finite k, however, replaces the delta function by a 
spread out function of width ~1/max. Consequently 
the symmetry of K in this term is lost. For this and 
other similar reasons, our computed K is slightly asym- 
metric, the asymmetry extending over distances of 
1-2X10-" cm. This effect is not physical and further 
,can have no appreciable numerical effect on the 
_ Hartree-Fock results; therefore, the results we quote 
are for the symmetrized K matrix 


(r’| K |r) sym=43[(2'| K| r)+(r| X|r’)]. (41) 


To exhibit the structure of K clearly, we give contour 
plots in Figs. 1 and 2 of the central part of K for the 
singlet and triplet states for /=0. These results are 
also given in tabular form in Tables II, III, and IV. 
The K matrix shows a rather complicated nonlocal 
structure for r or r’ near the core but quickly approach 
the local potential for r and r’ greater than 10~" cm. 
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Fic, 2. Contour plot of 2x*(r|K|r’) for /=0, triplet. The core 
contribution is omitted here as in Fig. 1. 


r) can be taken as equal to the local central potential. 


can be replaced by the /=0 part of f(r)é(r—r’), where f(r) = —32.53 Mev, 


, respectively. For r>2.0X10™" cm /( 


1.8, 2.0X10-" cm 


— (10-8 cm)-*. For r>1.20X 107(r| K| r’) 
6 


’ 


TABLE III. 2x*(r| K|r’) for triplet =O. The units are 
— 18.03 Mev, —10.26 Mev, —5.72 Mev at r=1.4 
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approximation 
ta(r)= jul) +4 f Golrs')va(r jo) (r’)*dr’. (49) 


Substituting Eq. (49) into Eq. (44) and carrying out 
the k integrals, we obtain 


5(r—r’) Go(r’ ,re) 
(r’| K|r),.=———1,—8(r—1,) v4(9’) —— 
4nr’ 


0 Te Ve 





(50) 


The combined result of Keore+K, then is 


5(r’—1.)5(r—1-) 


(r’| K|r) = -—_———_ 
(44r2)’Go(1-,%e) 
Gor’ re) 
- [s(r—rdoatr)- + (re | 
0 LeVe 
b(r—r’ 





+va(r)———,_ (51) 
4arr® 


which is now manifestly symmetric in r and r’. We see 
that the core repulsion not only leads to the term 
proportional to 6(r—r,)é(r’—r.) which has not been 
included in Figs. 1 and 2 but also to the appearance of 
repulsive terms lying along the lines r=r, and r’=r,. 
These are the origin of the repulsions seen clearly in 
Figs. 1 and 2. The effects of our finite momentum cutoff 
are seen in the displacement of roughly 10-" cm of the 
repulsive peak from the repulsive core line. 

The approach of (r|K|r’) to the local potential can 
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0.7 0.8 
r(10""%em ) 
Fic. 3. Integral of (r|K|r’) normalized to the correct asymp- 
totic behavior, for singlet /=0 and /=2. Also included is the local 
singlet potential with parameters shown in Table 1, 
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Fic. 4. Integral of (r| K!r’) for triplet ]=0 and /=2, together with 
the central part of the triplet even-state potential. 


be seen more readily by considering the function 


f= f dr’(r|K |r), (52) 


which approaches the central part of the local potential 
v-(r) for large r. The actual point at which f(r) and »,(r) 
become equal is a sensitive test of the correlation dis- 
tance in the wave function since it is this which deter- 
mines the difference between the reaction matrix K 
and v(r). 

The function f(r) together with »,(r) is given in 
Figs. 3 and 4 for the singlet and triplet states. For 
convenience we have also included with the /=0 result 
the predictions for /=2. In the singlet case, for both / 
values, the departure from the potential is marked only 
for r<10-" cm, particularly at the core where the 
integrated K matrix vanishes, in contrast to the be- 
havior of the potential. This difference is, of course, due 
to the vanishing of the wave function at this point. We 
also note that the values of r for which K and » are 
appreciably different coincide approximately with the 
region where K is markedly nonlocal. This is, of course, 
an expected result. A further feature clearly shown in 
the results is the close similarity of the /=0 and /=2 
terms in the singlet K matrix except for r close to the 
core radius. This is due to the particularly rapid 
approach of K to » in the singlet case. For the triplet 
case, the /=0 and /=2 terms show much greater differ- 
ence, reflecting the strongly /-dependent effect of the 
noncentral forces. In Born approximation these do not 
contribute to the spin-averaged K matrix we consider, 
as emphasized in the last section. They do have a pro- 
nounced effect at distances less than 2X 10~* cm where 
the noncentral terms in the potential strongly per- 
turb the wave function. 

We next consider the spin-orbit term in the K matrix 
as given by Eq. (17). It would be convenient to break 
this down into two contributions, the first arising from 
the tensor forces and the second from the spin-orbit 
and tensor forces combined. It is not possible, however, 
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Fic. 5. Integral of (r|K|r’)zs from tensor forces in Gammel- 
Christian-Thaler potential compared with the same integral for 
Gammel-Thaler potential. Also included are the Gammel-Thaler 
spin-orbit potentials for even and odd-states. 


to do this with our present results. Instead we shall 
quote some results obtained with a previous choice of 
the even state potentials which contained no spin- 
orbit force but otherwise fit the scattering data. These 
were the Gammel-Christian-Thaler potentials con- 
sidered in I. The parameters of the even-state potentiais 
are tabulated in Table V. For simplicity we give only 
the K matrix in this state integrated over r’, choosing 
the normalization so that in Born approximation we 
would obtain the local spin-orbit potential (if such a 
term were present). 

This function is given in Fig. 5. For comparison we 
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Fic. 6. Contour plot of (642/5)(r| K|r’)zs/[SP2(r,r')] 
for even states. 
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give the similar term computed from the present 
Gammel-Thaler potentials we consider together with 
the spin-orbit term contained in their even and odd 
state potentials. It is clear from these results that the 
even-state tensor term in the two-body potential gives 
an almost negligible contribution to the spin-orbit term 
in the K matrix and that this arises almost entirely 
from the spin-orbit term in the potential. We give in 
Fig. 6 a contour plot of the L-S term in the K matrix 
and also in Table VI the numerical values. 

We finally turn to another important property of 
the K matrix, its variation with density. This is par- 
ticularly important since, as we shall see, it determines 
the saturating character of the interaction. To show 
the density effect, we consider the integrals over r’ of 
the K matrix for /=0 since it is only in this state that 
appreciable density variation appears. We first con- 
sider the contribution from the attractive part of the 
potential. This is shown in Fig. 7 and Fig. 8 for the 
singlet and triplet state, at densities corresponding to 
ro=0.80X 10-" cm and r9= 1.07 10~" cm, a density 
ratio of 2.39. These show a density dependence which is 
sufficiently weak so that we neglect it in the following. 
A much more striking effect is seen in the core repulsion 


TABLE V. Parameters of Gammel-Christian-Thaler even-state 
potentials. The potentials all have the Yukawa form outside a 
repulsive core of radius 0.5X10™ cm. 





Strength 





Inverse range 
State (Mev) (10% cm™) 
Triplet central — 6395 2.936 
Triplet tensor —45 0.73421 
Singlet —905.6 


1.70 


computed from Eq. (39). To compare the result at the 
two densities it is convenient to replace the sym- 
metrized core contribution of Eq. (39) by a function 
with the same volume integral, of the form Aé(r—r,) 
X [8(r’—1.)/4er2]. Comparing this with Eq. (39) for 
1=0, singlet, leads to 


(4)? e(r’)? 
Asinglet, | =0=— [oe fat jo(kr’)ron™, (53) 
(Qr)*J r2  . 


together with a similar result for the triplet state. The 
constant A has the values in these cases (for /=0) 


A cnglet= 215 Mev (10-" cm), ro= 1.07 10-" cm 
= 301 Mev (10-" cm), ro=0.80X 10-" cm, 


A triptet = 257 Mev (10-" cm), ro= 1.07 10-" cm 
= 346 Mev (10-* cm), ro=0.80X 10-" cm, 


which is an increase in repulsion at the higher density 
of 39.7% for singlet and 34.7% for triplet. This change 
is much more pronounced than that of the attractive 
part of the potential. The rapid increase in the re- 
pulsion with increasing density is the principal origin 
of the saturation of the forces, the pronounced energy 
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TABLE 
Nor “13 
(10cm) 0.3 04 0.5 0.6 
em) 
0.3 0 
0.4 0 0 
0.5 4064 — 3867 — 7468 
0.6 2429 1534 — 2204 — 3454 
0.7 272 1238 366 — 1650 
0.8 87 161 385 96 
0.9 141 —58 —78 368 
1.0 31 35 —96 —102 
—12 32 51 — 168 


minimum in nuclear matter occurring at —15.2 Mev 
per particle at ro= 1.02 10~-" cm. If the density varia- 
tion of the K matrix is neglected, the system will not 
show saturation. 

The origin of the different behavior of the attractive 
and repulsive parts of the K matrix is easily seen. At 
high densities the attractive part of K approaches 
closely to the attractive potential except near the core 
radius; consequently the attraction is only weakly 
affected by density variations, at least near normal 
nuclear density. On the other hand, the single core 
gives a repulsive term in the K matrix which never 
approaches the Born approximation limit and instead 
varies with increasing rapidity as the sensity is in- 
creased, particularly as prr, starts to approach unity.” 

To represent the density effect on the repulsive core 
terms in the K matrix, we shall assume that it has the 
density dependence 


K cor’™ (1 + b/ro). (55) 


This form of the dependence is given by the theory of a 
core repulsion alone and is a reasonable approximation 
for a range of ry from 0.8 to 1.6X10-" cm, this corre- 
sponding to a density variation from 2.39 to 0.30 times 
the normal density (ro>=1.07X10~" cm). From our 
above results, we find a value for 6 of —0.488X10-" 
cm for singlet and —0.459X 10-" cm for triplet, which 
allows us to write 


Kcore(1o) 

Kcore(1.07X10-" cm) 

=0.544(1—0.488/ro)~', singlet 
=0.472(1—0.459/r0)~, triplet 








with ro measured in units of 10-" cm. This result we 
shall use in our actual calculations, together with the 
predictions for the attractive contributions at fo 
=1,07X10-* cm. 

All of the above remarks of the section refer to the 
even angular momentum states only. To treat the odd 
angular momentum states, we content ourselves with a 


26H. Bethe and J. Goldstone, Proc. Roy. Soc. (London) A238, 
551 (1956). This point is also discussed in I. 
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VI. (12/5)n*{r| K| r’)X(SPa(rr’) for spin orbit, /=2. The units are Mev (10~% cm)™*. 
For r>1.1X10~ cm, (r| K/r’) can be replaced by the local potential. 


0.7 0.8 0.9 1.0 1.1 
— 1630 
— 569 — 662 
100 — 280 — 315 
90 41 —122 —161 
— 53 67 21 — 68 —80 





much cruder approximation. Before discussing this we 
wish to summarize some of the features of the odd-state 
contributions. They arise from considerably weaker 
interactions than those acting in even states, except 
for the spin-orbit term. The attraction in the triplet 
central odd state also tends to be compensated by the 
singlet odd repulsion. As a consequence of the weakness 
and opposing signs of these forces, the contribution 
(from the central forces) to the nuclear binding as 
evaluated in the nuclear matter studies of I is negli- 
gible. The strong-odd state spin-orbit force also has no 
binding effect since it vanishes on spin-averaging in a 
spin-uncorrelated medium. This is true only if the 
force does not appreciably polarize the medium, this 
however does not occur in the odd angular momentum 
states. 

For these reasons it is sufficiently accurate to treat 
the odd-state interactions in Born approximation. One 
complication arises from the repulsive core; we ap- 
proximate to the effect of this by cutting off the poten- 
tial at the core radius. This approximate procedure has 
been checked by numerical evaluation of the energy and 
found to lead to results in good agreement with the 
exact calculations of I. 
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Fic. 7. Integral of (r| K|r’) for triplet /=0, at densities corre- 
sponding to ro=0.80X 10-8 cm and ro= 1.07 10~" cm. The core 
contribution is omitted. 
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Fic, 8. Integral of (r| K|r’) for singlet /=0, at densities corre- 
sponding to ro=0.80X 10-8 cm and ro=1.07 X10-" cm. The core 
contribution is omitted. 


V. HARTREE-FOCK EQUATIONS 


Taking the nonlocal density dependent operator 
(r|K|r’) discussed in the previous section as an 
effective two-particle interaction, the formulation of 
the Hartree-Fock problem proceeds in the usual way.”* 
We simplify the result obtained by dropping terms of 
the form 

(ml|K\|mn), ln 


(2 m), nm 


i IN 

which vanish for a large system. These considerably 
simplify the equations to be considered and have only 
a very small quantitative effect in the systems we shall 
study. This approximation can be removed in a more 
exact formulation of the problem. If such terms are 
dropped, then the Hartree-Fock equation for the single- 
particle eigenfunctions and eigenvalues becomes 


(57) 





(E— Ho)¥i(11) = E fvrceactns K | tie’ )W (12 Wilt’) 


me (rio| K | Tio W;(T1' Wile’) \dry'dre'dte, (58) 
where the second term arises from the exchange of all 
particle coordinates. In evaluating the exchange, we 
shall not use the isotopic spin formalism but instead 
separate the sum over neutrons and protons. Thus if 
i and j refer to different charge states, the exchange 
term does not appear. For identical particles, we sepa- 
rate K into singlet-even and triplet-odd operators, i.e., 
we write 


(ri2| K | rio”) = (t12| K | rie’) «, 4 (1—o1-o2) 
+ (ri2| K| rie’) s, 4 (3+01-02). (59) 


38 See, for example, F. Seitz, The Modern Theory of Solids 
(McGraw-Hill Book Company, Inc., New York, 1940), Chap. VI. 
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We also carry out the spin exchange indicated in the 
exchange term by introducing the spin exchange 
operator 


P,=}(i+e;-0.). (60) 


We next exchange the variables of integration 1’, ro’ 
in the exchange term, making use of the fact that these 
are dummy variables in the integration. We then can 
rewrite that part of the right-hand side of Eq. (54) 
which comes from like-particle interactions as 


E farvarsinsy(e)t (ty2| K | tis’) 


—((ti2| K | rie’)., 4 (1—e-@2) 


+ (rie! K| re Ti2’)e, ot (3+0; ‘@) | 


X}(1+01-02)}¥;(t2ilrs’). (61) 
We next use the results 
4(1—o;-@2)}(1-+0;-02) = —}(1—o)-o2), (62) 
1(3+01:@2)$(1+0)-02)=}(3+0,-02). 
and 
(ri2| K | — 112"), e= (112! K| 112’), (63) 


(ri2| K| — fie’) s,0= - (ri2| K | ris’). 


Collecting these results, we find that the exchange 
term is exactly equal to the direct term. Consequently, 
in evaluating the sum over states j in Eq. (58) and 
Eq. (61), the exchange effect simply introduces a factor 
of two for those terms in the sum where the state being 
summed over is occupied by a particle of the same 
charge as that for which the single-particle potential 
is being calculated. It is therefore convenient to break 
the sum over j in Eq. (58) into contributions coming 
from like- and unlike-particle interactions. We consider 
first a neutron; Eq. (58) can then be written 


(E—Howiled)= f Valese!)Wales ode, (64) 
where 


V.(11,81') - } 


> 8 ¥/*(r2)C(ti2| K | tis’)e,« 


j (neutrons) 


+3(ry2| K | r12")1,0 Wj(te’)dredr.’ 


+} ym ¥i*(r2)[(ti2| K | tio’), ¢ 


j (protons) 


+3(ri2| K| Tio’), ot (rie! K | Ti2’)s,0 


+3(ri2|K | ti2’)s,0Ws(t2’)dredrz’. (65) 
The proton potential V,(r1,11’) is similar except that 
the sums over neutrons and protons are interchanged. 
For convenience in the following we shall simply write 
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the neutron and proton potential as 
Vi(ti,t1’) 


=> Cu f vite) (ti2| K | tie’ )Wj(t2")dredrs’, (66) 


where C;, is the proper statistical factor appearing in 
Eq. (65). 

To carry out the angular momentum reduction of 
Eqs. (64) and (66), we first consider the expectation 
of the spin-orbit term 


§(0,+02) - t12X pi2B’ (ro, 419’). (67) 


We suppose that the state of particle “1” is being con- 
sidered and is a specified spin state. The expectation 
value of o, summed over the spin states of particle 2 
then will be taken to be zero if the states are all popu- 
lated equally with spin up and down. This is not exactly 
true since a spin-crbit interaction in the single-particle 
potentials splits the two states with the same orbital 
motion but opposing spins. This effect appears, how- 
ever, to second order in the spin-orbit potential strength 
and we shall drop it, since the spin-orbit potential is 
weak relative to the central potential. We shall also 
neglect any possible lack of spin-pairing in unfilled 
shells. Consequently our results will hold only at and 
near closed shells..To evaluate the expectation value 
of r12X pis, we first write Lys as 


112 Pro=9(1X prt eX p.— 1X Po—r2X pr). (68) 
We then use the relation 
p2B’ (12,8 12") = — prB’ (t12, 12’) (69) 
so that Eq. (68) can be written 
T12X Piz —> 1X P= 2X pi. (70) 
ne first the expectation value of the first term. 
is is 


z Cu futtentnx piB’ (ri2,t12') Wy (re’)dredry’, (71) 
7 


where the operator p; operates only on B(r2,T12’). We 
now make use of the delta function on the center-of- 
mass coordinate which previously has not been ex- 
plicitly included. Evaluating the integral over rz’, we 
then obtain 


8>- Cu f vir(eoieax piB' (ri, Ti2— 2(m—n')) 
Xv¥(re+m—n') jdt, (72) 


If B’ were a local function and hence contained a delta 
function on m—1’, then m—r’ would drop out of 
¥i(te+r,:—1,') and we could remove r,X p; from the 
integral. We shall still proceed to do this, arguing 
(a) that the nonlocality in B’ is of very short range, 
and (b) that y; is slowly varying relative to B’. 


Next we need to evaluate 
_ Cu f vi (1a)taB (ered Wee dreds. (73) 


This must be proportional to a vector constructed from 
r, and r,’. If the nonlocality in B is of very short range, 
it is sufficiently accurate to simply take this vector to 
be r;. This approximation is similar to that already 
made in removing p; from the integral of Eq. (71). We 
therefore retain only the component of rz along m, i.e., 
we make the replacement 


fo (n° 82) 0/71. (74) 
This allows us in taking the expectation value of the 
spin-orbit term to make the replacement 
(t12X Piz) > 1X pr(1— 11 2/r1”). (75) 
This treatment of the spin-orbit term gives for the 
single-particle potential 
(ry| Vy! ry’) = (ri | V5 | ry’) 
+11-Si(m| Vi" | 11’), (76) 


where 


(nm | Vi n')=> Ca f dreds (e1) 
7 


X (ti2| K| r12")centra;(t2"), (77) 


and 


(ry V 45) | r;') 


=> Cy f drained (es)*(rl K Te’) is 
X (1—ri-te/ri?)y;(te’). (78) 


Before going on to the angular momentum reduction 
of Eq. (58), we note in passing a further simplifying 
approximation to Eq. (78). Let us for the moment 
neglect exchange effects and also assume that the L-S 
two-body interaction is local. In Eq. (78) we then re- 
place (ti2|K|te’)rs by fis(t2)6(t2—t12'). This also 
allows us to replace the product y;*(r2)y;(re’) by 
|W;(1r2)|*. Then the sum over is just the density, i.e., 


Dil vs (r2) |?=p(r2). (79) 
Making this replacement, Eq. (78) becomes 


(r1| V8) |) =8(n— ni) f dro(r) 


Xfis(ri2)(l—t-t2/r?). (80) 


We next make the change in variable from rz to r1— fr 
=x. We also introduce the expansion of p(r2) about 
fo= fh, 

p(re)=p(ri) + (te— 01): Vip(ri)+---. (81) 
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We then can rewrite Eq. (78) as 
(r|V "S| n)=a(r.—n1) f dx 


rx 
X[e(ri) — x- Vip(ri)+--- }—fis(). (82) 
ry 
The term proportional to p(r;) vanishes on angular 
averaging ; the second term gives [now dropping higher 


derivatives of p(r1) ] 
(r1| V%5| 1’) 


4 1d 
= —6(m— n= fvaspenco | —p(ni), 


rT, ary 


(83) 


which is just the familiar form of the Thomas L-S 
potential. 

It is now convenient to break the sum over / in 
Eq. (78) down into sums over the principal quantum 
number n, the total and orbital angular momenta J 
and /, and the z component of angular momentum m. 
To do this we separate the angular dependence of the 
wave function, —, 


Rui (r 2) 
¥(r2)=—— 


r2 





F 1."(12), (84) 


where F;;,"(r2) is an eigenfunction of the total angular 
momentum. In evaluating the sum over the z com- 
ponent of angular momentum, we shall neglect the 
possible nonfilling of the state and carry out the sum 
as if the state were completely filled. Thus the sum over 
azimuthal quantum numbers gives 


> Fai™(t2)*F s1.(t2') 
21+1\! Noin 
“ ( ) ary (teste), 
4dr 2J+1 


where NV,;, is the actual number in the state. For a 
completely occupied shell, Nsin is of course equal to 
2J+1. We carry out the remaining sums over J, n, / 
and introduce new functions 


A y(t 2,82’) = DAV (r2,72') V (1 2,82’), 
1 


H p( 0,82’) => Ay? (12,72) V8 (12,82") 
I 





(86) 


by defining equations 
HN (t2,72') 
Rasi(re) Rasi(re’) Nant 21+1 , 
- 5 (—). 
4dr 
(87) 





nJ (neutrons) To rs 2J+1 
H,? (r2,r2') 


nJ (protons) To re! 2I+1 





Rasi(re) Rasi(te') Nynt (=) 


The neutron and proton potentials then can be written: 
Vn (1iny’) = Vy (11,01) + Vv (11,11) Ly Si, 


88 
V p(11,81’) = V p© (14,81!) + V ep“ (1,81/) Li Si, ( 
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where 
1 
V vO(eyei)=— f Hu(eon)C (tal K Ti2')s,¢ 
1 
+3 (rie! K | Tie’ )t, o, coral drede+— f Ho(ea) 


XC(tie| K | tie’)., 
+ (ris! K | Ti2’)s, ot (Tie | K| Tio )t, 0, central \dredre’, 





, ’ 
| Tie yt, ¢, central 


(89) 


3 
Vy) (4,,11') = ~ f Hise’) (re K | rio") 4,0, rsdted 2" 


3 


+ (ris K| rie’ De, 0, is \dridry’. (90) 


The proton potential is given by the same expressions 
with Hy and H> interchanged. 

In the approximation described in the previous sec- 
tion, Ky, ¢, central is given by A (t12,R12') as “oe in 
Eq. (28), Kiezs by B’ (Ti2,F12') in Eq. (33), Kee in 
Eq. (14), and the odd states in Born approximation. 

The final step to be carried out is the angular mo- 
mentum reduction of the Hartree-Fock equation. 
Again introducing Eq. (84) for y;, we rewrite Eq. (64) as 


1 1 @ I(l+1) 
-{e+—(- _— —) Rasy F s(t) 
r,\ 2M\ar? 
= fan (rr, | yo r’)+L,-S,(r,| V‘4S)| ¢,’)} 
Ragin’) 9 ; 
x<— : —F j,,(r1'). (91) 
"1 


The angular function F s;,” is an eigenfunction of L,;-S,; 
hence, operating to the left with L,-S;, we obtain the 
eigenvalue 3[J(J+1)—/(/+-1)—2]. We next introduce 
the angular momentum expansions of V“ and V‘4*): 


(ry | VO | ry’) = 30 (21+-1) Vi (rari) Pitty’), 
(r,| J (L8)| gy => (21+1)V 12S) (ry! )Pi(tiyri’ ). 
Multiplying Eq. (91) from the left by Fy,,"*(1) and 


integrating over the angles of r; and r,’, we finally 
obtain 


(92) 


ty 1 p@ U+t) 
stro pea a 
Lal Mtdr;? 
Rygi(ry’) 
Fe sgh ; scat (93) 
r) 

where 
V gilts’) = Vi (r1,71') 

+4[J (J+1)—14+-)—FVi (riyry’). (94) 


This completes the angular momentum reduction of the 
Hartree-Fock equation. 
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VI. APPROXIMATE REDUCTION OF THE 
HARTREE-FOCK EQUATION TO A 
DIFFERENTIAL EQUATION 

The Hartree-Fock equation derived in the previous 
section is a differentio-integral equation due to the 
nonlocality of the single-particle potential. We shall in 
this section discuss an approximation to this equation 
which reduces it to a much simpler form. The approxi- 
mation we use is useful since it is exact in the limit of 
convergence of our iteration procedure and also exact 
if the potential is replaced by a local approximation. 
This latter feature is particularly useful since the po- 
tential V(1,,r,') is nonlocal over quite small distances. 

The equation to be solved is of the form 








R(r) 
(B-He)—=4e f rar Vir’) R(r’). (95) 
r 
This equation can also be rewritten 
R(r) R(r’)R(r) 
t— Ho) =| 4 f var V (r,7’) [Ro 
r D(r) 
d 
+ ana f var virr)Ro)(—Ro) /D09| 
r 
 dR(r) 
xXx———,. (96) 
dr 
where 


D(r) = R*(r)+a?(dR/dr)?, 
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solution. We then approximate to Eq. (96) by 


Re (r) 
(E—H.)———_ 


r 
RMP )RM) 
=| 40 f rar V (r,r’) Dn) 


R(r’) dR"(7) dR" 
+| 4 fs ‘dr’ V(r,9') ~. 2) r ”) 


This now is an ordinary differential equation for R"*'(r) 
which differs from the usual Schrédinger equation in the 
appearance of the first derivative term. If this equation 
is solved by a convergent iteration-interpolation pro- 
cedure, then it of course converges to the exact answer. 

We note here that the appearance of the gradient 
term in the equation is necessitated by the nonlocal 
nature of V. At the zeros of R(m), the integral 
JS1'V(r,7')R(r’)dr’ does not in general vanish. Conse- 
quently, if we wish to retain this feature, we can do it 
most simply by adding a derivative term to the ordinary 
differential equation which automatically will not 
vanish at the zeros of R. This feature also suggests that 
a convenient choice for a is a length determined by the 
nonlocality in V, which we expect to be about 0.5 to 
1.0X 10-" cm. 

This approximation of Eq. (93) still is not quite 
satisfactory since we have not yet made use of the short 
range of the nonlocality in V. To see this, we replace V 
by a local function, 


ae (7 





(97) 


























and a is a constant with dimensions of length. We dis- ve a 1 
cuss its choice in the following. Let us now consider V(r,2') SP gage oF Pe (98) 
the computation of the (m+ 1)st approximation to the ss 
solution of Eq. (96), assuming that we know the ath in which case Eq. (97) becomes 
R"™*(r) (LR°(r) PR" (7) +a R*(r) [dR(1) /dr\[dR"™* (r)/dr}} 
(E—H) = f{(r)—_—— é (99) 
r (RYO) P+oLAR(/érF 
The correct equation in this limit is of course final approximation _ vane. ie scent et oe 
R"*(r) R*(r dR*™*( 
(E—Ho)———= f(r) R"*"(r), (100) (E—Ho) ri A Hf Spe (102) 
r r r 
h 
which is approached by Eq. (99) only at convergence. soseigh V (r,7’) 
To remove this difficulty, we have made a further F*(r)= infr ‘dr'— 
modification of Eq. (99), which is to add an additional D*(r) 
term to the right-hand side: R"(r’) dR"(r) 
nf,’ n+l «KT R"( (r')R"(r) +a sacha q 
V(r,r’) _4R (r’) dR"*'(r) dr’ a 
tna’ fr ‘dr'——— | —-—_-—_R"(r)-——_ (103) 
D*(r) dr’ dr Vir’) 
dR"(r') dR"(r) Gr) = 4a f var’ : 
—— R(r)}. (101) D*(r) 
dr dr dR*(r) dR*(r’) 
This term vanishes at convergence; in the limit of | Re —R*(r) “ | 


locality it cancels the last term of Eq. (99) and adds the 
appropriate term to give the exact result. 
Combining Eq. (93) and Eq. (95), we obtain as our 


These equations are now being solved; the results will 
be presented in a later paper. 
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Elastic Scattering of Protons by A‘*t 


G. D. Frerer, K. F. Famuraro,* D. M. Zrpoy,t anp J. Leicu 
School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received November 25, 1957) 


Measurements of the elastic scattering differential cross sections have been made for the p-A® inter- 
action. For proton energies between 1.75 Mev and 2.75 Mev and at an angle of 155°, the cross sections are 
essentially given by the Rutherford equation except for resonances at 1.90 Mev and 2.48 Mev. At these 
resonance energies, angular distributions for the interaction have been measured. 
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INTRODUCTION 


ANY experiments in which protons have been 
scattered from light nuclei at low energies have 

been done, and results in general show predominantly 
Rutherford scattering at small angles and predomi- 
nantly nuclear effects at large angles of scattering. At 
large angles of scattering from light nuclei, the ampli- 
tudes of the Coulomb waves are sufficiently small so 
that even their interference effects with waves arising 
from nuclear interactions are rather small. At low 
proton energies, the Coulomb effects at large scattering 
angles could be enhanced if the target nucleus had a 
larger atomic number and provided the classical Ruther- 
ford impact parameter were not too much greater than 
the range of nuclear forces. However, when one uses 
heavier target nuclei, the energy levels of the free 
proton and target nucleus are considerably above the 
ground state of the compound nucleus, and one will 
then be working in a region where energy levels are 
expected to be quite dense, and good energy resolution 
will be necessary to resolve any resonances if they exist. 


PROCEDURE 


With these points in mind we selected argon as a 
target gas and scattered protons from it between the 
laboratory energies of 1.75 Mev and 2.75 Mev at a 
laboratory angle of 155°. The protons were accelerated 
by the Minnesota electrostatic accelerator. The scatter- 
ing chamber has been used in several earlier experi- 
ments and is described elsewhere.':? Tank argon 99.7% 
pure flowed continuously through the gas target 
chamber and was isolated from the machine vacuum 
by a differential pumping system.’ The pressure was 
maintained at 1.75 cm of Hg which, with the geometry 
used, gave a target thickness of about 2 kev. The 
stability of the machine energy was good to about 3 


+ This work supported in part by the joint program of the U. S. 
Atomic Energy Commission and the Office of Naval Research. 
* Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 
t Now at Physics Department, Cornell University, Ithaca, 
New York. 
1 Brown, Freier, Holmgren, Stratton, and Yarnell, Phys. Rev. 
88, 253 (1952). 
2 Claassen, Brown, Freier, and Stratton,”Phys. Rev. 82, 589 
1951). 
3 Bolmgren, Freier, Likely, and Famularo, Phys. Rev. 105, 210 
(1957). 





kev, and the straggling through the differential pumping 
system gave another 1 kev in energy uncertainty. The 
yield curve was taken in about 7-kev steps. Sufficient 
counts were taken at each point to reduce the over-all 
statistical error in each measurement of the cross sec- 
tion to +3%. 


RESULTS 


The measured differential cross sections at a scatter- 
ing angle of 155° in the laboratory are plotted as a 
function of energy in Fig. 1. The dashed curve shows the 
calculated Rutherford differential scattering cross sec- 
tions. In the energy region of 1.90 Mev and 2.48 Mev 
one sees strong resonances. The differential cross sec- 
tions were measured as a function of angle at these two 
energies and are shown in Fig. 2. Again the dashed 
curves are calculated from the Rutherford scattering 
equation. 

Recent mass measurements by the Minnesota mass 
spectrometer group‘ give A*=39,.9750926 amu, K“ 
= 40.9748556 amu, and H!= 1.0081451 amu. This places 
the above resonances at 9.69 Mev and 10.25 Mev above 
the ground state level of the compound nucleus K“. 
This is well into the “statistical” energy region, and 
although the resonances appear somewhat complex, 
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Fic. 1. Center-of-mass differential cross sections in barns/ 
steradian at a laboratory angle of 155° plotted as a function of 
laboratory proton energy. The dots with solid lines are experi- 
mental values while the dashed curve gives calculated Rutherford 
values. Measurements were made with +3% probable errors. 


*C. F. Giese, Ph.D. thesis, University of Minnesota, 1957 (to 
be published). 
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they still exhibit many of the characteristics of single- 
state strong resonances. 
Some qualitative considerations about the results 


may be made by considering the scattering amplitude 
equation in the form® 


S(0,E) = fe(0,E) + fn(0,6,E), 


where /.(6,E) is the Coulomb scattering amplitude, and 
fn(6,6,E) is the nuclear scattering amplitude. For the 
data in Fig. 1, the Coulomb scattering amplitude varies 
between 3.79X10-" cm and 2.41X10-" cm. The 
nuclear amplitude will, in general, be a sum of terms, 
each of the order of magnitude of A. In Fig. 1, A varies 
between 3.47 10-" cm and 2.78X 10~" cm so that the 
amplitudes of Coulomb and nuclear effects gre com- 
parable in size. The Coulomb scattering amplitude is 
directed quite close to the negative X axis on the 
complex plane so that if any single phase shift for small 
1 values (angular momentum) started at 0° and went 

through resonance, the dips and peaks should be larger 

than shown in Fig. 1. It appears then that before any 

one partial wave goes completely through resonance, 
there is strong interference setting in from adjoining 
nuclear quantum states. From the fluctuations at the 
high-energy end of the curve in Fig. 1, one would esti- 
mate the density of nuclear energy levels in K“ at 10 


Mev above the ground state to be greater than one level 
per 30 kev. 

5 The exact equation will be that given by C. L. Critchfield 
and D. C. Dodder, Phys. Rev. 76, 602 (1949). 
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Recoil Effects in K Capture and ¢ Decay* 


S. B. TREIMAN 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


(Received December 18, 1957) 


In order to provide a wider range of possible attack on the problem of experimentally establishing the 
8-decay coupling types, we discuss a variety of effects involving polarization and directional asymmetries of 
the recoils produced in K capture and 8 decay. The effects in question, though they would be difficult to 
detect, may well be intrinsically large. They measure, essentially, the sign of the neutrino helicity. In 
particular, for the K-capture reaction u-+C" — B"+-», one has the possibility to test for parity noncon- 
servation and to determine the neutrino helicity in u-meson capture. 





I. INTRODUCTION 


E shall discuss here a variety of effects involving 
the polarization and directional asymmetries of 
recoil nuclei produced in K capture (of « mesons as well 
as electrons) and 6 decay. In processes of both these 
types, even when the initial nuclei are unpolarized the 
recoils can be expected to have an appreciable longi- 
tudinal polarization at production ; and when the parent 
nuclei are polarized, the recoils can be expected to show 
appreciable directional asymmetries. These are the 
analogs of similar effects involving the electrons emitted 
in B decay ; but the information contained in the recoil 
phenomena is of a complementary nature. In particular, 
the measurement of these recoil effects would serve to 
determine the helicity of the emitted neutrinos, some- 
thing which at present is in doubt for 6 decay’ and 
about which nothing whatever is known in the case of 
u-Meson capture (where one does not even know if 
parity conservation is violated). 

The detection of the effects discussed here appears to 
be technically much more difficult than the measure- 
ment of electron-neutrino correlations, which—in con- 
junction with what is already known about 6 decay— 
can also establish the neutrino helicity [i.e., distinguish 
between the S and V Fermi (F) couplings and between 
the T and A Gamow-Teller (GT) couplings]. Our 
purpose then is merely to provide for consideration a 
wider range of possible attack on the problem of 
establishing the 8-decay coupling types; also to em- 
phasize that 6 decay is not only a source of polarized 
electrons but also of polarized recoil nuclei. 

As for u-meson capture, the particular experiments 
discussed here would likewise be very difficult tech- 
nically; but in this case this seems to be a general 
property of experiments which have been proposed.”* 


* This work was supported by the U. S. Atomic Energy Com- 
mission and the Office of Naval Research. 

1We refer of course to the well-known conflicting results of 
electron-neutrino correlation experiments: B. H. Rustad and S. L. 
Ruby, Phys. Rev. 97, 991 (1955); Maxson, Allen, and Jentschke, 
Phys. Rev. 105, 213 (1957); M. L. Good and E. J. Lauer, Phys. 
Rev. 105, 213 (1957); W. P. Alford and D. R. Hamilton, Phys. 
Rev. 105, 213 (1957); J. M. Robson, Phys. Rev. 100, 933 (1955) ; 
Herrmannsfeldt, Maxson, Stahelin, and Allen, Phys. Rev. 107, 
641 (1957). 

2H. Uberall, Nuovo cimento 6, 533 (1957). 

3 Huang, Yang, aad Lee, Phys. Rev. 108, 1340 (1957). 


We restrict our discussion throughout to allowed tran- 
sitions and we neglect Coulomb effects. In Sec. II we 
consider the polarization of recoil nuclei produced in K 
capture (of electron or » meson). In general, if the 
daughter nucleus has nonzero spin, then for pure G-T 
or mixed F and G-T transitions the recoils will have an 
appreciable longitudinal polarization whose sign is de- 
termined by the neutrino helicity. In the case of elec- 
tron K capture, the problem of detecting this recoil 
polarization and of avoiding depolarizing effects might 
in most cases prove insurmountable. For uw capture, 
however, there is a favorable circumstance which 
might make detection experimentally feasible. In the 
reaction previously discussed in another connection,‘ * 
u-+C"—B"+», the B® (assumed to be in its ground 
state of spin one) decays rapidly by 8~ emission. The 
asymmetry of the 8 particles about the direction of 
recoil motion is thus a natural analyzer of the recoil 
polarization. The u mesons here need not be polarized. 

In Sec. III we discuss the angular distribution of 
recoils produced in K capture involving polarized parent 
nuclei. The recoil angular distribution is again con- 
sidered in Sec. IV, this time for 8 decay from polarized 
nuclei. Here a rather remarkable effect occurs. In G-T 
transitions, an appreciable fore-aft asymmetry would 
be produced in the case of a pure tensor coupling; 
whereas pure axial vector coupling leads to isotropy. 
The detection of any asymmetry would thus imply the 
existence of some tensor coupling. Finally, in Sec. V 
we calculate the longitudinal polarization of recoils 
produced in 8 decay of unpolarized nuclei. 

In what follows we use the now standard notation for 
the discussion of 8 decay. In the case of u capture we 
shall assume that the Hamiltonian is written with the 
same ordering of spinors as in 8 decay, with the sole 
exception that electron is replaced by u meson. 


II. POLARIZATION OF RECOILS IN K CAPTURE 


Let J’ and J be, respectively, the initial and final 
nuclear spins in a process of electron or u-meson K 


capture; and let 
ere P=(J,)/J 


‘T. N. K. Godfrey, Princeton University thesis, 1954 (unpub- 
lished). 
5 Jackson, Treiman, and Wyld, Phys. Rev. 107, 327 (1957). 
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be the polarization of the recoil nucleus along its line 
of flight. It is easy to show that 


J+1 BL 
(YE). 0 
3J 1+d 
where, in terms of standard notation for the coupling 
constants, 


tB,=2 Re| | Mer! "AsrL& (CrCr’*+CaCa™) 
J\i 
+ (CrCa*+Cr'Ca*)]~by-sMrMor(——) 
J+1 
XK [+ (CsCa’*+Cs'Ca*+CyCr*+Cy'Cr*) 
+ (CHCsM+CV C+ Car C¥CH) (2) 
*(CrCa*+Cr'Ca) 
+|Mr|?(CsCv*+Cs'Cy’)}; (3) 


§=|Mr|?(!Cs|?+|/Cr|2?+]Cs’!2+]Cyr’|*) 
+|Mar|*(|Cr|?+!Cal?+|Cr’|?+/Ca’|*); (4) 


th=2 Re{| Mar 





Ay =1 for J/>J =J'+1, 
=1/(J+1) for J'J = J’, (S) 
=—J/(J+1) for J'>J=J'-1. 


The result contained in Eq. (1) of course refers to 
the polarization immediately after the K capture. 
Hyperfine interaction and other effects may give rise 
to a subsequent depolarization. This would have to be 
considered separately for each experimental situation 
and we shall attempt no general discussion here. 

Let us now consider the special case of u-meson 
capture in C!*. In general this process leads to nucleon 
emission; but it has been argued that in 13% of the 
cases B!? is formed directly in its ground state, and also 
that this transition can be treated as an allowed one in 
the usual sense, despite the large energy release 
involved.* The spin-parity assignments here are 
J'=0*+, J=1*, and one sees that the polarization might 
be as large as two-thirds (which would be the case if 
the Fierz term vanishes and the two-component 
neutrino theory is correct). It has been estimated that 
the boron recoil will in fact be depolarized by a factor 
of about one-half as a result of hyperfine interactions.° 

B" undergoes 8~ decay with half-life of 0.025 sec and 
end-point energy 13.4 Mev. The sign and magnitude of 
the boron longitudinal polarization could now in prin- 
ciple be determined by observing the directional asym- 
metries, about the recoil line of flight, of the 6-decay 
electrons. This distribution would have the form 
1—aP cos6, where we in fact know a~ 1.° One sees then 


6 Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 105, 
1413 (1957). 
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that the effects might be very large ; but one must select 
8 particles coming from recoils moving in a known 
direction, something which may not be impossible to do. 
It should be noted that the expression given above for 
the recoil polarization assumes unpolarized 4 mesons. 

We remark here that if the » mesons have polariza- 
tion (o,) along say the z axis, then the angular distribu- 
tion of the recoils, irrespective of their polarization, is 
given by 


H 
w(0)d cost=| 1 @)(—) cos | cos6, (6) 
1+d 


where, for G-T transitions, 


tH=4|Mor\? Re(CrCr’*+CuC4"* 
+CrC4'*4-Cr'C4*). (7) 


Thus, in measuring the recoil asymmetry one measures 
the same quantity as in the polarization experiment 
discussed above. 


III. DIRECTIONAL ASYMMETRIES IN K CAPTURE 
ON POLARIZED NUCLEI 


We give here an expression for the angular distribu- 
tion of the recoils produced in K capture involving 
polarized parent nuclei. Let J now refer to the parent 
nuclear spin and suppose the polarization is along the 
z axis. One then finds for the recoil angular distribution 





(J) / By 
w(0)d cosd = [: -—*( 
1+6 


) cos | cosé, (8) 
J 


where the symbols have been defined above. 


IV. RECOIL ASYMMETRIES IN § DECAY 


We turn now from K capture to 6 decay. Suppose the 
parent nucleus has polarization (J,)/J along the z axis. 
We want to find the angular distribution of the recoils, 
all other variables, including recoil momentum, being 
averaged out. To illustrate qualitatively the effects 
involved, let us first consider the special case of a B- 
transition involving the spin change (J > J’=J—1); 
and let us suppose the electron mass can be neglected, 
as well as Coulomb effects. Now in this case we know the 
electron prefers to come out in the backward hemisphere 
relative to the nuclear polarization direction. If the 
coupling is axial vector, the neutrino has an equal 
preference for the forward hemisphere. Since with the 
assumption of zero electron mass the electron and 
neutrino are kinematically equivalent, the recoil can 
have no preference for either hemisphere—it is dis- 
tributed with fore-aft symmetry. If the coupling is 
tensor the neutrino as well as the electron now prefers 
the backward hemisphere; and the recoil is therefore 
forced into a preference for the forward hemisphere. 

It turns out that these results hold even when the 
finite electron mass is taken into account: for a pure 
G-T transition a forward-backward asymmetry can be 
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produced only if there is some tensor coupling. If the 
parent nucleus has spin >}, there will in general also 
appear a cos*# term in the recoil angular distribution. 
Here both T and A contribute, but with opposite sign. 
Omitting the Fierz interference term (known to be 
small in 8 decay), one finds for the distribution in recoil 
angle—averaged over recoil momentum— 


w(0)d cosd= { (14+ 4c’x2)— ((J2)/J)(A+B)x; cosd 
—c'x, cos*é}d cos8; (9) 


J(J+1)—3((J-j)*) 
c=c ‘ 


J(2J—1) 


where 
(10) 





and j is a unit vector in the direction of polarization. 
The coefficients A, B, and c are as given by Jackson 
et al.’ The coefficients x; and x2 depend on Eo, the total 
energy released in the 8 decay, and are given by 


41= X,/X > “= X2/X; 
X= 4(Ee— 1)4(2Eg— 9E?— 8) 
+60F5 Inf Eo+ (E?— 
X;= 5 (E— 6Ee+ 3Eo+ 4 /Eot 12E5 InE) > 
X2= (Eo?— 1)4(4Eo'— 28E?— 81) 
+15(6£o+1/Eo) In[Eot+ (Eo?—1)4]. 
Here E> is measured in units of the electron rest energy. 
The crucial point is that the coefficients A and B 
enter only as a sum in Eq. (9). The full expressions for 
these coefficients are contained in reference 7. Here we 
shall simplify the writing by assuming, as is implied by 
our current knowledge of 6 decay, that Cs=—Cs’, 
Cr= —Cr’, Cy=Cy’, C4 =C,’. Then 


1)4); (11) 


§(A+B)=—4{+ |! Mer) s!Cr/? 
+267 sMeMerlJ/ (J+ 1) }! Re CyC.*}, 


éc=2| Mor|*Avs(|Cr|*—|Ca]’), 


(12) 
(13) 


where the + signs refer to 8+ decay and the remaining 
symbols are defined in reference 7. Note that for an 
initial nucleus of spin one-half, the coefficient c’ in Eq. 
(10) vanishes. We mention here that for neutron decay 
the coefficient x, has the value: 2,;=0.56. 


V. POLARIZATION OF RECOILS IN $ DECAY 


Our final topic concerns the longitudinal polarization 
of the daughter nuclei produced in allowed 8 decay. We 


7 Jackson, Treiman, and Wyld, Nuclear Phys. 4, 206 (1957). 
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again revert to the notation where J refers to the 
daughter spin. Let P=(J,)/J denote the polarization 
along the line of flight. One finds 


P=—[(J+1)/3J](A'+B))n. (14) 


Here A’ and B’ are the same, respectively, as the coef- 
ficients A and B in reference 7, with the following 
changes: the symbol Ay, in the formulas of reference 
is to be replaced by the symbol (—A,,-) defined here 
in Eq. (5). These changes come about of course because 
of the reversal in roles of initial and final state polar- 
ization. 

Just as in the previous section, one sees that for pure 
G-T transitions there will be appreciable polarization if 
the coupling is pure tensor, none at all if pure axial 
vector. 

We finally remark that in addition to a possible longi- 
tudinal polarization, the recoils will in general have an 
alignment along the axis of flight, proportional to the 
coefficient c of Eqs. (10) and (13). Thus, if the recoil 
undergoes y decay, there will be a correlation between 
y ray and final recoil. Inasmuch as the effect depends 
on the coefficient ¢ it could serve to distinguish between 
the T and A couplings. The calculations for such 
effects are lengthy and will not be presented here. 
Possible experiments, however, are under study. 
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Notes added in proof—Goldhaber, Grodzins, and 
Sunyar [Phys. Rev. 109, 1015 (1958) ], have recently 
in effect measured the recoil polarization in electron K 
capture on Eu'®", They conclude that the Gamow- 
Teller coupling is mainly axial vector. 

Our discussion of » capture fails to take into account 
the hyperfine interaction of ~» meson and nucleus, the 
effects of which have recently been pointed out by 
Bernstein, Lee, Yang, and Primakoff (to be published). 
However, since such effects can arise only when the 
nucleus has nonzero spin, our discussion of u capture 
on C” requires no change. 


8 Frauenfelder, Jackson, and Wyld, Phys. Rev. 110, 451 (1958), 
following paper. 
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With a view to providing alternative methods of determining the dominant invariants in the beta inter- 
action, various polarization effects following the beta decay of unoriented nuclei are discussed. In both K 
capture and beta emission the recoiling nucleus is polarized along its line of flight. Measurement of this 
polarization could determine whether the tensor or axial vector interaction is dominant. The hole in the K 
shell following K capture is also polarized relative to the recoil direction. Measurement of the hole polariza- 
tion can distinguish between the scalar and vector as well as between the tensor and axial vector inter- 
actions. Methods for detecting the polarizations are discussed. The longitudinal polarization of the recoiling 
nucleus can in principle be detected directly by atomic beam techniques or indirectly by measuring the 
correlation between the direction of the recoiling nucleus and the direction and circular polarization of a 
subsequent radiation (gamma ray, conversion electron, or beta particle). The polarization of the hole in 
the K shell following K capture can perhaps be determined by a recoil-x-ray circular polarization corre- 


lation experiment. 





I. INTRODUCTION 


CRUCIAL problem in beta decay is the determi- 

nation of the dominant invariants. So far the only 
direct information about these invariants has come 
from electron-neutrino correlation experiments, but the 
results of these measurements are contradictory. Of the 
four nuclei studied (He®,! n,? Ne”,** and A**°), He®, 
together with m and Ne”, imply that S and T are the 
dominant invariants, while A®*, together with m and 
Ne”, indicate V and A. 

The recent experiments on parity nonconservation in 
beta decay aid little in resolving these contradictions. 
The determination of the angular asymmetries in the 
decay of polarized nuclei and of the longitudinal polar- 
ization of electrons from unpolarized sources fix only 
the ratio of the even to the odd part in the Hamil- 
tonian. Explicitly, these experiments imply 


Cs'~—Cs, Cy'=Cy, 


Cr'=~- Cr, Ca'>Ca, 


(1) 


where C and C” are the even and odd coupling constants. 
The ratios Cs/Cy and Cr/C, are left undetermined, 
however. The fact that these “parity experiments” do 
not determine the invariants uniquely can be under- 
stood from the following simple example. Consider a 
(+— 0+ positron transition. The experiments show that 
the positron spin points in the direction of motion. 
Conservation of angular momentum is then satisfied by 
either vector interaction (where the neutrino and the 
positron are emitted predominantly into the same hemi- 
sphere) with a left-handed neutrino, or scalar inter- 
action with a right-handed neutrino. In order to 
distinguish between these two cases, one either has to 





1B. M. Rustad and S. L. Ruby, Oa tioes Rev. 97, 991 (1955). 
Nas Robson, Phys. Rev. 100, 93 
axson, Allen, and Jentschke, — =~ 97, 109 (1955). 
Good and E. J. Lauer, Phys. Rev. 105, 213 (1957). 
.W. P. hitord and D. R. Hamilton, Phys. Rev. 105, 673 (1957). 
6 Herrmannsfeldt, Maxson, Stuhelin, and Allen, Phys. Rev. 107, 
641 (1957). 


measure the dominant interaction via the positron- 
neutrino correlation, or one must detect the neutrino 
polarization. 

Recently, Treiman has suggested a type of experi- 
ment which provides a new experimental approach to 
the determination of the dominant coupling constant.’ 
He suggests the measurement of the angular distribu- 
tion of the recoils resulting from the beta decay of 
polarized nuclei. Since the angular distribution to be 
expected depends on both nonconservation of parity 
and the electron-neutrino correlation, one would obtain 
information on the relative size of the invariants, at 
least for Gamow-Teller or mixed transitions. 

We discuss here some alternative possibilities of 
obtaining new information about the dominant in- 
variants. In general they yield essentially the same 
information as the experiment proposed by Treiman, 
but seem experimentally more feasible. In either K 
capture or beta emission from an unpolarized source 
the recoiling nucleus will be strongly polarized along 
its line of flight for Gamow-Teller or mixed transitions. 
A measurement of this polarization, together with the 
results of the parity nonconservation experiments [ Eq. 
(1) ], distinguishes between T and A. In the picture 
mentioned above, this experiment corresponds to an 
indirect determination of the neutrino polarization via 
the nuclear polarization. In addition, in K capture the 
hole left in the atomic K shell is strongly polarized, 
even for pure Fermi transitions. A detection of this 
polarization in a pure Gamow-Teller (G-T) transition 
would distinguish between T and A, and in a pure 
Fermi (F) transition between S and V. We give in the 
following section formulas for the polarization of the 
recoiling nucleus and the hole in the K shell for allowed 
K capture, as well as for the polarization of the re- 


7S. B. Treiman (private communication). Subsequent to com- 
municating the work on the directional asymmetry of recoils from 
oriented nuclei, Treiman independently considered polarization 
aa following beta decay [Phys. Rev. 110, 448 (1958), preceding 
paper j. 


451 








452 FRAUENFELDER, 
coiling nucleus along its line of flight in allowed beta 
decay. In Sec. III we describe some possible methods 
to detect these polarizations. In the Appendix a method 
is given for adapting calculations already in the litera- 
ture to the problems described here or to others that 
may come to mind. 


II. POLARIZATIONS 


Consider first the case of K capture by unpolarized 
nuclei. Since the results of the parity nonconservation 
experiments [ Eq. (1) ]imply that the neutrinos emerging 
from K capture are polarized, it is not surprising that 
the recoiling nuclei are also polarized. A calculation 
with the approximation aZ<1 shows that the distri- 
bution in M values (projection of spin J of final nucleus) 
measured along the line of flight of the recoil is given by 


1 B\M 
wa)=——|1-(—)—] (2) 
2J+1 1+6/ J 


Here 6 is the Fierz interference term and B, except for 
interchange of the initial and final spins, is the coeffi- 
cient of J-p,/JE, in the distribution function for 
negative electron decay from a polarized nucleus with 
E.=m,.2 (Throughout the paper we take h=c=1.) 
Assuming that Eq. (1) holds exactly, the Fierz term 
vanishes (b=0) and B is given by 


B= 2Re| | Mor|*Ass(|Cal?—|Cr|*) 





é 3 
$25 MeMor{ ) (Cac r—CrC4" , (3) 
J+1 


§=2|Mr|*(|Cs|*+|Cv|?) 
+2|Mor|?(|Cr|?+|Ca|?), 


A s= 1 if J'J=J'+1 
= 1/(J+1) if J’->J=J' 
=-—J/(J+1) if J’é>J=J'-1. 


Note that J is the spin of the final nucleus, J’ the spin 
of the initial nucleus. The general expressions for 6 and 
B are given by Jackson, Treiman, and Wyld.* From 
Eq. (2) one finds that along its line of flight the re- 
coiling nucleus has a polarization: 


1 1/J+1 B 
p=-5 MW(M)=--(—)(— ). (4) 
JM ib ee 1+) 


The important point is that |Cr|? and |C,4|? enter in 
Eq. (3) for B with opposite signs. Hence a measurement 
of the polarization of the recoil in a pure G-T transition 


® The reinterpretation of existing formulas for the various 
coefficients is discussed in the Appendix. 
® Jackson, Treiman, and Wyld, Phys. Rev. 106, 517 (1957). 
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will determine whether the G-T interaction is T or A. 
Speaking physically, the results of the parity non- 
conservation experiments [Eq. (1) ] indicate that if the 
interaction is T the neutrino emitted is right-handed 
whereas if the interaction is A the neutrino emitted is 
left-handed. Thus we expect that for K capture the 
nucleus will be oppositely polarized in the two cases. 

In the K-capture process by unpolarized nuclei the 
hole left in the K shell is polarized relative to the 
direction of the recoil. In the same approximation as 
above, the probability that the captured K-shell elec- 
tron has a spin projection m (m= +4) relative to the 
line of flight of the recoil is given by 


1 H 
wim) =[1- — com) (5) 
2 1+) 


Here 6 is the same Fierz term as before and H is the 
coefficient of o-p,/E, in the distribution function for 
the electron polarization from unoriented nuclei (with 
E.=m,).° With the choices of Eq. (1), H becomes 


tH =2|Myr|?(|Cs|?—|Cy|?) 
+4|Moer\?(|\Ca\?—|Cr|*). (6) 


The polarization of the hole is then just equal to (—#). 
Again it should be noted that |C,|* and |Cr|? enter 
with opposite signs, as do |Cs|? and |Cy|*. Conse- 
quently a measurement of the polarization of the hole 
in the K shell after K capture is another way of dis- 
criminating between the invariants S and V, and T 
and A. In fact, with the choice of C and C’ in Eq. (1), 
H turns out to be just the negative of the electron- 
neutrino correlation coefficient a which multiplies 
p.-p,/£.E, in the distribution function. 

For beta decay of unoriented nuclei, the distribution 
in M values of the recoiling nucleus along its line of 
flight can be obtained by a reinterpretation’ of Treiman’s 
formula for the directional asymmetry of recoils from 
oriented nuclei: 


1 M 
wo)=——[1- (A+B)x,;— 
2J+1 B J 


2 sJ(J+1)—-3M? 
BP iis est 
3 J(2J—1) 


Dropping all Coulomb corrections and assuming Eq. 
(1) to hold rigorously, we find 


(A+B) 4 |Mer|*Ays|Cr|? 


S 
—24y-MrMax(—) Re(CrC")}, (8) 
J+1 


c§=2|Mor|*Ays(|Cr|?—|Cal?), 
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Ayy= 1 if J'J=J'+1 
=—(2J—1)/(J+1) if J’>J=J' 
=J(2J—1)/[(J+1)(2J+3)] if J'>J=J'-1. 


x, and x2 are integrals over the momentum distribution 
given by Treiman.’ For a pure Gamow-Teller transition 
the recoil polarization in beta decay determines directly 
the strength of the tensor interaction. 


III. DETECTION OF POLARIZATION 


Measurement of the longitudinal polarization of the 
recoils in K capture or beta decay is evidently difficult. 
A direct determination by an atomic beam technique 
may barely be feasible in favorable cases. Indirect 
methods, based on the observation of a subsequent 
radiation, offer other possibilities. We outline here two 
different approaches." (1) One can record coincidences 
between a recoiling nucleus and the direction and 
circular (longitudinal) polarization of a subsequent 
radiation (gamma ray or conversion electron). (2) If the 
recoiling nucleus, after traveling a certain distance, is 
caught on a surface, then the position of the surface 
determines the direction of the recoil. If, in addition, 
the surface is chosen so that the nucleus does not lose 
its spin orientation, then one can measure the circular 
polarization of gamma rays or the longitudinal polar- 
ization of conversion electrons from this “secondary” 
source. If the beta decay or A capture which causes 
the recoil, is followed by a second beta emission, it may 
be possible to observe the asymmetry of these beta 
rays. Such a measurement would be the most sensitive 
polarization analyzer. 

In the following, we discuss the distribution and 
correlation function to be expected in the various 
experiments. The formulas apply to both experimental 
approaches, (1) and (2). 


(a) Gamma Radiation 


As is outlined in the Appendix, if the general popula- 
tion of M states of the recoil along its line of flight (or 
in any fixed direction) is of the form 


J(2J—1) 





W(M)=—— 1+a—+8 


1 M J(J+1)—3M? 
2J+1 J 


then the angular and circular polarization distribution 
of a subsequent gamma ray emitted in a transition 


During the preparation of the present paper, we have 
learned that M. Goldhaber and co-workers have devised a very 
ingenious method which is based on resonance scattering. They 
have applied it successfully to the detection of the polarization 
of the recoiling nucleus from Eu’. [See Goldhaber, Grodzins, 
and Sunyar, Phys. Rev. 109, 1015 (1958).] 





EFFECTS 453 


J—J' is proportional to 





=~) 
3J 


* ¥ 65. F (ANI) Ps (cos) 
AA’ 


1 
W(0.)=—| |A|*ar( 
Sarl a 


——— y 
5J(2J—1) 


“Fz 55,-F’2(AX' IJ) P2(cos8) } (10) 
Ar’ 

where the angle 6 is measured from the line of flight or 
the fixed direction. r=+1 corresponds to right circu- 
larly polarized radiation (photon spin parallel to its 
line of flight), r= —1 to left circularly polarized radi- 
ation."! The sums over X, \’ correspond to sums over 
the gamma multipole mixtures, the notation being that 
of Alder, Stech, and Winther.'? The functions F;.(AX'J’J) 
are defined and tabulated in their paper. 

For recoiling nuclei in K capture or beta decay, the 
M-state populations are given by Eqs. (2) or (7), and 
the recoil-gamma circular polarization correlation func- 
tion can be calculated readily from Eq. (10) for any 
special case. In beta decay it is of interest that the 
angular distribution of the gamma radiation relative to 
the recoil direction is not isotropic in general (J =} is an 
exception), regardless of thie state of circular polariza- 
tion. Measurement of this anisotropy would determine 
the coefficient ¢ and distinguish between T and A. 


(b) Conversion Electrons 


If the gamma radiation subsequent to the beta 
decay is internally converted, the detection of the 
longitudinal polarization of the conversion electrons 
affords an equivalent method of determining the initial 
polarization of the recoiling nucleus. A calculation of 
the longitudinal polarization of conversion electrons in 
the approximation of Dancoff and Morrison" (rela- 
tivistic electrons, but Ze?/hv<<1) shows that for mag- 
netic multipole conversion the conversion electrons in 
a given direction are longitudinally polarized to exactly 
the same degree as the competing photons in the same 
direction are circularly polarized (and with the same 
sense of polarization). For electric multipoles the polar- 
ization of the conversion electrons is the same as for 
magnetic multipoles at very high energies, but smaller 
at low energies. Although more detailed calculations 
must be performed on the conversion process, it is 
clear that the detection of the longitudinal polarization 
of the conversion electrons in correlation with the line 


1! This convention is opposite to the ordinary optical definition 
of right and left circular polarization. 

12 Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957). 

13S. M. Dancoff and P. Morrison, Phys. Rev. 55, 122 (1939). 
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of flight of the recoil is entirely equivalent to the 
vbservation of the circular polarization of the gamma 
radiation. 


(c) Secondary Beta Decay 


If the initial K capture or beta emission is followed 
by a second beta process, the polarization of the residual 
nucleus along its line of flight can be detected by 
measurement of the directional asymmetry of the 
secondary beta particles relative to that axis. Such an 
experiment would probably involve the second approach 
described above in which the recoils are caught on a 
surface and allowed to undergo secondary decay. If the 
polarization of the recoiling nucleus after the first beta 
decay is P [given by Eq. (4) for K capture, and a 
corresponding result from Eq. (7) for beta decay ], the 
directional asymmetry of the secondary beta particles is: 


1 Ve 
Wou@)=—(144,P= cos). (11) 
4dr Cc 


In Eq. (11) the angle @ is measured relative to the 
recoil direction, and the asymmetry parameter A: is 
appropriate to the secondary beta transition.’ The 
Fierz term has been omitted. 


(d) X-Rays and Auger Electrons Following 
K Capture 


The detection of the polarization of the hole in the 
K shell following K capture can perhaps be accomplished 
by study of the circular polarization of the x-rays 
emitted after K capture in coincidence with the recoil 
direction. If only the sum of the XK x-rays is observed, 
there is no circular polarization because the transition 
is electric dipole and the spin of the electron does not 
enter. However, the spin-orbit coupling in the atom 
causes the degenerate 2 state to split into 2p; and 2p), 
and the x-ray transitions to the 1s; state now depend on 
spin orientations. Consequently the separate x-rays are 
circularly polarized. With the distribution of empty 
K-shell m states given by Eq. (5), the x-radiation has 
angular and circular polarization distribution propor- 
tional to: 





1 H 
W.(0,r)=—{ 1+——r cos) for 2p—1s, 
244 1+d 
(12) 
2 H 
=—f{ 1-— cos) for 2py—1s;. 
24a 2(1+4) 
As usual, 6 is measured relative to the recoil line of 


flight. 

Another even more difficult method for detection of 
the polarization of the hole is by observation of the 
longitudinal polarization of the Auger electrons in 
correlation with the recoil direction. Arguments based 
on the Pauli principle show that only one Auger line 


JACKSON, AND WYLD 





will be appreciably polarized, and the difficulties of 
resolving one line from the rest and measuring its 
longitudinal polarization make it a less likely possi- 
iblity than a study of the x-rays themselves. 


IV. SUMMARY AND CONCLUSIONS 


The question of the dominant invariants in nuclear 
beta decay remains unanswered at the present time. 
Existing ‘“‘parity” experiments, while elucidating the 
relation between the odd and even parts of the beta 
decay interaction, have not given any new information 
on the dominant invariants. Some new possibilities, 
taking advantage of the different polarizations occurring 
after a beta interaction by initially unpolarized nuclei, 
are described in the present paper. In particular, the 
polarization of the recoiling nucleus along its line of 
flight following either K capture or beta decay is given 
by Eq. (2) or Eq. (7). In the K-capture process the 
hole in the K shell is polarized according to Eq. (5). 
Possible methods of detection of these polarizations are 
discussed. 

All of these new approaches involve combinations of 
the beta-decay coupling constants different from those 
found in the distribution function for the directional 
asymmetry and longitudinal polarization of beta par- 
ticles. With the assignment of odd coupling constants 
(C’) relative to even ones (C) given in Eq. (1), the coeffi- 
cients involved in the experiments proposed here are such 
that, in general, (|Cr|*?—|C,4|*) and (|Cs|?—|Cy|?*) 
appear. The presence of differences, rather than sums 
as in previous “parity” experiments, means that it will 
be possible to distinguish between 7 and A in the 
Gamow-Teller interaction, and between S and V in the 
Fermi interaction. 
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APPENDIX 


The formulas (2), (5), and (7) for the polarization 
of the recoiling nucleus along its line of flight and the 
polarization of the hole in the K shell after electron 
capture can be obtained from expressions in the papers 
by Jackson, Treiman, and Wyld® and Treiman’ by a re- 
interpretation of their formulas. As an example, con- 
sider the problem of recoil polarization after K capture. 
The relevant term is J-p,, which occurs in the distribu- 
tion function for recoil experiments with oriented 
nuclei [Eq. (2) of reference 9]. Dropping all terms in- 
volving p, (these terms average to zero for the spheri- 
cally symmetric state of the electron to be captured), 
the distribution function is 


(A1) 
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POLARIZATION EFFECTS 


In the beta decay of oriented nuclei, (J) is the expecta- 
tion value of the spin of the original nucleus in some 
fixed direction. For the recoiling nucleus in K capture, 
(J)-p,/E, is replaced by the projection M of the spin 
of the recoiling nucleus along the line of flight of the 
neutrino. Since the process of K capture is equivalent 
to positron emission, the signs in the coefficients b and B 
must be those for positron emission, and the energy of 
the positron must be taken as E,= —m, in the approxi- 
mation aZ<1. 

The change from summing over final nuclear spin 
states in the beta decay of oriented nuclei to averaging 
over initial nuclear spin states in the K capture by non- 
oriented nuclei implies a change in the nuclear matrix 
elements. This alteration can be expressed as the inter- 
change of the roles of J and J’ (J is now the spin of the 
recoiling nucleus, J’ the spin of the initial nucleus), and 
a change in the sign of Ay», but no other modifications. 

With the above substitutions and changes of sign 
(and the replacement of p,= — pz), the population of M 
states for the recoiling nucleus along its line of flight 
following K capture is given by Eqs. (2) and (3). 

In the polarization of recoils in beta decay a similar 
reinterpretation of Treiman’s distribution of the direc- 
tion of recoils from oriented nuclei yields the M state 
population of Eq. (7). In general, terms like (J)-q/gq in 
a distribution function for initially oriented nuclei can 
be reinterpreted as the projection M of the spin of the 
recoiling nucleus along the direction defined by the 
vector q, provided that the coefficient multiplying it is 
altered according to the rules given above. 

The detection of the recoil polarization in any fixed 
direction can be accomplished by study of the circular 
polarization of gamma radiation emitted following the 
beta decay. Alder, Stech, and Winther" have described 
such a circular polarization correlation in which the 
line of flight of the beta particle serves as the reference 
direction, although they did not explicitly divide the 
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beta-decay-gamma-emission process into two separate 
steps. For an initial gamma-emitting state of angular 
momentum (/,M) decaying to a final state of angular 
momentum J’, Alder, Stech, and Winther show that 
angular and circular polarization distribution of the 
gamma radiation is of the form 


(27+1)) 


Pu(0,1)=—— ¥ (-)/*™(r)! 
kd’ 





8r 


(JJ — MM | k0)5)5,-F (AN J’J) Pi(cos8). (A2) 


The values r= +1 correspond to right and left circular 
polarization, respectively.!! The symbols 6, refer to the 
amplitudes of the 2*-pole radiation, and the F,(A\’J’J) 
are functions defined and tabulated by Alder, Stech, 
and Winther. 

If the population of magnetic substates of the re- 
coiling nucleus along some fixed direction is 


1 M /J(J+1)—3M? 
W(M)=—| 1+0—+8 —— )} (A3) 
+1 J J(2J~1) 





then the angular and circular polarization distribution 
of the gamma radiation is given by 


W (0,7) => uw W(M)Pw(8,7). 


Combining Eqs. (A2) and (A3) yields the result, 
Eq. (10). The factor limiting the complexity of the 
gamma radiation distribution is seen to be the com- 
plexity of the population of M states from allowed 
beta decay. 

The allowed beta-gamma circular polarization corre- 
lation formula of Alder, Stech, and Winther [their 
Eq. (7) ] can be obtained from Eq. (10) by putting 8=0 
and a= Ap,/E,, where A is the coefficient of J-p./JE, 
in the distribution of beta particles from oriented 
nuclei,’ altered according to the rules described above. 


(A4) 
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Polarization of Protons from (d,p) Reactions on C” and Si**}*{ 


A. C. JuveELAND§ AND W. JENTSCHKE|| 
University of Illinois, Urbana, Illineis 
(Received December 17, 1957) 


The polarization of five proton groups from the reactions C"(d,p)C™ and Si**(d,p)Si® has been measured 
at several proton angles at a deuteron energy of 11.9 Mev. In the case of the carbon ground-state group, the 
sign of the polarization agrees with the measurement of Hillman using 4.05-Mev deuterons and with the 
calculations of Cheston for 3.29-Mev deuterons. The largest value of the polarization was measured for the 
carbon ground-state group, with the value —0.49+0.13 at a proton angle of 69.0°. 

At small proton angles there is for the /,, = 1 proton groups a consistent correlation between the sign of the 
polarization and the relative orientation of the spin of the captured neutron and its orbital angular 
momentum. 





INTRODUCTION 


N all theories of stripping reactions using the Born 
approximation,’ the incoming deuteron waves are 

plane waves and the final state nucleon is assumed to 
have no specifically nuclear reaction with the residual 
nucleus. Therefore no polarization of the outgoing 
proton results. 

Newns? correctly predicted that protons from strip- 
ping reactions would be polarized. The predictions of 
his model, in both magnitude and sign, disagree with 
the results of the present experiment. 

Theoretical calculations by Horowitz and Messiah* 
based on a hard-sphere potential for the proton, and 
by Hittmair‘ with the inclusion of j-s or j-j coupling 
between the neutron and the target nucleus, predict 
again a sign of the polarization that disagrees with the 
present experimental results. 

The theoretical calculation of Cheston® is the only 
one which yields the correct sign of the poiarization.*:’ 
Assuming that the (d,p) reaction is completely de- 
scribed by the usual stripping matrix element and that 
the j-7 coupling scheme holds for the captured neutron, 
there are essentially three mechanisms for the produc- 
tion of polarized protons: first, the distortion of the 
deuteron wave by the nucleus and the spin-orbit coup- 
ling of the captured neutron; second, the spin-orbit 
coupling of the captured neutron and the proton inter- 


¢ Part of this paper is based on a thesis submitted in partial 
fulfillment of the requirement for the degree of Doctor of Phi- 
losophy at the University of Illinois. 

* Part of the data were published previously: A. C. Juveland 
and W. Jentschke, Bull. Am. Phys. Soc. Ser. II, 1, 193 (1956). 

t Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

§ Now at the Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico. 

|| Now at the Physikalisches Staatsinstitut, Hamburg, Germany. 

1 See for example, P. B. Daitch and J. B. French, Phys. Rev. 
87, 900 (1952). 

2H. C. Newns, Proc. Phys. Soc. (London) A66, 477 (1953). 

3 J. Horowitz and A. M. L. Messiah, J. phys. radium 14, 731 
(1953). 

40. Hittmair, Z. Physik 144, 499 (1956). 

5 W. B. Cheston, Phys. Rev. 96, 1590 (1954). 

6 However, more accurate calculations must be carried out 
before a comparison with the experimentally determined magni- 
tude of the polarization is possible (see reference 7). 

7 J. Sawicki, Phys. Rev. 106, 172 (1957). 


action; and third, the spin-orbit coupling of the emerg- 
ing proton. The first effect yields a polarization of sign 
opposite from that of the second. 

Cheston® has calculated the polarization of the ground- 
state proton group from the reaction C!(d,p)C" for 
3.29-Mev deuterons. He assumed that the deuterons 
interact with a hard-sphere potential, whereas the 
protons experience a potential which is a superposition 
of the spin-orbit and “cloudy crystal ball” potentials, 
which adequately describes the elastic scattering of 
neutrons and protons.’ The sign of the polarization 
calculated from these assumptions is opposite to that 
given by Newn’s model. Newns, Horowitz and Messiah, 
and Hittmair considered only the proton interaction, 
and have neglected the distortion of the deuteron wave 
by the nucleus. Preliminary estimates by Weiden- 
miiller’ show that the absolute amount of the polariza- 
tion caused by the distortion of the deuteron wave 
should be about 1.5 times as strong as that caused by 
the proton interaction. Furthermore, the spin-orbit 
coupling of the emerging particle should contribute a 
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Fw. 1. The polarization, P2(£2,02), of protons elastically scat- 
tered by He‘ vs c.m. scattering angles for various incident proton 
energies, E,. 

§ Adair, Dardon, and Fields, Phys. Rev. 96, 503 (1954) 
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456 








POLARIZATION 


negligible amount to the polarization.” Therefore, it 
seems plausible that Cheston’s calculation should yield 
polarization of sign opposite from that calculated: by 
the other authors." 

A quantitative comparison between theory and ex- 
periment required a knowlege of exact differential cross 
sections for elastic scattering of deuterons and protons 
at proper energies from well chosen elements ; for small 
angles the polarization is essentially determined by the 
phase shifts of the elastic-scattering wave of the deu- 
terons and emitted particles. 


DESCRIPTION OF THE EXPERIMENT 


The p-a scattering process was used as the polariza- 
tion analyzer of the protons from various (d,p) reactions 
by scattering the emitted protons in helium gas. The 
differential cross section for this scattering reaction is 
strongly spin dependent. The polarization of the pro- 
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Fic. 2. The polarization, P2(F2,62), of protons elastically 
scattered by He‘ vs c.m. scattering angles for various incident 
proton energies, Ey. 


tons emitted at a definite angle to the deuteron beam is 
obtained from the expression!” 


1+ P;(E,,01) P2( E202) 
1—P,(E1,9:)P2(E0s) 





Here, R is the ratio of the proton intensities scattered 
backward to those scattered forward (with respect to 
the deuteron beam), ?;(/,6,) is the polarization of the 
proton before scattering, and P:(F2) is the polariza- 
tion after scattering in the helium that would result 
from initially unpolarized protons. 


#” Naturally, these conclusions are valid only outside the region 
of resonance scattering for the deuterons and protons and only 
if one neglects the possibility of compound nucleus formation. 

1 Weidenmiiller also showed that the polarization caused by 
the tensor force of the deuteron should be small. 

12 J. V. Lepore, Phys. Rev. 79, 137 (1950). 
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The values of P2(E2,02) have been calculated at 
several angles and energies from the phase shifts ob- 
served in p-a differential-scattering experiments.’® Be- 
cause of the uncertainties in the phase shifts, P2(E2,2) 
is uncertain by about +0.04. These calculated values 
of P2(E2,42) have been checked by performing double- 
scattering experiments!*7 and they are shown as a 
function of scattering angle for several incident proton 
energies in Figs. 1-3. The sign of the polarization has 
been chosen to be positive when the polarization is in 
the direction of the vector product of the incoming and 
outgoing particle wave vectors.'* 

The apparatus is shown in Fig. 4. A collimated beam 
of 11.9-Mev deuterons from the University of Illinois 
cyclotron was focused by an electrostatic quadrupole 
lens on targets of C!* and Si** in an evacuated chamber 
outside of the cyclotron shielding walls. Protons from 
the (d,p) reactions, which could be observed at angles 
between 13° and 90° to the deuteron beam, were con- 
ducted to the helium scattering chamber by a magnetic 
quadrupole lens. By proper choice of the helium gas 
pressure and energy absorber foils, the proton energy at 
scattering was varied between 6 and 9 Mev. The p-a 
scattering angles were restricted to the region between 
70° and 95° (c.m.), where the polarization P2(£2,62) is 
quite large and varies slowly with energy and angle. 
While a large polarization also could be obtained for 
backward scattering angles (~130°), the (p,a) dif- 


‘8M. J. Brinkworth and B. Rose, Nuovo cimento 3, 195 (1956). 

14M. Heusinkveld and G. Freier, Phys. Rev. 85, 80 (1952). 

1° Freier, Lampi, Sleator, and Williams, Phys. Rev. 75, 1345 
(1949); T. M. Putnam, ibid. 87, 932 (1952); Kreger, Jentschke, 
and Kruger, Phys. Rev. 93, 837 (1954); Putnam, Brolley, and 
Rosen, Bull. Am. Phys. Soc. Ser. II, 1, 9 (1956); J. H. Williams 
and S. W. Rasmussen, Phys. Rev. 98, 1167(A) (1955); C. L. 
Critchfield and D. C. Dodder, ibid. 76, 602 (1949); D. C. Dodder 
and J. L. Gammel, ibid. 88, 520 (1952). 

‘6M. J. Scott and R. E. Segel, Phys. Rev. 100, 1244(A) (1955). 

17 A.C. Juveland and W. Jentschke, Z. Physik 144, 521 (1956). 

18 This definition is identical with that used by Cheston. 
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Fic. 4. Schematic diagram of the apparatus. 


ferential cross section there is less, and the proton energy 
loss due to scattering is larger. The smaller energy loss 
incurred by choosing the forward angles was, therefore, 
preferable because it permitted the use of a higher 
helium gas pressure and hence, a larger scattering yield. 
The protons scattered in the same plane as that of the 
(d,p) reaction were detected by 100-micron Ilford C-2 
emulsions located symmetrically with respect to the 
incident direction of the protons. 

With the helium scattering chamber near the target, 
the neutrons from the (d,n) reaction caused a serious 
background in the emulsion. This effect was reduced by 
moving the scattering chamber six feet from the target 
region; the protons passed through an evacuated tube 
connecting the two, and were focused at the polariza- 
tion analyzer with a magnetic quadrupole lens. The 
tube contained j-in. diameter slits at each end in 
addition to baffles for preventing wall-scattered protons 
from entering the analyzer. With the scattering chamber 
in this remote position, and with the focusing lens in 
operation, the number of protons entering the analyzer 
was at least 50% of the number with the scattering 
chamber close!’ to the target. To further reduce the 
neutron background, two feet of brass and eight inches 
of paraffin were placed between the target and the 
nuclear emulsions. The residual background was 
checked by turning off the magnetic lens and was found 
to be negligible. 

Self-supporting targets were made by grinding sheets 
of pure graphite (98.9% C') and pure single-crystal 
silicon (92.2% Si**) to thicknesses of 17 mg/cm? and 
34 mg/cm’, respectively. Both targets were able to 
withstand the high deuteron-beam intensity used to 
obtain a reasonably large counting rate. Compared to 
the intensity of the investigated proton groups of C” 
and Si”*, proton groups from other isotopes and possible 
impurities could be neglected. 


PROCEDURE 


Initially, the action of the magnetic lens was opti- 
mized by maximizing the proton flux (detected by a 
KI scintillation counter) at the entrance slit to the 
helium scattering chamber. Examination of the proton 
beam using nuclear emulsions shows that the image of 
the target there was about } in. wide. The apparatus 
was then physically aligned so that the magnetically 
focused image of the target was centered on the 
scattering-chamber entrance slit. 

Contaminants in the helium gas used in filling the 
chamber amounted to less than 1%. Even a 1% im- 
purity level was not considered important because a 
range analysis permitted discrimination against protons 
scattered by impurities» The helium gas pressure de- 
pended on the particular (d,p) reaction being investi- 
gated, but was always in the range 5-17 atmospheres. 

The beam to the target chamber varied from 0.5 to 
1.5 microamperes, depending on cyclotron conditions. 
In order to accumulate enough proton tracks on the 
emulsions, 10 to 20 microampere hours of deuteron 
beam were required. 

The nuclear emulsions in which the proton tracks 
were recorded were scanned in swaths (179 microns 
wide) which were perpendicular to the average proton 
direction. In order to be used in the final polarization 
computations, each track had to satisfy three criteria: 
its azimuthal angle had to lie in the range +10°; its 
length had to be consistent with the energy and energy 
spread of the protons at the helium scattering volume; 
and its dip angle in the emulsion had to agree with that 
expected from the geometry. About 85% of the tracks 
with the proper length were acceptable; the other 15% 
were rejected primarily because of multiple scattering 
in the helium gas. 

The experimental ratio of backward to forward 
scattering was corrected for a small asymmetry of the 
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Tas.e I. Polarization of protons from (d,p) reactions on C” and Si**. 
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Excitation of deuteron beam 








Final final nucleus Spin and parity in the target 
nucleus (Mev) of final nucleus (Mev) 
ce ard. state - 2.2 
c8 Grd. state _ 1.9 
Cc Grd. state ~ 1.7 
cu Grd. state ~ 1.3 
Ce Grd. state - 1.2 
cs 3.09 7 2.1 
Cc 3.09 oa 1.3 
cu 3.86 + 2.1 
cs 3.86 + 1.3 
Si® 4.934 ~ 2.2 
Siz 4.934 - 2.1 
Si” 6.380 - 2.2 
Sj 6.380 4— 2.1 





VII 





V VI VIII 
Number of Number of 
tracks on tracks on 
backward forward C.m. proton 
plate plate angle Polarization 
1124 846 15.5° —0.200+0.032 
722 550 18.5° —0.165+0.040 
655 533 260° —0.128+0.038 
232 219 36.5° —0.045+0.064 
114 54 69.0° —0.49 +0.13 
473 506 15.5° +0.06 +0.05 
42 35 37.0° —0.11 +0.14 
1152 1040 15.5° —0.066+0.040 
323 347 37.0° +0.040+0.053 
691 796 14.5° +0.099+0.033 
51 45 65.0° —0.08 +0.13 
882 815 14,5° —0.060+0.040 
186 195 65.0° +0.03 +0.08 
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proton distribution with respect to the backward and 
forward plates. This correction was always less than 
3%, and was measured by exposing nuclear emulsions 
perpendicular to the incident protons at the scattering 
volume after any changes in the alignment. 

The swaths on the backward and forward plates 
were divided into up to three corresponding groups of 
swaths and the polarization calculated for each of the 
groups. These values of the polarization were then 
weighted and averaged. In order to calculate the 
polarization, the backward to forward ratio was first 
corrected for the asymmetric proton distribution at the 
helium scattering volume; and then the formula given 
earlier was employed to compute the polarization after 
first replacing P:(/2,02.) by an average over the appro- 
priate values of #6. The average value of P2(£2,42) 
varied from —0.6 to —0.8 depending on the energy of 
the protons incident on the scattering volume. 

The largest uncertainty in the results was that due 
to the statistics. An error of about +0.05 in the average 
value of P2(£2,62) caused an error in the polarization 
which was always about a factor of five less than that 
due to the statistics. The effect of several other sources 
of error was estimated and found to be negligible. These 
include multiple scattering, inaccurate alignment of the 
apparatus, emulsion distortion, asymmetric proton 
distribution at the scattering volume, and plate scan- 
ning. Uncertainties in the values of the polarization 
induced by the action of the magnetic lens and the 
proton slowing-down process were negligible in com- 
parison to the statistical errors mentioned above. The 
effect of uncertainties which pertain to only some of the 
proton groups will be discussed below. 


RESULTS 


The numerical results which lead to the final polariza- 
tion values are summarized in Table I. The target 
thickness given in Table I (energy loss of deuteron 
beam in the target) was estimated from the range- 


energy curves of Aron e/ al.®; the thickness varies with 
the angle of the target, with respect to the proton beam. 

For the carbon ground-state group, the polarization 
was measured at five angles. The range-in-emulsion 
distribution for these protons is shown in Fig. 5. The 
polarization of the proton groups which leave C* in its 
3.09-Mev and 3.86-Mev excited states were measured 
simultaneously. The two proton groups were not com- 
pletely resolved, and the error incurred in the process of 
separating the tracks into their respective groups is not 
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Fic. 5. Range of ground-state proton group from C"(d,p)C¥ 
in C-2 emulsion for a corresponding group of swaths. Protons 
emerge at an angle of 15.5° (c.m.) to the deuteron beam direction. 


% Aron, Hoffman, and Williams, University of California 
or a Laboratory Report No. 121, revised 1948 (unpub- 
lished). 
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Fic. 6. Ranges of excited-state proton groups from C#(d,p)C! 
in C-2 emulsion for a corresponding group of swaths. Protons 
emerge at an angle of 15.5° (c.m.) to the deuteron beam direction. 


included in Table I. This error could not change the 
results significantly. The presence of protons from the 
unresolved 3.68-Mev C level may also have affected 
the results for the 3.86-Mev group, even though its in- 
tensity is believed to be an order of magnitude less than 
that of the 3.86-Mev group.” If the 3.68-Mev group 
were completely polarized (a very unlikely situation), 
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Fic. 7. Ranges of proton groups from Si**(d,p)Si® in C-2 emul- 
sion for a corresponding group of swaths. Protons emerge at an 
angle of 14.5° (c.m.) to the deuteron beam direction. 


* McGruer, Warburton, and Bender, Phys. Rev. 100, 235 


(1955) 
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and if 5% of the tracks accepted for the 3.86-Mev 
group actually belonged to the 3.69-Mev group, the 
polarization for the 3.86-Mev group would be in error 
by about +0.05. Figure 6 shows the range distributions 
for the excited-state proton groups. 

The polarizations of the two silicon groups given in 
Table I may be in error owing to the presence of two 
weak, unresolved proton groups adjacent to each of the 
main groups. The exact intensities of these weak groups 
relative to the strong groups which were investigated 
are not known at the bombarding energy used in this 
experiment. From the results of the two other experi- 
ments using 1.5-Mev™ and 8-Mev” deuterons, we esti- 
mate that in the present experiment about 10% of the 
tracks accepted for the 4.934-Mev group, and 5% of 
the tracks accepted for the 6.380-Mev group belonged 
to the weaker groups. If the weaker groups were 100% 
polarized, it is conceivable that the polarization of the 
4.934-Mev and 6.380-Mev groups could be in error by 
about +0.09 and +0.05, respectively. Therefore, at 
least at the forward angles, the contributions from the 
weak groups could not have changed the sign of the 
polarization. Figure 7 shows the ranges in emulsions of 
these proton groups before and after the helium 
scattering. 

CONCLUSIONS 


In the case of the carbon ground-state group, the 
sign of the polarization is the same as that calculated 
by Cheston for 3.29-Mev deuterons. For this proton 
group, the sign also agrees with that determined experi- 
mentally by Hillman,” who found the polarization to 
be —0.58+0.13 at a proton angle of 30° using 4.05- 
Mev deuterons. 

Without the inclusions of the spin-dependent forces 
for the proton and deuteron waves, the magnitude of 
the polarization should be less than one third. For the 
carbon ground-state group, both the present experi- 
ment and that of Hillman show that the polarization 
can exceed this value. Hillman’s high value of —0.58 
at the small angle of 30° might be explained by a reso- 
nance of the compound nucleus. 

If there is no spin-orbit force between the outgoing 
proton and the residual nucleus, the polarization of the 
3.09-Mev group (/,=0) should be zero. The present 
result shows that such an interaction, if present, is 
small. This result agrees with preliminary calculations 
of Weidenmiiller,? who showed that the spin-orbit 
forces between the proton and nucleus should be small 
outside the region of resonance scattering and compound 
nucleus formation. 

Experimentally, there seems to be a tendency for the 
polarization to be greater for larger values of the bind- 
ing energy of the captured neutron. This is true for the 
om M. Van Patter and W. W. Buechner, Phys. Rev. 87, 51 

ZT R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 


A66, 467 (1953). 
2 P. Hillman, Phys. Rev. 104, 176 (1956). 
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carbon results, and is not contradicted by those from 
silicon. This might be explained by the fact that for 
smaller binding energies the neutron wave function 
extends to larger radii, thus increasing the importance 
of its overlap with the deuteron and proton waves far 
from the nucleus where these waves are less distorted 
by the nucleus. Assuming that either or both the deu- 
teron and proton interactions with the nucleus are the 
basic cause of the polarization, the polarization would 
then be expected to be less for reactions involving 
smaller neutron binding energies. 

It would be useful in nuclear spectroscopy if there 
were a consistent correlation between the sign of the 
polarization and the relative orientation of the spin of 
the captured neutron and its orbital angular momentum. 
The orientations are known for the reactions investi- 
gated in the present experiment since the initial nuclei 
have spin zero and the spins of the final nuclei are 
known. At small angles for the /,=1 proton groups, 
the polarization is positive if the neutron spin and the 

* The spins of the levels in Si” are not definitely known, but 
the assignments of Holt and Marsham (see reference 22) are 
probably correct. 


°F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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orbital angular momentum are parallel, and negative if 
they are antiparallel. A change in sign was observed at 
large angles for some proton groups. However, this 
simple rule could still hold because of the statistical 
uncertainty of these results. Theoretical calculations 
do not exclude different signs at larger angles.’ 

Recent experiments of Hensel and Parkinson* sup- 
port the existence of such a unique correlation. Further 
experimental and theoretical work is necessary to 
establish more firmly a simple rule of this kind. 
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The angular-correlation function between beta and gamma rays from oriented nuclei (with or without 
observation of circular polarization) is given for use in testing the invariance property of the beta inter- 
actions under time reversal. The formulas are derived in the cases where the beta decay is an allowed or 
first forbidden transition and the gamma ray has a mixture of arbitrary multipolarities. A general form for 
the 8—yi—v72 angular correlation in triple cascade transitions of unoriented nuclei is also shown. It does 
not give clear-cut information on the invariance property of beta interactions under time reversal. The 
correlation functions where gamma rays are replaced by alpha particles are discussed in the above two 
cases. The beta-alpha directional correlation from oriented nuclei may be useful in testing the invariance 
property of beta interactions under time reversal. 

1. INTRODUCTION the beta spectrum of RaE by several authors*-* have 
also given the same result. As is well known, the realness 
of the coupling constants implies the invariance of the 
beta interactions under time reversal. However, the 
results of the beta angular distribution from polarized 
neutrons® are difficult to explain with real coupling 


ECENT experiments on the beta-gamma polari- 
zation correlations'*® in Sc** and Au'® have 
indicated that the coupling constants in the beta 
interactions are probably real. Theoretical analyses of 





* Part I of this paper is in Phys. Rev. 107, 1316 (1957). (See 
also Appendix IT of the present paper.) 

tOn leave from Kobayasi Institute of Physical Research, 
Kokubunzi, Tokyo, Japan. Formerly Fellow of Nishina Memorial 
Foundation, Japan; now Ernest Kempton Adams Fellow of 
Columbia University. 

t On leave from Department of Physics, University of Tokyo, 
Tokyo, Japan. 

1F, Boehm and A. H. Wapstra, Phys. Rev. 106, 1364 (1957); 
107, 1202 and 1462 (1957); and 109, 456 (1958). 

2 R. M. Steffen and P. Alexander (to be published). 


constants.’ All of these experiments are based on 

’ Fujita, Matumoto, Yamada, and Nakamura, Phys. Rev. 108, 
1104 (1957). 

4 Matunobu, Nakamura, and Takebe, Progr. Theoret. Phys 
(Kyoto) (to be published). 

5 R. R. Lewis, Phys. Rev. 108, 904 (1957). 

° Burgy, Epstein, Krohn, Novey, Raboy, Ringo, and Telegdi, 
Phys. Rev. 107, 1731 (1957). 

7 The case of Co** is somewhat complicated. From the data on 
the beta angular distribution from polarized Co** [Ambler, 
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TABLE I. Pseudoscalars (J-[pXk])*(J-k)’(J- p)*(p-k)* under 
T and P. In the ist to 4th columns, “odd” (“even”) means odd 
(even) numbers. In the 5th and 6th columns, — (+) means 
pseudoscalar (scalar) under the operation of P or T. If the sign is 
minus, we can test the invariance of beta interactions under the 
relevant operation. In the 7th column, “both” means that the 
term appears for both aligned and polarized nuclei, while 
“polarized” means that the term appears only for polarized nuclei. 
In the 8th column, “required” means that the measurement of 
the circular polarization of the gamma ray is necessary, while 
“no” means that the term appears whether or not one observes 
the circular polarization of the gamma ray. For the remaining 
four sets of a, 6, c, and d, which are not listed here, 


(J-(pXk]°(J-k)?(J-p)*(p-k)4 
is scalar under both P and T. 

















Circular 
polarization 

of gamma 
a b c d 7 - Nuclei rays 

odd even even even — -— _ polarized required 
odd even even odd — + polarized no 

odd even odd even — + both required 
odd even odd _ odd - —- both no 
odd odd een evn - —-— both no 

odd odd even odd - + both required 
odd odd odd even — + __ polarized no 

odd odd odd_ odd — — polarized required 

even even even odd + - both required 
even even odd even + polarized no 
even odd even odd + — _ polarized no 

even odd een + — both required 


| 


measurements of the real part of the products of the 
coupling constants. It is advisable to measure directly 
their imaginary part. One such experiment is the beta- 
gamma angular correlation from oriented nuclei, for 
which the theoretical calculations were made by Morita 
and Morita* and by Curtis and Lewis.® This experiment 
has been performed by Ambler ef al. for the case of 
Co*. The observed asymmetry effect in terms of 


Hayward, Hoppes, and Hudson, Phys. Rev. 108, 503 (1957)], 
we can say that Mp/Mgr~0 and/or Re(Cs*Cr’+Cs"*Cr—Cy*Ca’ 
—Cy’*C,4)~0. On the other hand, the angular distributions of 
six gamma rays fcllowing the beta decay of aligned Co** are 
consistent with the assumption that 


(|Cs|?+|Cs’|?+|Cv|?+|Cy’|) Mr 

= (|Cr|?+| Cr’ |?+|Cal?+|Ca’|?)Mar® 
within experimental errors [Poppema, Siekman, Wageningen, and 
Tolhoek, Physica 21, 223 (1955), where they assumed all the 
gamma rays to be pure ]. This assumption is also consistent with 
all of the data on gamma-ray angular distributions from aligned 
Co and on gamma-gamma directional correlations from un- 
oriented Co** [M. Sakai, J. Phys. Soc. Japan 10, 729 (1955)], if 
the 1.75-Mev gamma ray is a mixture of M1 and £2. [The 
theoretical analysis was done by Morita, Ogata, and Sakai, 


Physica 22, 915 (1956); a more detailed discussion was given in, 


Bull. Kobayasi Inst. Phys. Research 6, 69 (1956). ] Therefore, it 
is important to reanalyze whether or not the assumption, 
My/Mar=0, is consistent with all data on both oriented and 
unoriented Co* nuclei. 

8M. Morita and R. S. Morita, Phys. Rev. 107, 1316 (1957). 
Both beta-gamma directional and polarization correlations from 
oriented nuclei have been considered for allowed beta decay. See 
Appendix II of the present paper. 

*R. B. Curtis and R. R. Lewis, Phys. Rev. 107, 1381 (1957). 
Beta-gamma directional correlation has been considered for 
allowed beta decay. We wish to thank Dr. Curtis and Dr. Lewis 
for a valuable discussion. 

Ambler, Hayward, Hoppes, and Hudson, Phys. Rev. 108, 
503 (1957). 
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(J-[pXk])(J-k) and (J-[pXk])(J-k)*, which come 
from the violation of invariance under time reversal, 
appears to be very small. Here, J is a unit vector along 
the axis of nuclear orientation; p and k are unit vectors 
in the directions of the momenta of the beta ray and 
the gamma iy, respectively. There is, however, no 
definite conciusion regarding the realness of the coupling 
constants from the data on Co**, because the ratio 
My/Mgr of Co may be very small. Since nuclei with 
an incomplete shell of atomic 4f or 5/ electrons are 
most easily oriented at low temperatures, and many of 
the beta-active nuclei in this region of atomic number 
decay by first forbidden transitions, we have extended 
our previous work® to cover these cases. 

In Sec. 2, the pseudoscalars under the operation of 
space reflection (P) and time reversal (7) are shown. 
In Sec. 3, a general form of beta-gamma angular cor- 
relation (both for direction and for polarization) is 
given for oriented (both aligned and polarized) nuclei. 
It is related to the other angular-correlation functions 
in Sec. 4. In Sec. 5, some suggestions for application of 
this formula are discussed. In the Appendix, the angular 
correlation in triple cascade transitions is given for 
unoriented nuclei. 


2. PSEUDOSCALARS UNDER T AND P 


In the successive beta and gamma decays of the 
oriented nuclei, we can express the angular correlation 
between beta and gamma rays in terms of 


(J-Lpxk })*(J-k)°(5- p)(p-k)*. 


The powers a, 5, c, and d for each term in parentheses 
are related to v, , and m, [see Eq. (1) } by the following 
relations: 


a+b+c=v, atct+d=n, a+b+d=n. 
The properties of (J-[pxk])*(J-k)’(J- p)*(p-k)¢ under 


the operator of T and P are summarized in Table I. Its 
behavior under charge conjugation is not shown because 
we have no unique information on it éxcept in the &th 
forbidden transitions with AJ =+(k+1). In the other 
cases, it is necessary to assume the values of beta 
matrix elements. In Table I, the terms which have a 
minus sign in column 5 or 6 appear only if the beta 
interactions are noninvariant under the relevant opera- 
tion. The permissible values for a, 6, c, and d will be 
given in the next section. 

One of the simplest applications of Table I is to the 
case of Co**. In this case, the beta decay is allowed, the 
gamma decay is a quadrupole transition, and the decay 
scheme is 2+(8)2+(y)0+. The four terms, (J-[pxk]) 
-(J-k)’ with 6=0, 1, 2, 3, appear in the beta-gamma 
angular correlations if there is violation of invariance 
under 7. (Our discussion always assumes the strong 
interactions to be invariant under 7°; otherwise a minor 
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modification of the results in this paper is necessary.) 
If we do not measure the circular polarization of the 
gamma ray, the terms with b=0 and 2 vanish. 

The term aZ(J-[pxXk])*(J-k)°(J-p)*(p-k)* is a 
scalar (pseudoscalar) if the term (J-[pXk])*(J-k)? 
-(J-p)*(p-k)* is a pseudoscalar (scalar) under 7. 
Here, aZ is the Coulomb phase shift in the wave func- 
tion of the beta particle. 


3. BETA-GAMMA ANGULAR CORRELATION 
FROM ORIENTED NUCLEI 


A general form for the beta-gamma angular corre- 
lation from oriented nuclei is derived from a previous 
similar calculation." We assume the decay scheme to 
be 7(8)j:(y)j2 and the gamma ray to be a mixture of 





Fic. 1. Geometry for 
beta-gamma angular corre- 
lation from oriented nuclei. 
The unit vector J along the 
orientation axis of the nu- 
cleus is chosen as the z axis. 
The beta and gamma rays 
are assumed to be emitted 
in the directions of p and k 
with polar angles (6;, ¢: =0) 
and (42,¢), respectively. 









ey 


4 
4 
Lon mendes ate come 


24, 24’, ---. The unit vector J along the orientation 
axis of the nucleus is chosen as the z axis. The beta and 
gamma rays are assumed to be emitted in the directions 
of p and k with polar angles (6,, ¢:=0) and (62,¢), 
respectively, (see Fig. 1). The result is 


Gd fh 


WAP, ¢-0= DF CLUUCLL(-) f(D (2ir#1)(2v+1)(2n+1) PX] jo fr LV 


L<uv’il’v + am 
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vpn nj} 


XCBiv™ >| —)* (v0 | nyu)D_,, o™ (0,0:,0)D,, 0 ( ¢,82,0)+c.c. ](—)2*41’p™ 


with the condition L,+ L,;’+4,+4,'’=even, where 
h.(j)=Xim(—)-™(jjm—m| WW) am, 


d= relative population of the initial magnetic substate, 


- om es 
X\d e f}=¥\(2A+1)W (abkf; cd) 
ghhk 
< W (d fhb; ed) W (adkh; gr), 
Pry(LyLy' joj) 
= Fny(Ly'L1j2)1) 


= (—)#-i-1f (27,41) (20.41) (2L1'+1)}! 


x (LyLy'1 —1 |m,0)W (jrjrlrly’; M12), 
Dm, 0°? (¢,8,0) 


=e ™Dm, 0 (0,9,0) = [4ar/(21+-1) } V1, m*(0,¢), 


pi=1(—1) for a left (right) circularly polarized gamma 
ray, and 6,=0(+1) for magnetic (electric) radiation. 
The L and L’ indicate the ranks of the nuclear matrix 
elements in the beta decay. (For example, the ranks of 
S1, fo, foXr, and B,; are 0, 1, 1, and 2, respec- 
tively.) The B,,-‘”’s are related to the 6;,/‘’s in the 
following way: 
2Bry™ =bry ™ with Re(C*C;") 
and Im(C,*C;") replaced by C*C;“ 
and —iC,*C;“, respectively. (2) 


1M. Morita, Progr. Theoret. Phys. (Kyoto) 15, 445 (1956). 
2 For example, see Sharp, Kennedy, Sears, and Hoyle, Chalk 
River Technical Report CRT-556, 1956 (unpublished). 


X (jal! Lal! jo) (jul! Lr’ || jo) Fna(LiLy' joj), (1) 





Here i=j is included. The b,1,“’s for the allowed 
transitions are given in Appendix II of reference 8 for 
the most general interaction. Those for the first for- 
bidden transition are given by Morita and Morita” 
with an assumption of no interferences between STP 
and VA." This assumption is compatible with all of 
the present data on beta decay. Therefore, we can im- 
mediately obtain the explicit forms of Bz,‘ from 
bi“ up to the first forbidden transition. In the case of 
more highly forbidden transitions the Byz-‘"’’s may be 
deduced by a similar but tedious calculation.’ 

The restrictions on the values of the integral numbers 
v, n, and m, are evident from the algebraic coefficients 
in Eq. (1). They depend on the ranks of the beta-decay 
matrix elements, the multipolarity of the gamma ray, 
and the spins of the nuclear levels. Furthermore, v has 
only even values if nuclei are aligned. 1; is also restricted 
to be even, if the circular polarization of gamma ray is 
not observed. The terms, (J-[pxXk])*(J-k)*(J-p)< 
-(p-k)¢, which are pseudoscalar with respect to T, 
appear only when v+n-+m, is odd (namely, when a is 
odd). And if v+mn+m, is odd, the 9j coefficient X 
vanishes, unless L¥ L’. Therefore, the term with which 
we can test the invariance property of beta interactions 


13M. Morita and R. S. Morita, Phys. Rev. 109, 2048 (1958). 
The reason for no interferences between STP and VA is discussed 
in its reference 16. 

14 Alder, Stech, and Winther, Phys. Rev. 107, 728 (1957). 
Formulas for s;(LL’), whose definition is somewhat different from 
that of our bzz-, have been given by them, in the special case 
of STP with an assumption of no interferences between B;;* and 
the other matrix elements. 

18 M. Yamada and M. Morita, Progr. Theoret. Phys. (Kyoto) 8, 
443 (1952), and their later papers. (A list is given in reference 13.) 
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under time reversal comes from interferences among 
beta matrix elements with different ranks. Here, we do 
not discuss the terms aZ(J-[ pXk ])*(J-k)*(J- p)*(p-k)4, 
because their effect on the angular correlations is 
usually small and within the experimental errors at the 
present time. 


4. RELATION TO THE OTHER ANGULAR 
CORRELATIONS 


Upon integrating W (61,2,¢,p1) over the direction of 
emission of the gamma ray, one obtains the angular- 
distribution function for beta rays from oriented 
nuclei'*.14.16 ; 


fres. ¢,pidQ, =W (0;:8) 


=Z LX fal f(—)ereieees 
n L<L’ 
XW (jjLL'; njdbiv™P,»(cosd). (3) 


In the second line of Eq. (3), the irrelevant common 
factor has been omitted. 

By integrating W(61,02,¢,p1) over the direction of 
emission of the beta ray and the azimuthal angle ¢ of 
the gamma ray and also over the electron energy, one 
obtains the angular-distribution function for gamma 
rays from oriented nuclei"? : 


W (62,1:¥1) = (—) ***7,(j) 


| Eu) Gia vL)(2j:+1)! 


m, 


XX (fall Lal! jo) (fal! Lr’! ja (Laks jd) |Plcos), (4) 


Wo 


2 (—)Pthi'py 


11,11’ 


apwrrzwaW | 


with the condition 1,+L,)'+6,+6,/=even, where 
az,=(—)*#(2L+1)-*bz, is the correction factor for 
the beta spectrum of the matrix elements with rank L. 


5. CONCLUSION 


If the beta interactions are noninvariant under time 
reversal, the beta-gamma correlations (both in direction 
and polarization) from oriented (both aligned and 
polarized) nuclei have an up-down asymmetry of beta 
intensity with respect to the plane containing the direc- 
tion of nuclear orientation and the gamma-ray mo- 
mentum. The angle 62, which gives the maximum 
asymmetry, depends on the decay scheme, the forbid- 


16 M. Morita, Phys. Rev. 107, 1729 (1957). 

17 See, for example, S. R. de Groot and H. A. Tolhoek, in Beta- 
and Gamma-Ray Spectroscopy, edited by K. Siegbahn (North- 
Holland Publishing Company, Amsterdam, 1955), p. 613; Morita, 
Ogata, and Sakai (see reference 7). 
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denness of the beta decay, the multipolarity of the 
gamma ray, and the degree of nuclear orientation. 

Since this asymmetry appears in the interferences 
among beta-decay matrix elements of different ranks, 
we must choose the nuclei which decay in kth forbidden 
transitions with a spin change AJ = +k. In the case of 
the first forbidden transitions, we may also use the 
decay with AJ=0. There are some suitable nuclei with 
incomplete shells of atomic 4f or 5f electrons. For 
example, Ce’ and Nb’ have been aligned by Ambler 
et al.'* 

When alpha decay follows the beta decay, the beta- 
alpha directional correlation’ from oriented nuclei is 
derived from Eq. (1), by replacing py"'F'ni(L:Ly' j2j1) by 


(—)#-11(L,L,00| 2,0) { (27:41) (2L1+1)(2L)'+1)}! 
KW (jijilrLy’ ; mje). 


Here, L; (;’) represents the L;th (Z;’th) partial wave 
of the alpha particle and m, is even. This correlation 
function may be useful to test the invariance of beta 
interactions under 7. 
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APPENDIX I. ANGULAR CORRELATION IN 
TRIPLE CASCADE TRANSITIONS 
FROM UNORIENTED NUCLEI 


The angular correlation function fora beta ray followed 
by two gamma rays in triple cascade transitions of unori- 
ented nuclei is calculated very similarly to that between 
beta and gamma rays from oriented nuclei. The decay 
scheme is j(8)ji(¥1)j2(v2)js. The direction of the 
momentum of the beta ray is chosen as the z axis. The 
7; and 2 rays are assumed to be emitted in the direc- 
tions represented by unit vector k,; and ke, with polar 
angles (@;, ¢:=0) and (@2,¢), respectively (see Fig. 2). 


Fic. 2. Geometry for 
beta-gamma-gamma angu- 
lar correlation from unori- 
ented nuclei. The direc- 
tion of the momentum p of 
beta ray is chosen as the 
z axis. Two gamma rays are 
assumed to be emitted in 
the directions of k; and ky, 
with polar angles (0:, ¢:=0) 
and 6.0), respectively. 





18 Ambler, Hudson, and Temmer, Phys. Rev. 97, 1212 (1955). 

Qn the beta-alpha directional correlation from unoriented 
nuclei, theoretical work has been done by M. Morita and M. 
Yamada, Progr. Theoret. Phys. (Kyoto) 13, 114 (1955), and 
M. Morita, Eqs. (42) and (43) of reference 11, 
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The result is” 


W (61,02,¢,p1,)2:8-ri-¥) = LD VV ELV EY L(—) rt (275, 4-1) { (2m +1) (2m +1) (21141) 
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where n+,+nz is even, and L;+L,'+6,;+4,’ is even, 
i=1, 2. The symbols in Eq. (A1) are similar to those in 
Eq. (1). 

Upon integrating W(6,,02,¢,p1,p2:8—yi—Y2) over 
the direction of emission of the yz ray, one obtains 
the 8—v angular correlation given in Eq. (3) of ref- 
erence 13, except for a common factor. By integrating 
W (6;,02,¢,p1,P2:8—“Yi-y2) over the direction of emission 
of the 7; ray and over the azimuthal angle ¢ of the 2 
ray, one obtains the function W(@2,p2:8—‘y2) given in 
Eq. (5) of reference 13. 

When the y; ray (i=1 or 2) is replaced by an alpha 
particle, the angular-correlation function of the three 
emitted particles is obtained from Eq. (A1) by replacing 
—pn(LiLA-—1\n0) by (L:L,00\n0) with even nj. 
Here, the L; (L,’) represents the L,th (Z,’th) partial 
wave of the alpha particle. 

The angular correlation function in triple cascade 
transitions of unoriented nuclei has terms which are 
pseudoscalar under 7, aZ(p-[ki Xk» ])*(p-k,)>(p-kz)* 
-(k,-ky)? with @ even and an appropriate choice for 
b, c, d. (All the terms (p-[k: Xk» ])*(p-k;)°(p-ke)° 
- (k,-k,)¢ with a odd, cancel out by assuming the in- 
variance of strong interactions under 7.*') However, an 
experiment of this type does not give us clear-cut 
information about the invariance of beta interactions 
under 7.” 

” A similar calculation has been independently done by T. 
Kotani. We wish to thank Dr. Kotani for his valuable communi- 
cation. 

21 These terms may appear in the successive y1—8—v2 transi- 
tions. There is, however, no nucleus with so short a beta-decay 
lifetime that the angular correlation theory is valid. 

2T. D. Lee and C. N. Yang, Brookhaven National Laboratory 


Report BNL-443 (T-91), 1957 (unpublished). We are indebted to 
Dr. Lee and Dr. Yang for valuable discussions. 
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APPENDIX II. ERRATA IN TIME-REVERSAL INVARI- 
ANCE AND BETA-GAMMA ANGULAR CORRELA- 
TION. I, M. MORITA AND R. S. MORITA, 
PHYS. REV. 107, 1316 (1957) 


In Eqs. (6) and (A1) of I, 

—2 Im(Cr*Cs'+- +» )2 Re(Ca*Cs'+---)(aZ/p) 
should be read as 

#2 Im(Cr*Cg’+---)+2 Re(Ca*Cs'+---)(aZ/p). 


(The same error occurs in the paper of Curtis and 
Lewis.’ In the right-hand side of their expression for E, 
the + signs should be added.) Consequently, all of 
the expressions for the “Anisotropy” should be under- 
stood to hold for electron decay. For positron decay, 
the signs of the anisotropy and of a’ in Table I should 
be reversed. The right-hand side of Eq. (3’) should be 
multiplied by the relative sign of My and Mer and 
replaced by Cs instead of Cs’. The footnote b to 
Table I should be replaced by the following: “In experi- 
ments, it is much easier to normalize a’ by 


{W (4/2, 2/6, /2)—W (4/2, r/6, —2/2)}/ 
{W (4/2, 1/6, x/2)+W (r/2, 2/6, —2/2)} 
=al’(p ‘W) Im(Cr*Cs) 
X (relative sign of My and Mer), 


instead of Eq. (3’). For this case, the third line of 
Table I should be read as a’’ = 0.002, 0.008, 0.019, 0.058, 
0.092, 0.163, and 0.275.” 
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Total Neutron Cross Sections of Mg, Al, Fe, Cu, Zn, Mo, and Pb from 4 to 8 Mev* 


J. L. Wem anp K. W. Jones 
Columbia University, New York, New York 
(Received December 23, 1957) 


The total neutron cross sections of Mg, Al, Fe, Cu, Zn, Mo, and Pb have been measured for neutron 
energies between 4 and 8 Mev. The results are compared with previous measurements in the same energy 


region. 


I. INTRODUCTION 


HE available data on total neutron cross sections 

in the region between 4 and 8 Mev are due mainly 

to the work of Nereson and Darden! who used fission 

spectrum neutrons, which have a continuous energy 

distribution, and a proton recoil spectrometer with an 

energy resolution of about 10%. The present work, 

using a monoenergetic neutron source, was undertaken 
to provide a check on their measurements. 


II. EXPERIMENTAL METHOD 


The neutrons were produced by the D(d,m)He'* 
reaction using deuterons from a Van de Graaff 
accelerator (energy spread +0.1%) and a deuterium 
gas target. The total neutron cross sections were 
determined by measuring the transmissions of the 
samples for neutrons emitted at zero degrees to the inci- 
dent deuteron beam. The mean neutron energy was 
determined after correcting the incident deuteronenergy 
for energy loss in the 1/40-mil nickel entrance foil and 
for the energy loss in traversing the deuterium gas to 
the center of the target. The resulting mean neutron 
energy was known to about +0.3%. The spread in 
neutron energy varied from 30 to 60 kev, depending on 
the deuteron energy. 

The detector used was a disk of Pilot B plastic 
scintillator,? $ in. by 7¢ in., mounted on a Dumont 
6292 photomultiplier. Counts were taken using a 
scaler whose discriminator was set above the gamma- 
ray response region of the counter. The distance from 
the neutron source to the detector was 30 cm. 

The samples were held in a six-position, remote- 
controlled sample changer midway between target and 
detector. Alignment of detector and sample holder with 
respect to the neutron source was made by using a 30 
cm bar mounted in the sample holder. All samples were 
one inch in diameter. The sample lengths were chosen 
to give transmissions between 20% and 30%. 

Transmissions were determined for each sample 
using the sequence of runs: open-sample-open. Room 
background was measured by taking a run with a long 
copper bar of negligible transmission for neutrons and 
gamma rays in the sample position. Backgrounds due 

* This work partially supported by the U. S. Atomic Energy 
Commission. 

1N. Nereson and S. Darden, Phys. Rev. 89, 775 (1953); 94, 


1678 (1954). 
2 Pilot Chemical Corporation, Watertown, Massachusetts. 


to the target structure and defining slits were deter- 
mined by repeating the measurements with the gas 
target filled with helium. There was no evidence during 
these background runs for an increase in the open counts 
with time, which would indicate that occluded deu- 
terium gas in the target areas not seen by the beam was 
coming off and thereby giving too high a background. 
Background runs were taken approximately every 500 
kev and corrections were then interpolated for the 
intermediate points. 

The sample purities were better then 99% with the 
exception of the magnesium which had impurities of 
3.22% aluminum, 2.48% zinc, and 0.32% manganese. 
The effect of these impurities on the cross section is 
much less than other errors in the measurements and 
has therefore been neglected. 

The inscattering correction was estimated by using 
the formula’: 


Aor 8aa(0°) 1 





or S or \1—(L/s? L/S 


where a is the sample cross-sectional area, L the sample 
length, S the distance from source to detector, o(0°) 
the cross section for elastic scattering at 0°, and or the 
total cross section. ¢(0°) was obtained from experi- 
mental angular distributions when possible,‘ but in 
most cases the calculated angular distributions of 
Schrandt et al. were used. The inscattering correction 
for copper was found by averaging those for iron and 
zinc and then normalizing to the points calculated from 
the experimental values for copper. In the case of lead, 
the correction was calculated by using the theoretical 
a(0°) for bismuth and was then normalized to the points 
calculated from the experimental o(0°) for lead. The 
inscattering corrections calculated from the experi- 
mental angular distributions generally agreed quite 
well with those calculated from the theoretical angular 
distributions. The largest deviations occurred for 
aluminum (50%) where, however, the inscattering 
correction was only 3%. For the heavier elements 
agreement was better than +20%. The inscattering 
correction was about 3% for magnesium and aluminum 


3 J. D. Seagrave and R. L. Henkel, Phys. Rev. 98, 666 (1955). 
4D. J. Hughes and R. S. Carter, Brookhaven National Labora- 
tory Report BNL-400, June, 1956 (unpublished) ; Beyster, Walt, 
and Salmi, Phys. Rev. 104, 1319 (1956). 
5 Schrandt, Beyster, Walt, and Salmi, Los Alamos Scientific 
Laboratory Report LA-2099 (unpublished). 
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TOTAL NEUTRON 
and for the rest of the elements it was 4% to 10% de- 
pending on the energy. Therefore, no appreciable errors 
should be introduced by using the theoretical values 
for 7(0°) in calculating the inscattering correction. 


Ill. ERRORS 


The major sources of error are due to counting 
statistics and to the inscattering correction. The 
probable error in the cross section due to counting 
statistics is 2% to 3%. Typical statistical errors are 
shown on the curves. Background corrections on the 
cross section were from 5% to 10% with an uncertainty 
of perhaps +3%. The accuracy of the inscattering 
correction has been estimated at +30%, which intro- 
duces a maximum error of +3% in the cross section. 
Over-all accuracy of the cross section is estimated at 
+5%,. 

IV. RESULTS 

The measured cross sections are shown in Figs. 1 and 
2. The existing measurements in this energy region are 
mainly those made by Nereson and Darden,’ who used 
fission spectrum neutrons which have a continuous 
energy distribution, and a proton recoil spectrometer. 
The present measurements are in good agreement in 
the case of aluminum, but are consistently higher by 
amounts ranging from 5% to 13% for magnesium, iron, 
copper, zinc, and molybdenum; and from 10% to 18% 
for lead. These differences are somewhat more than can 
be explained by the estimated errors in the two experi- 
ments. Most of the possible systematic errors decrease 
the cross section rather than increase it. We have re- 
examined the possible sources of error and have not 
found any which can resolve these discrepancies. A 
similar difference has also been noted by Bondelid et al.® 
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Fic. 1, Total neutron cross sections of magnesium, aluminum, 
iron, and copper from 4 to 8 Mev. 


® Bondelid, Dunning, and Talbott, Phys. Rev. 105, 193 (1957). 
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Fic. 2. Total neutron cross sections of zinc, molybdenum, and 
lead from 4 to 8 Mev. 


for cobalt between 7 and 8 Mev, and for beryllium 
between 6 and 8 Mev. 

Bratenahl, Peterson, and Stoering’ have measured 
the total cross sections of aluminum, copper, mag- 
nesium, iron, zinc, molybdenum, and lead at energies 
around 7 Mev, using the Livermore variable-energy 
cyclotron. Their values are also, for the most part, 
somewhat higher than those of Nereson and Darden. 
In comparison with the present work, there is good 
agreement on magnesium and aluminum, but for iron, 
copper, zinc, and lead the present masurements are 
higher by 3% to 5%. The agreement is within the 
limits of error of the two experiments, although there 
is certainly an indication of a small, systematic dis- 
crepancy. In the case of molybdenum the value obtained 
by the Livermore group is 10% lower. This seems to 
indicate a real difference. It might also be noted that 
the cross sections obtained by Bondelid e¢ al. are some- 
what higher than the Livermore values. In the case of 
germanium, the only medium-weight element measured 
by both groups, the difference is about 5%. 

Aluminum has been measured in this region by a 
Los Alamos accelerator group® and is in reasonable 
agreement with the present measurements, although 
the resonance structure seen by Los Alamos is not 
reproduced too well. 
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7 Bratenahl, Peterson, and Stoering, Phys. Rev. (to be pub- 
lished). J. M. Peterson (private communication). 
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Peo teat 


A body coordinate system x’y’z’ is defined in which the density of nuclear matter is assumed axially sym- 
metric about the 2’ axis, the angular momentum j,: of each of the A nucleons in the nucleus about this axis 


ee 


being quantized. The wave function of a nucleon is ¢,, with jp ¢=x¢,. The system x’y’s’ is rotated relative 
to a system xyz fixed in space in such a way that the nucleus is in a state of total angular momentum J, with 
z component M, while the z’ component remains K =x;+---+«4. The nuclear wave function is Vx’. The 
¢« are so defined that the Vyx/ are similar to wave functions obtained for shell-theoretical calculations. In 
order to represent at least 13 low states with A=18 and 19, three ¢, are needed. These ¢, resemble x,, the 
wave functions of particles in a slightly deformed harmonic-oscillator well. Calculated ft values and mag- 
netic moments are also similar to those for shell theory. 


1, INTRODUCTION 

HE existence of many very large quadrupole 
moments has led to deformed core or collective 
models of the nucleus.'! These models have had remark- 
able success in predicting the rotational states and the 
large transition probabilities both for y emission and 
Coulomb excitation of these states. In spite of the great 
flexibility of these models,’ the concepts of nonspherical 
shape and hence rotation of the nucleus postulated by 

them appear to be well established. 

In contrast to models involving collective motion of 
* the nucleons of the core, there is the shell or individual- 
particle model. In recent calculations based on the 
shell model (the double closed shell-core model), inter- 
actions between configurations of all states of a given 
main shell were considered. They led both to substantial 
configuration interaction and, generally, tc inter- 
mediate coupling. Detailed calculations have been made 
for the nuclei with mass number A = 18 and 19*-* and 
for Pb*®.6 While there does not exist agreement be- 
tween theory and all experimental data already avail- 
able, the extent of agreement for states with the parity 
predicted by the shell model seems to indicate that this 
model does have some validity at least in the vicinity 
of the double closed shells. 

It has been pointed out that a tensor force inter- 
action between each pair of nucleons may lead to an 
individual-particle model with deformed shape’ and 

* Supported by the National Science Foundation, the U. S. 
Atomic Energy Commission, and the Office of Naval Research. 

+ Summer 1957. 

1 J. Rainwater, Phys. Rev. 79, 432 (1950); D. L. Hill and J. A. 
Wheeler, Phys. Rev. 89, 1102 (1953); A. Bohr and B. R. Mottel- 
son, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 27, No. 
16 (1953). 

?L. Eisenbud and E. P. Wigner, Nuclear Structure (Princeton 
University Press, Princeton, 1958). 

3M. G. Redlich, Phys. Rev. 95, 448 (1954). 

4J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955). 

5M. G. Redlich, Phys. Rev. 99, 1427 (1955). 

6M. J. Kearsley, Nuclear Phys. 4, 157 (1957); W. W. True and 
K. W. Ford, Phys. Rev. 109, 1675 (1958). 

7E. P. Wigner, Symposium on New Research Techniques in 
Physics, 1952 (Academia Brasileira de Ciencias, Rio de Janeiro, 
1954), p. 257. 


that the wave function for this model can be specified 
in configuration space,® that is, in the space of the 3A 
space and A spin coordinates of the nucleons of a 
nucleus with mass number A. In the present paper it 
will be seen that the wave functions for A=18 and 
19 of the individual-particle model for a deformed nu- 
cleus are very similar to those previously obtained 
for the double closed shell-core model. Some details 
concerning the filling of the shells and coupling rules 
will be discussed and comparisons with experimental 
data given. 


2. DESCRIPTION OF THE MODEL 


Consider a box with one symmetry axis (for instance 
in the shape of an ellipsoid), containing A nucleons. 
Let the coordinate vectors of the box be 1’, j’, k’, with 
the axis of symmetry in the direction of k’. The Hamil- 
tonian for one particle in this box then commutes with 
l,, the operator for the 2’ component of the angular 
momentum of the particle, and with j,,=1l,+5,, where 
s=spin. The eigenvalue of 7, will be denoted x. 

For an assembly of A particles with quantum num- 
bers «i, ---,«a, the eigenvalue of the 2’ component of 
total angular momentum J is 


A 
K=>. Ki. (1) 


The wave function for the assembly, antisymmetric 
under simultaneous exchange of coordinates, spins, and 
isotopic spins of any two nucleons will be denoted 


$x(Xy’,- : Xa’), (2) 


where X,’ stands for the spin and space coordinates of 
the ith particle in the body system. 

The wave function (2) has the expected nonspherical 
shape; however, it does not exhibit the other nuclear 
property so significantly demonstrated by the collective 
models—the rotation of the nucleus. This difficulty can 
be formulated in another way : Since (2) is not an eigen- 
function of J (or, more precisely, of J*), we do not 


8 M. G. Redlich and E. P. Wigner, Phys. Rev. 95, 122 (1954). 
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SHELL MODEL AND 
expect it to be an accurate approximation to the solu- 


tion of the actual Schrédinger equation for a nucleus, 
HY= EW, 


with a rotationally invariant H. 

It is possible, however, to form states which are 
superpositions of states of the A particles [like the 
state described by (2) ] in spheroidal boxes which are 
identical except for the orientations of their coordinate 
systems. Certain of these superpositions of states will 
be eigenstates of J and of J,, its component along the 
z axis of the laboratory system. 

The coordinates and spin of the ith particle in the 
laboratory system are denoted X; and the transforma- 
tion R takes X; into X,’. This will be written 


X / =RX;,. (3) 


For particles without spin, (3) has the following simple 
interpretation: X,; and X,’ stand for 3-component 
vectors of the Cartesian coordinates and R is a 3X3 
rotation matrix. Inclusion of spin (which will be as- 
sumed in what follows) is entirely straightforward, but 
notationally more involved. 

The wave function then is* 


Wx? (X,,: : + Xa) 


=m f 9/(R)xw Ox (RX,,:° -,RX4)dR, (4) 


where D’(R)x y is a representation coefficient,’ M is an 
eigenvalue of J,, M is a normalization constant, and 
the integration is over the parameters specifying the 
rotation R (e.g., the Euler angles a, 6, and y). It is 
readily verified that Vy«’ is actually an eigenfunction 
of J? and J,. 

The D/(R)xw play the rédle of coefficients in the 
expansion of Vj;x’ in terms of a set of functions 


x(RXj,---,RX 4), 


with all possible rotations R. It should be mentioned 
that two such functions with the same K but different 
R’s are in general not orthogonal in the space of the 
coordinates and spins X,, - - 


“ys 4 ¥ . 
3. SINGLE-PARTICLE WAVE FUNCTIONS 


The wave functions of a single particle in a deformed 
well have been calculated in recent years.” Results of 
such calculations for a deformed harmonic-oscillator 
well and the 1d, 2s shell will be given here. The Hamil- 
tonian is 


H’ = (h?/2m){ —A+v[(x')?+ (v2 + (1+a)(2’)?}}, (5) 


°E. P. Wigner, Gruppentheorie und ihre Anwendung auf die 
Quantenmechanik der Atomspekiren (F. Vieweg und Sohn, Braun- 
schweig, 1931), p. 180. 

1S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955); S. A. Moszkowski, Phys. Rev. 99, 803 
(1955); K. Gottfried, ibid. 103, 1017 (1956). 
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Fic. 1. The radial wave function for a harmonic-oscillator 
potential is compared with that of a square-well potential with 
infinitely high walls. In (a) the 1s functions are given and the 
parameter »=1X10°* cm™, in (b) the 2s functions, with »=1.8 
X 10°* cm™. The radial coordinate is in 10“ cm and the ordinate 
in (10% cm)-}. 


where A is the Laplacian operator, m is the nucleon 
mass, v is another constant, a determines the deforma- 
tion, and the coordinate vector is r’ in the body system. 

It seems noteworthy that the wave functions for a 
harmonic-oscillator potential belonging to a given 
level are very similar to those of the corresponding level 
for a square-well potential. This is illustrated in Fig. 1. 
The 1s and 2s radial wave functions are given there for 
for both a spherical square well with infinitely high 
walls, i.e., a spherical box, and the harmonic oscillator 
(5) with a=0. The radius of the box is 2X 10~-" cm and 
the harmonic-oscillator parameter v equals 1X 10°* cm~ 
for the 1s state and 1.8X10°* cm~ for the 2s state. It 
is clearly necessary in this comparison to use different 
v’s for the different shells, since for a given v the ex- 
pectation value of (r’)* for the gth level increases in 
direct proportion to the energy (h*v/m)(qg+ 3) of that 
level. 
_ The energies and wave functions of a single particle 
in the deformed well of (5) may be obtained (a) from 
an examination of the wave functions in rectangular or 
cylindrical coordinates, or (b) by using perturbation 
theory with a set of spherical wave functions and 
(h?/2m)av*(z’)? as perturbation operator. 

We consider examples from the 1d, 2s shell. The 

















470 
€ x 
5 
O ts 
+3' 
i ye 
2 ar 
2 oe 
3 I 
»>{ "Tat 
ah 5 ape 
"ell 
3 423 
2 a ty 
2 
3 ti 24 


(a) (b) 


Fic. 2. Part (a) gives the deformation energies calculated for 
states of a single particle in the 1d, 2s shell of a slightly deformed 
harmonic-oscillator potential. The energies are in units of ah*®v»/2m, 
where a <0. Each level is labelled by the z’ component « of total 
angular momentum; the corresponding wave function is X;,. 

In part (b) the level order of the states of the corresponding 
modified wave functions, ¢g,, is given, but only schematically. 


spherical wave functions are yi, and W»2,,, with uw an 
eigenvalue of /,,. The wave functions in rectangular 
coordinates are tas, corresponding to energy 


E= (h’v/m)[a+6+ (1+a)'c+3], 


where a, b, and c take on values 0, 1, 2, 3, --- and label 
successive states of a particle in a harmonic-oscillator 
potential along x, y, and z directions. The spherical 
wave functions may be expanded in terms of the rec- 
tangular ones, e.g., 


¥1a0= 6—*(2t4002— Uo20— 4200), (6a) 


V200= — 3-4 (uo02+ Uo20t+ U200). (6b) 


As soon as the potential is deformed, a new set of eigen- 
functions appears. These are too2, to20, aNd tooo. From 
them, two eigenfunctions of J, with 4=0 may be 
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formed: 
(7a) 


(7b) 


thoo2= 3-4 (V2f14o—Wa00) + * --, 
2-4 (heoo+ toro) = — 3-4 (Wraot+V2 W200) + «+ -. 


The dots indicate admixtures of wave functions of 
higher states. The amplitudes of these admixtures are 
in first order proportional to a, as may be seen from 
perturbation theory; the amplitudes of ¥:2o and Yoso in 
(7), however, are independent of a, since these states 
are degenerate for the spherical potential. The sign of 
a is related to shape as follows: 


a<0, prolate spheroid, (z*)>(x*), (7a) is lower; 
a>0, oblate spheroid, (2*)<(x*), (7b) is lower. 


Here (z*) is the expectation value of 2’. 

The order of states and their deformation energies & 
in units of ah?v/2m in the limit of very small negative 
a are given in Fig. 2(a). The states are classified by 
x=u+), where uw and X are the components of orbital 
angular momentum and of spin in the 2’ direction. 
States +« are degenerate because of the reflection sym- 
metry of the potential about the x’y’ plane. There are 
three states with x=4; in order of increasing energy 
they are denoted by 3, 3’, 3’, and two states with x=}, 
the lower denoted by 3, the higher by 3’. In Table I(a) 
the wave functions X, of the states which for a=0 
belong to the 1d, 2s shell are given in terms of the 
spherical wave functions with spin, Py, Pye, and Pye. 
The amplitudes for X_,, expanded in terms of y’s with 
—x are equal in magnitude and change in sign for 1d, 
only. The amplitudes do not depend upon ». 

In order to obtain @¢ of (2), it is necessary only to 
take the product of A single-particle wave functions 
X,, each multiplied by an isotopic spin function and to 
antisymmetrize this product. A state in the body sys- 
tem is then specified by 


*, KA. (8) 


Wux’ is obtained by substitution of x in (4) and, 
strictly speaking, should also be labelled by (8). 

The modified wave functions of Table I(b) and 
Fig. 2(b) will be discussed at the beginning of Sec. 5. 


Ki, K2, °° 


4. EXPANSION OF Wux’ \ 


Let us substitute a two-particle wave function 


X,(X,) fs X,(X2) am Lays. (Xp) thy. (Xi +n (X)) Love (Xo) +b Pre’ (X2) t+c'Pye(X2) 1}, (9) 


into (4), instead of x. An actual antisymmetric ®x will consist of one or two terms like (9) multiplied by an iso- 
topic spin function. The integral in (4) of individual terms, like Wj.(X1) -Wj«(X2), can be readily performed. It is: 


fr @en ‘Wie( RX) Wire (RX2)dR= } D7 (R) cu D'(R) oD" (R) oe *dR-Wj-(X1) Wyre (Xe) 


|e ga 


h Sf +8 h iv J jit, 
= —— Cee kL Cr wee Mm Wir( X10) Wye m—r(X2) = —— Cie eu (X1,X2). (10) 


2J+1 


2J+1 
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Here the expansion for y;.(RX) [ Wigner,’ p. 117, Eq. (26) ] and the integral for the product of three representation 
coefficients [ Wigner,’ p. 204, Eq.' (22) ] have been used. The C’s are vector-addition coefficients, and h= faR. 
The wave function y"’”/ y is defined in (10) ; it is the wave function for two particles with angular momenta j and 
j’ coupled to give J and M. It is plain from (10) that a general two-particle Vx” can be expanded in terms of the 
ordinary shell-model wave functions, and they will have the same symmetry under exchange of space, spin, and 
isotopic spin as ®x does. 

A similar expansion of V yx’ for the 16 particles of the double closed 1s and 1p shells, i.e., for O"*, will lead to the 
(T,J) = (0,0) state of the double closed shells 15,‘ 14° 1p;* plus small admixtures of states of higher shells. 

For A= 18, one expects an 18-particle wave function x. If, however, the expansion of Vx’ in terms of shell- 
model wave functions is restricted to those with 16 states in the 1s, 1p double closed shell, the problem is essen- 
. tially reduced to the two-particle problem worked out above. 

Similarly, a three-particle wave function for A = 19 can be expanded in terms of shell-model wave functions. The 
wave functions for the state (7',/) may be obtained by vector addition of the wave function for the third particle 
to the anti-symmetric wave function of two particles in a state [7’,/’] and subsequent antisymmetrization." The 
expansion of Vx’ follows directly from a double application of the just mentioned formula for the integral of the 
product of three representation coefficients, and from the theorem involving fractional parentage coefficients 
given in the Appendix. 

It is readily seen from calculations like the above or from symmetry that Vy_«’, with « for every particle multi- 
plied by —1, is just equal, apart from a phase factor, to Varx7. 

The convention of reference 9 that the spherical harmonic Y,,'(3,¢) has dependence exp(—img) upon the azi- 
muthal angle ¢ has been adopted in this section as well as in formula (4). The now more usual convention 
exp(+img), however, is used in the remainder of the present paper and in reference 5. Phase differences have 
been taken account of in all tables. 





eigenvalue «x of j,, but with different coefficients a;,: 


Pe= Bye T AP jet OH je (12) 
The coefficients for x=} and —} may be determined 


5. COMPARISON WITH THE SHELL MODEL 


The results of the shell model for A = 18 of reference 3 
have been augmented by complete diagonalization for 
all (7,J) states of the 1d, 2s shell of the matrices of 





the central Gaussian Serber two-nucleon interaction 
+0.6854, where A is the operator which raises the 
1d; and 2s, levels by the amounts observed in O"”. The 
introduction of the factor 0.685 instead of 1 is the only 
change; all other parameters are the same. This factor 
leads to essentially the interaction used® for A=19. It 
changes the wave functions only slightly. The states 
are denoted (7,/)x, where x=a, b,c, --- denotes the 
order of the state, a being the lowest with these (7,/). 


Modified Single-Particle Wave Functions 


With the X, of Table I(a), the wave functions for the 
deformed harmonic-oscillator well, one can form 


1 
Bo= AM (1) -%4(2)—%4(2)- X41) ]-9(1) -n(2), 
V 


where 7 is an isotopic spin function denoting a neutron 
state. Let us now substitute ®) into (4), and obtain, 
using (10), the following amplitudes for a (1,0) state: 


(ds/2)*: 0.51 > (d; 2): 0.42; (Stj2)?: 0.75. (11) 


These may be compared to the shell-model amplitudes 
of Table II; both sets are normalized to 1 in the 1d, 2s 
shell. We see that the signs of the amplitudes of (11) 
are those of the shell-model state (1,0)a, but their 
magnitudes differ considerably. Let us next consider 
another single-particle wave function, ¢,, also having 


i See, for example, reference 5, Sec. 2. 


so that the amplitudes (11) become precisely those of 
the shell-model wave function (1,0)a. It turns out that 
if states with other J’s both for A=18 and 19 are 
formed from this ¢; and the corresponding ¢_;, there 
is considerable similarity bet ween the deformed-nucleus 
and shell-model wave functions for three other states 
with A =18 and three with A =19. 

The modified wave function ¢, for x=} in Table I(b) 
is not precisely the one just determined, but has ampli- 
tudes which differ from it by only a few percent. It 
was chosen in such a way as to give the best fit to both 
the (1,0)a and the (0,1)@ shell-model wave functions. 
No «’s other than +4 would have been suitable, since 
the (1,0)a shell-model wave function has a considerable 
(s,)* amplitude. 

TaBLe I. In part (a) the wave functions xX, for a very slightly 
deformed harmonic-oscillator well are expanded in terms of wave 
functions ¥;, of a particle in a spherical harmonic-oscillator well. 
The subscripts j7=$, 3, and 4 denote 1dz/2, 1d3/2 and 25,/2 states. 
In part (b) the modified wave functions, ¢, (see Sec. 5) are 
expanded in terms of ¥;,’s. All wave functions are normalized to 1 


in the 1d, 2s shell. The order of coupling is s first and then / to 
form j. 








(a) Deformed harmonic-oscillator (b) Modified wave 





“ wave function, X, function, ¢, 
3 it 
; 0.45y43 —0.90p33 
ae 45y4)+0. 82yy3, +0. 37vy 0.4494; +0.89¥ 43 +0.10¥43 
3 0.9043 +0.45y43 0.96y53 —0.29pa3 
}” 0.634; 0.78443 
3 0. 0.6544)— —0. skill Sv 0.80~43 —0.44y43 +0.40y3 
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This holds a fortiori for (1,0)b, and one can choose 
configuration 3, —}’ (denoting xi, xe) for this state and 
determine the modified wave function gy in a similar 
way. For J=0, its component K must also be 0. The 
¢y of Table I(b) was determined as that wave function 
which is orthogonal to ¢; and fits best (1,0)d as well 
as several other states. In a similar way it was neces- 
sary to introduce ¢g; to account for the states (3, $) and 
(3, 3) at A=19. Configurations with 3, —}3, and }’ 
states lead to zero amplitudes for (d5,2)* for both (3, 3) 
and (3, 3). This is in sharp contradiction to the shell 
model results in which this is the dominant configura- 
tion for both states (Table IV). 

All three modified wave functions ¢, resemble de- 
formed harmonic-oscillator-well functions X,. For each 
¢« the ds, amplitude is smaller than for the similar X,. 
This is surely an indication of ds,2—d3,2 splitting. In 
¢3, the small d3,2 amplitude has opposite sign from that 
in X;. No way to represent all the changes by a change 
in the single-particle Hamiltonian H’ is apparent. 

The empirical level order is given schematically in 
Fig. 2(b). It appears to be, for modified states: 


+3,+3’ for A=18; +3$,+3,2+}' for A=19. 


It is surprising that the ¢; resembles most the X, for the 
lowest state of a prolate (cigar-shaped) spheroid, while 
an oblate spheroid would be expected at the beginning 
of a new shell. Possibly the deformation is oblate at 
A=17, but changes with the addition of another 
particle. 

The shell-theoretical wave function for (1,0)a could 
also be obtained from rotation of particles with sphe- 
roidal or modified spheroidal wave functions in L-S 
coupling, like those of (7) with »=0. Since (1,0)a con- 
tains both 'S and *P states, however, it would be neces- 
sary to use two configurations with both ».=0 and u=1 
states, so that the description becomes more compli- 
cated and less natural to the problem. 


A=18 


The single-particle wave functions for a slightly de- 
formed 1d, 2s shell lead, when substituted into (4), to 
more than 100 states for each of T=0 and 1. Actually 
there are only 14 independent states for each T in the 
id, 2s shell. Therefore, there must be many linear 
relations between wave functions of these states. For 
instance, the shell-theoretical wave function for (0,3)b 
is given fairly well by either 3, 3’ or 3, —}. Using the 
notation |x x2; (7,J)x) for the normalized state vector 
of a deformed-nucleus state (with nonzero amplitudes 
assumed to be only in the 1d, 2s shell), we find that the 
scalar product of the state vectors for these two (0,3)d 


states is 
(3, —3; (0,3)b| 3, 3’; (0,3)b)=0.89. 


The shell-theoretical wave functions are compared 
with those for the particles with modified deformed well 
wave functions in Table IJ. The amplitudes of the 
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projections of Vx’ on the shell-theoretical states of 
the 1d, 2s shell are placed next to those of the shell- 
theoretical wave functions. Both types of wave func- 
tions are normalized to 1 in the 1d, 2s shell. The num- 
bers xi, x2 for the seven states of Table II, and some 
others for which their assignment is less certain are 
given in Table III, together with energies from shell- 
theoretical calculations, and the quantity &. This is 
defined by 


8= | |«yx2)—(S.M. | «xe)| S.M.) |? 


(13) 
=1—|(S.M.|«ix2)|?. 

Here, as before, |xx2; (T,/)x)=|«i,K2) represents a 

state of the deformed nucleus, and |S.M.) the corre- 

sponding shell-model state. The first absolute value sign 

gives the length of the state vector. 


Quasi-Rotational Series 


It has recently been suggested” on the basis of the 
collective model that even at A = 19 there exist series of 


TABLE II. A=18. Comparison of the wave functions of the 
model for a deformed nucleus (labelled D.N.), using the modified 
wave functions. ¢, of Table I(b), with those of shell-model calcula- 
tions for a two-nucleon force between the outer nucleons (labelled 
S.M.). Serber (S) forces* and Rosenfeld (R) forces” were used 
for the shell-model wave functions. The letters (7,J)x stand for 
isotopic spin, total angular momentum, and the order (a,b,c,- ++) 
starting with the lowest state. The configuration «x, of the D.N. 
states is also given. 








State (1,0)a (1,0)b 
Configu- S.M. S.M. D.N. S.M D.N. 
ration Ss R 4, -4 Ss 4, —? 
(ds/2)* 0.86 0.89 0.85 —0.40 —0.46 
(d3/2)* 0.31 0.24 0.26 —0.06 —0.06 
(S12)? 0.40 0.39 0.45 0.91 0.88 
poreras State (1,20) ; ‘ 
Configu- S.M. D.N. 
ration S Aad | 
(ds/2)? 0.71 0.55 
(dsj2? 0.14 0.16 
ds/2d3/2 —0.20 —0.24 
d5/2S1/2 0.64 0.70 
d; 21/2 0.20 0.35 
FEMS ~~ State (0,1)a~ a 
Configu S.M S.M. D.N. S.M. D.N. 
ration Ss R (4)? Ss 4, i’ 
(ds/2) 0.67 0.58 0.73 —0.52 —0.40 
d5/2d3/2 0.56 0.57 0.39 —0.04 —0.16 
(syj2) 0.46 0.55 0.43 0.84 0.87 
(d3/2)? —0.16 —0.19 —0.23 0.10 0.06 
d3/2S1/2 0.02 —0.02 0.28 —0.13 0.24 
ef. eT ae ae) us 
Configu- S.M. D.N. S.M. D.N. 
ration Ss (4)? Ss 4, 7 
— (ds2)? 0.62 0.61 0.76 0.52 
d5/2d3/2 0.22 0.11 0.02 0.07 
(d3/2)* —0.05 —0.23 —0.07 —0.09 
ds/2S1/2 0.75 0.75 —0.64 —0.85 








®M. G. Redlich, reference 3, extended to include higher states. The 
term A is changed to 0.6854. 
b J. P. Elliott and B. H. Flowers, reference 4. 


2. B. Paul, Phil. Mag. 2, 311 (1957); G. Rakavy, Nuclear 
Phys. 4, 375 (1957). 
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TasBLe III. A=18. Summary of all states with calculated inter- 
action energy E negative. E follows from shell theory with inter- 
nucleon interaction of Serber type. The numbers «; and x, are 
assigned from the D.N. model. K=x;+x«2. The quantity & is 
defined by Eq. (13). 





Calculated 
energy 
Calcu above 
lated ground 
energy state of Observed 

State E, in O'%8%,in  energy* 

(T,J) Mev Mev in Mev Ki «2 K a 
(1,0)a -535 0 0 ; — 0 0.02 
(1,2ja -—2.38 2.97 1.98 ,; — 0 0.04 
(1,0) 143 3.92 a aoe 0.02 
(1,4)a —1.13 4.22 3.55 ,; — Q» 0.18 
(1,2) —0.22 5.13 ,; —}’ 0 0.23 
(Olja -485 050 —1.3¢ 5 1 0.10 
(0,3)a —3.27 2.08 4 1 0.05 
(0,5) —2.84 2.51 4 1 a: 
(0,1)b —1.39 3.96 } ‘ 1 0.17 
(0.2)a —1.22 4.13 } 1 0.07 
(0,3) -—056 4.79 4 4 1 0.11 

5.19 (1)>-4 


(O,l)e —0.16 


*O. M. Bilaniuk and P. V. C. Hough, reference 15; F. Ajzenberg and 
T. Lauritsen, Revs. Modern Phys. 27, 77 (1955). 

> Assignment uncertain. 

¢ This number =the experimental energy difference +(n-9) mass differ- 
ence —Coulomb energy difference between ground states of F'* and O'*, 
It is thus the energy difference due to nuclear forces only. 

4 Possibly the first member of a third series with K =1. 


levels similar to the rotational series which are well 
known in the rare earth and trans-Pb regions and were 
also discovered" at and around A=25. | 

The following general but not necessarily universal 
rules are suggested by the present model and the re- 
sults for the oxygen region. 

1. A nuclear staie may be considered as a member of 
the quasi-rotational series.—That is, suppose that a 
state a may be obtained from A particles, with modified 
deformed-well wave functions, rotated to give the J of 
the state a. Then, using (4) one can also form from this 
A-particle configuration states with other values of J. 
The set of these states is called a quasi-rotational series. 
Under particular circumstances, we expect them to 
form an ordinary rotational series, with energies pro- 
portional to J(J+1). 

For low positive-parity states at A=18, a series is 
specified by x1, x2. The lowest ones for T=1 are 


Ki Ke K FS 

} = 0 0, 2,4 

4 —}' 0 0, 1, 2, 3,4 
3 —} 1 1,2,35,4 


Higher series occur for higher single-particle states. 
Also, there may be higher J values associated with 
each series, due to the higher states which occur in a 
single-particle wave function for a deformed well. The 
J’s in the table just given can all be obtained from 
shell-model configurations of the 1d, 2s shell alone. The 
series with two states which differ only in sign of x do 
not lead to odd J, as may be seen by direct calculation, 





8 Litherland, Bartholomew, Paul, and Gove, Phys. Rev. 102, 
208 (1956), 


DEFORMED 


WAVE FUNCTIONS 473 
using (4) and (10). The amplitudes of states with odd J 
are then simply zero. Configurations like }, —3’, on the 
other hand, do lead to odd-J states. 

For T=0, the low series at A=18 corresponding to 
configurations of the 1d, 2s shell are 


Ky Ke K 2 
4 1 1,2,3,4,5 
F 4 1 1, 2,3, 4,5 
} | 0 1,3,5 


This time, even-J states are forbidden for }, —}, though 


not for (4)°. 

2. A single deformed-nucleus configuration describes 
many low-lying nuclear states fairly accurately.—That is, 
configuration interaction is small near the ground state, 


_ as is seen from the columns of & in Table III. As the 


energy increases, however, discrepancies between shell- 
model and deformed-nucleus wave functions become 
larger. This may be an indication of inaccuracy of the 
shell-model wave functions, or of increased configura- 
tion interaction in the deformed-nucleus model. 

It might be suspected that such configuration inter- 
action would occur only between states of a given K. 
A calculation based on the collective model,'* however, 
has suggested that mixing of states with different K’s 
does occur for W'®, 

The energies calculated from shell theory for the 
members of a given series and also the experimental 
energies'® for the 3, —} series with T=1 in O"* are not 
proportional to J/(J+1). This might be due at least in 
part to interaction between different «,«2 configurations. 

3. The levels of a quasi-rotational series usually appear 
in order of ascending J.—This seen for A=18 in Table 
III. For low levels at A=19, however, this tule is 
violated (Table V). It is known empirically and from the 
deformed-core models that K =} series are anomalous. 


A=19 


The wave functions for the J=}, 3, and § states 
both for T=$ and 3} and for both models are given in 
Table IV. Close correspondence again generally exists, 
even though the total number of amplitudes is very 
much larger than. for A=18. 

The results for the wave functions of Table IV, to- 
gether with the calculated and observed energies, are 
summarized in Table V. We note a coupling rule, 
analogous to a Mayer-Jensen simple coupling rule: 

4. Like particles fill levels of the deformed nucleus in 
pairs for the low states. Thus, two like particles fill states 
x and —x to give K’=0; a third particle then fills the 
lowest remaining state. 

One sees in Table V that the shell-theoretical calcula- 
tion for T= $ leads to a ground state with K=} and 


4A. K. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 30, No. 15 (1956). 

18Q. M. Bilaniuk, University of Michigan dissertation, 1957 
(unpublished); O. M. Bilaniuk and P. V. C. Hough, Phys. Rev. 
108, 305 (1957). 
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TaBLeE IV. A=19. Comparison of the deformed-nucleus (D.N.) 
wave functions* with those for the shell model (S.M.). The inter- 
action is of Serber (S) type. The D.N. configuration x;xoxs is 
given. The amplitudes of the lowest three states for T=} and 
T =} are listed in this table. When more than one state of a con- 
figuration (j:j2)js exists, each state is specified by its parent state, 
jjlT’,J’]. 











State (T,J) =(%, §) (4, 4) 


























Configu- S.M. D.N. S.M. D.N. 
ration (T’,J’] Ss 4, —3,3 Ss 4, —3, 4’ 
(ds/2)8 0.85 0.83 0.95 0.96 
(ds/2)*sy 2 —0.04 0.08 
(s1/2)*ds/2 —0.43 —0.36 
(ds/2)*d3/2 [1,2] -—0.09 -—0.21 0.06 0.05 
[14] -—0.06 —0.04 
(d; od3 2)S1 2 [1,2] 0.03 —0.11 —0.06 — 0.06 
[1,3] 0.04 —0.22 
(ds/2)"dsv2 [10] -0.28 -021 -005 -0.03 
[1,2] 0.04 0.01 
(ds 251 2 0.02 —0.13 0.30 0.26 
State (4, a (4, 4) 
Configu- S.M. S.M. D.N 
ration (T’,J’] ) + a i bP op Ss 4, —3,4 
(ds/2) 0. 73 071 0.30 0.42 
(dsi2)*51/2 0.65 060 [01] -037 —041 
[1,0] 052 0.60 
(sy2)8 0.55 0.26 
(ds2"'dsve §=s« [1,0] —0.01 -—0.20 [1,2] 017 0.09 
[1,2] 0.07 0.19 [01] -—0.08 —0.10 
(dsedsi2)sivp [1,1] 0.12 0.13 [1,1] 001 0 
[1,2] 0.08 008 [0,1] —0.33 —0.38 
(sy 2)*d3 2 0.10 —0.11 —0.00 0 
(dsy2)*ds/2 —0.14 -—0.09 [1,2] 0.12 0.15 
[0,3] 0.01 0.03 
(ds2)*s1/2 0.04 004 [1,0) 022 0.18 
[01] 0.09 0.08 
(dz/2)* 0.01 —0.09 0.03 0.06 
State (4, §) (4, 4) 
Configu S.M. D.N. S.M. D.N. 
ration wth Ss 4, —3.4 a ue Ss 4, —4, 4 
(d5/2)* 1 07 0.69 0.62 0.46 0.38 
i> 0.15 0.13 
(ds/2)*si/2 [0,3] -—0.22 —0.31 [1,2] 0.22 0.36 
[1,2] 023 031 (01) -—011 -—0.15 
(si/2)"ds/2 [0,1] -—0.25 —0.24 0.32 0.37 
[1,0] 0.36 0.35 
(ds2'dye §=6ss(1,2] 0.13 Ls] —0.54 —0.48 
[14]. 0.20 017 [1,2] -—0.29 —0.24 
[01] 013 018 [01] -—0.28 —0.23 
[0,3] 010 0.09 [03] -—014 —0.10 
(dsj2ds/2)s1y2 ((1,2] —0.08 -—O.11 [1,1] 000 0 
[1,3] 001 0 [1,2] —0.09 —0.16 
[0,2] -—0.07 —013 [01] 0.06 0.12 
[0,3] -0.09 -0.14 [02] 013 0.23 
(s1/2)*ds/2 0.08 0.16 [1,0] —0.19 -—0.25 
[0,1] —0.09 —0.11 
(dsj2)'dse }«=6s(1,0] 0.29 0.2112] 0.09 Ss 0.07 
[1,2] 007 010 [01] -—0.09 —0.05 
[01] O11 010 [03] 006 0.05 
[0,3] 0.04 0.04 
(dsj2)’siSs«s[1,2] 0.05 (0.09 [1,2] (0.08 )~—s (0.10 
[0,3] 001 002 [01] 007 0.10 
(d3/2) 0.02 0.03 —0.20 —0.13 











* Reference 5, uieenal to silieile states wth r" oni 
> The states [1,0] and [0,1] here are not orthogonal. we sy mbol 1 
denotes the state orthogonal to [1,0]. [See reference 5, Eq. (14). ] 
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J=§. This contradicts Rule 3, which leads to a ground 
state with J= 3. The spin of this state is not known ex- 
perimentally, but it must be either } or 3, since it 6 
decays with allowed transitions to two states of F!* with 
spins 3 and $. 

There are five independent parameters for the three 
modified wave functions ¢,; these account for six wave 
functions at A=19 with 75 amplitudes, in addition to 
seven wave functions at A =18 with 22 amplitudes. 


Comparison with Experiment 


a. Energies —The wave functions for the shell-model 
calculation lead to the best energies for the double 
closed shell-core model. The wave functions of the 
present model differ only slightly from them. They 
undoubtedly correspond to a somewhat different Hamil- 
tonian. It has been suggested’ that nuclear deformation 
may be an effect of tensor forces. The present wave 
functions may very well be quite accurate for a Hamil- 
tonian with a central+tensor interaction between each 
pair of particles. Tensor forces lead to a reduction in 
amplitudes for configurations (2s,/2)* and (2s,,2)* in low 
states; the (2s,,2)* amplitude is indeed low for the 
deformed-nucleus wave function, as is seen in Table IV. 
The discrepancy in 1d3,/22s,/2 amplitudes for the states 
(0,1)a and (0,1)b may also be due to neglect of tensor 
forces in the shell-model calculation, since for central 
forces, there is no interaction between d**S and ds *D. 

The amplitudes of (1d5)2)* 
(1,2)a¢ have recently been derived from experimental 
data on the O'"(d,p) cross sections.’® They are 0.81 
+0.05 and 0.48+0.05. This compares with 0.55 and 
0.70 for the D.N. wave function (Table IT). The dis- 
crepancy may be an indication both of too high an 
amplitude for 25,,2 in the x=4 wave function and of 
interaction between D.N. configurations. 

A central-force+spin-orbit splitting calculation gen- 
erally leads to small but nonzero admixtures of (17/2). 
This is not in accord with the deformed-nucleus model 


and 1d5/225,/2 for state 


Taste V. A =19. Summary of the three lowest states of T=} 
and T=} types. The interaction energy E is calculated from shell 
theory. The numbers «;, x2, x3 specify the deformed-nucleus con- 
figuration and K=«x;+x:+«;. All wave functions are given in 
Table IV. The quantity & is defined by Eq. (13). It is noteworthy 
that two Jia = states are 4, —} for each of these states. 





Calculated 
energy 
above 
Calculated ground Observed 
State energy Ein _ state of energy* 
(T,J) Mev Fi* (Mev) (Mev) KI x2 Ka K &2 
(3, 3) — 8.59 8.46 = 7,7 4-3 4% & 0.15 
(3, 4) — 8.02 9.03 9.2¢ 4-3 ? $$ 0.00 
4,4) — 658 10.47 $-$ ¢ § 6.10 
(4, 4) — 17.05 0 0 4+ —-3 4 $ 0.10 
(4, $) — 16.89 0.16 0.20 4-3 4 } 063 
(4, 3) — 15.40 1.65 1.57 4-4 4 4 0.08 





«FP, Ajsenbers and T. Lauritsen, Revs. Modern Phys. 27, 77 7 (1955), 

> The spin of the ground state of O' is either § or }. 

¢ This represents the energy difference due to nuclear forces. The Coulomb 
energy difference and (-m) mass difference have been added to the experi- 
mental energy difference. 
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of the present paper. It would require the addition of a 
term for y;, with j= 3 in formula (12) for the modified 
wave function ¢,; and orbital angular momenta /=0, 2, 
and 3 would all appear in ¢,. Parity would not be con- 
served in ¢,, and this would lead in general to states 
with different parities in the expansion of a two-particle 
W wx’ also. If both the parity of Vx’ and the reflection 
symmetry of @x in the x’y’ plane should be preserved, 
these considerations suggest the possibility that the 
two-nucleon interaction be such a combination of 
central and tensor forces as to connect only states 
which on the unperturbed spherical harmonic-oscillator 
model belong to levels 2hw, 4timw, --- apart (Hw=energy 
interval between successive levels). On the other hand, 
it may be that the (1/7,2)* amplitude which surely does 
appear at least for most force combinations indicates a 
limit to the accuracy of the D.N. model. 

The recent shell-model calculations® for Pb®*, which 
lead to excellent agreement with experiment, are con- 
sistent with tensor forces, since for the low states of the 
two neutron holes, singlet-even forces play the major 
rdle. For zero-range forces, more accurate here than in 
the oxygen region, odd states have zero interaction 
energy. 

b. Other quantilies—A few experimental quantities 
have been calculated with the wave functions of the 
D.N. model. They are given in Table VI and compared 
with shell-model results and experiment. y-ray lifetimes 
depend very sensitively upon higher configurations and 
have not been included. The high ft values for the two 
8 transitions from the O” ground state probably indi- 
cate that the D.N. wave function for this state is not 
very accurate. 


6. CONCLUSION 


The results of Sec. 5 indicate that a wave function 
specified by «;---,«4 with individual-particle states 
resembling those of a simple deformed well is a good 
approximation probably (1) to the wave function for 
the double closed shell-core modei and possibly (2) to 
the actual wave function of some low-lying nuclear 
states. It may be that superpositions of states of two 
or more configurations of the deformed nucleus, perhaps 
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TasLe VI. Comparison of the deformed-nucleus model (D.N.) 
with the shell model (S.M.) and experiment. uw is a magnetic 
moment. 








S.M. D.N. Experiment* 
ft value for F#* — O'%8 2890 3430 4170+330 
ft value for Ne — F® 1590° 1760 1700+170 
ft value for O% — F%(§+) 373000 511000 335 000+ 100 000 
ft value for O% + F%(§+) 49400 72000 2140046500 
u(F¥, 4+) 2.94 2.91 2.628 nm 

3.74 3.68 3.50+0.24 nm 


u(F*, §+) 








*F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 (1955). 
u(F!*, §+): W. R. Phillips and G. A. Jones, Phil. Mag. 1, 576 (1956). 


all having the same K, would account for many other 
states. 

The essential feature of the model is the existence of 
an axis in the nucleus about which the density of nuclear 
matter is cylindrically symmetric. The nuclear shape is 
surely not spherical. The single-particle wave functions 
are not precisely those for a very small ellipsoidal de- 
formation; however, one characteristic of a spheroidal 
model, the symmetry of the quantum-mechanical 
probability about an axis fixed in the nucleus, is 
maintained. 

From the model of particles moving in a deformed 
well, it is plain that the amplitudes for higher spherical 
well states in the expansion of the deformed-nucleus 
wave function increase with increased deformation. One 
expects this to be so also for the present model with 
modified single-particle wave functions. The small ad- 
mixtures of higher shell-model configurations obtained 
for nuclear force calculations at A =18 and 19 then are 
an indication of low deformations. 

This model can yield the observed rotational series 
with energies proportional to J(J+1), for heavy nuclei.’* 
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APPENDIX: A THEOREM 


Given: (1) A configuration C= j1j2j3 with a complete set of p antisymmetric orthonormal wave functions, each 


with (7,J). They are ¥(a1,7J), -- 


-, W(a,,7J). The a’s specify all other parameters, including C. (2) An anti- 


symmetrization operator A on any three-particle function x(1,2,3), defined by 


Ax (1,2,3) =x (1,2,3) —x (3,2,1) —x(1,3,2). 


(3) Functions 


el (CrT’I") ojx(3), TT] 


(Al) 


(A2) 


for particles 1 and 2 in an antisymmetric (a) state of configuration C,=Cj,~ with [7’,J’], and particle 3 in a 


state (=4, jx. 


16 R. E. Peierls and J. Yoccoz, Proc. Phys. Soc. (London) A70, 381 (1957); J. Yoccoz, ibid. A70, 338 (1957). 
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To prove: that 


Pp 
Ag (CiT’J’)ajx(3),TIJ=3 D(CAT’I'; jx JaiTI) WaT J), (A3) 
i=! 
where (C;7"J’; jx }a:TJ/) is a fractional parentage coefficient. 
Proof.—The usual expansion of ¥(a;,7/) is 
(A4) 


Wa, TI=X! E (CTI aje(3), TI MCT’; jx JaiT J), 
eee et 


where the first sum is over all distinct j,. Since the set of ¥(a;,7J) is complete, the wave function (A3) can be 
expanded as 
p 
Agl(CiT’J’)ajx(3),TIJ=Z b(a,)-W(ai,TJ), (AS) 


i=! 


where 


Wa)= [¥a,7I)*-A el (CxT’ J )aju(3),TI ldridredrs. (A6) 


The integration in (A6) is over the coordinates and spins of the three particles. Introducing the symmetrization 
operator S, analogous to A of (A1), and recalling that ¥(a;,7/) is antisymmetric, we obtain 





a)= fs {W(ai,TI)* ol (CiT’S") a jx(3), TI J dridredr73, (A7) 
which, from (A4), equals just three times the same integral without S, and hence 
b(a;) =3(C,T’S’; jx JaiT J), (A8) 
which proves the theorem. 
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Prompt Neutron Emission from Spontaneous-Fission Modes of Cf***+ 


Wituiam E. Stern Anp STANLEY L. WHETSTONE, JR. 
Los Alamos Scientific Laboratory of the University of California, Los Alamos, New Mexico 
(Received December 26, 1957) 


The number of prompt neutrons emitted and the velocities of the fragment pairs have been measured 
for individual spontaneous fissions of Cf. The time-of-flight measurements of the fragment velocities 
have sufficient resolution to provide a good determination of the mode of fission as characterized by the 
total kinetic energy Ex and the mass ratio R4 of the fragments. The neutrons are detected with high effici- 
ency in a large cadmium-loaded liquid scintillator. It is found that the dependence of the average number 
of neutrons per fission, 7, on the parameters Ex and R4 may be approximated by a plane #(Ex,R.4) over 
the region that includes the majority of the fission events. The slopes that specify the orientation of this 
plane are determined to be 00(Ex,Ra)/0Ex = —0.143+0.020 (neutrons/fission)/Mev and 07(Ex,R4)/dRa« 
—6.341.1 (neutrons/fission)/unit mass ratio. The value of the first slope indicates that the average 
total excitation energy of the fragments, required for the emission of one more neutron on the average, is 
7.0+1.0 Mev. From this number and the measured dependence of ¥ on mass ratio, the average excitation 
energy Ex of the fragments is determined as a function of the mass ratio. This function Ex(Ra) and the 
measured dependence Ex(R.) determine the average prompt energy of fission as a function of mass ratio. 
The widths of the neutron-number distributions have been obtained as functions of Ex and R4. The data 
do not support the statistical theory of fission proposed by Fong. 


I. INTRODUCTION 


HE fission process, even for but one species of a 
spontaneously fissioning nucleus, yields a large 
variety of fragment nuclei and associated neutron and 
gamma radiations. Experimental technique has devel- 
oped to the point where it has become feasible to 


+ Work performed under auspices of the U. S. Atomic Energy 
Commission. 


investigate correlations that may exist between modes 
of fission and the associated radiations. Measurements 
of the velocity distribution of fission-fragment pairs 
from Cf**? and the coincident gamma-ray spectrum 
have recently been reported.' Studies of the neutron- 
emission probability as a function of the mode of fission 


1J. C. D. Milton and J. S. Fraser, Bull. Am. Phys. Soc. Ser. 
II, 2, 197 (1957). 


ess 
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have been made, with uncertain resolution, for neutron- 
induced fission of U™* and for spontaneous fission of 
Cf**? (Fraser and Milton? and Hicks ef al.,* respectively). 

In our experiment‘ advantage is taken of both the 
high resolution® provided by the time-of-flight method® 
in determining the fission mode, and the high detection 
efficiency of the large cadmium-loaded liquid scintil- 
lator’ in counting the fission neutrons,’** to determine 
how the total number of prompt neutrons emitted in 
the spontaneous fission of Cf*®? is affected by the 
division of the mass between the fragments and by the 
amount of the energy going into kinetic energy of these 
fragments. The low intensity of the fission source has 
imposed such a restriction on the flight distances of the 
fragments that the full resolution capability of the 
time-of-flight method has not been realized. An energy 
dispersion has been attained which is perhaps two thirds 
the size of that believed, from a comparison of the 
measured energy distributions, to be present in the Cf*** 
ionization-chamber measurements,’ and a mass-ratio 
dispersion, therefore,’ perhaps one-third as large. Dis- 
persions of this order of magnitude have appreciable 
effects on the distributions of the average number of 
neutrons per fission as functions of the total kinetic 
energy and the mass ratio. 

The measurement of the neutron-emission proba- 
bilities is of particular interest, since it provides the 
best measure at present of the excitation energies of 
the fission fragments at the time of scission, and since 
a knowledge of the magnitude and dependence on 
fission mode of these energies is basic to a description 
of the fission process» The energetics of a spontaneous- 
fission process is described by the following equations: 


Er=M—(my+m_,)=Ext+ Ex, (1) 


where Ey is the energy made available when the mass 
M is split into the primary fragments of ground-state 
masses my and m,. This energy is shared between the 
total kinetic energy Ex of the fragments and their total 


2 J. S. Fraser and J. C. D. Milton, Phys. Rev. 93, 818 (1954). 

3 Hicks, Ise, Pyle, Choppin, and Harvey, Phys. Rev. 105, 1507 
(1957). 

‘A preliminary account of this work was presented at the 
American Physical Society meeting in Boulder, Colorado, on 
September 6, 1957. Whetstone, Stein, and Smith, Bull. Am. 
Phys. Soc. Ser. II, 2, 308 (1957). 

® The time-of-flight method can achieve, with reasonable frag- 
ment flight distances, energy dispersions perhaps half the size of 
those we estimate to be inherent in the best of the ionization- 
chamber measurements. (The limitation in the time-of-flight 
precision being due, in principle, to the effects of the fragment 
recoil from neutron emission.) Furthermore, since the time-of- 
flight measurements permit the mass ratio of the fragments to be 
determined from a velocity ratio, rather than from an energy 
ratio, for the condition of equal energy dispersion in the two 
instruments, the dispersion in the measurement of a mass ratio 
by time-of-flight is slightly less than half the corresponding 
dispersion obtained by ionization chambers. 

6 W. E. Stein, Phys. Rev. 108, 94 (1957). 

7 Reines, Cowan, Harrison, and Carter, Rev. Sci. Instr. 25, 
1061 (1954). 

8 Diven, Martin, Taschek, and Terrell, Phys. Rev. 101, 1012 
(1956). 

® Hicks, Ise, and Pyle, Phys. Rev. 101, 1016 (1956). 
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excitation energy Ey. It is evident that Ex may be 
determined from measurements of Ex and the masses 
involved. Measurements of sufficient accuracy of the 
ground-state masses of the fragments are not available, 
however, and estimates obtained by extrapolation from 
measured masses of more-stable nuclides are necessarily 
uncertain. The total excitation energy x for a given 
total kinetic energy and mass-ratio mode, averaged 
over the nuclear-charge distributions of the two frag- 
ments, can be expressed in terms of an average prompt 
gamma-ray energy per fission ,, derived from the 
residual excitation energy after the neutron emission,’° 
the average number of neutrons emitted per fission #, 
the average separation energy S, of a neutron, the 
average kinetic energy of a neutron in the rest-frame 
of a fragment F,, and an additional average prompt 
gamma-ray energy per neutron E,,, to allow for the 
possibility of gamma-ray competition with neutron 
emission : a z 7 
Ex=E,+0(8,+8,+E,,). (2) 

Equations (1) imply that dEx/ds=—(0%/dEx)—, 
which is found in the present experiment to be approxi- 
mately constant over an extended region of the total 
kinetic energy Ex and the mass ratio R, that includes 
the most probable modes. Therefore, in the region of 
the most probable modes, the dependence of the average 
total excitation energy on the fission mode can be 
determined from the measurements of #(£x,R.), the 
measured -value of —(0%/0Ex)'=0Ex di=8,+E, 
+E,,, and an estimate of the relatively small contri- 
bution from E,..° 

A statistical theory of fission, proposed by Fong," 
explains the observed mass asymmetry of fission as 
resulting from larger excitation energies in the asym- 
metric modes. According to this view, one should expect 
to find in the experiment reported here a maximum in 
the neutron emission probability in the region of the 
most probable mass ratio. 


II. EXPERIMENTAL APPARATUS AND PROCEDURE 


A schematic diagram of the apparatus and the 
electronic recording system is shown in Fig. 1. 


1. Source 


The source consists of an amount of Cf**? yielding 
about 2300 spontaneous fissions per minute deposited 
over an area of about 1 cm? on a 0.1-mg/cm? nickel 
foil. ‘To prepare this source, a recently developed 
“elecirostatic-spray” technique’? was used. 


2. Time-of-Flight Measurements 


A time-of-fission signal" is obtained by mounting the 
source in an electrostatic lens, so that electrons, ejected 


1 R, B. Leachman and C. S. Kazek, Phys. Rev. 105, 1511 
(1957). A negligibly small dependence of EF on 7 is predicted by 
these calculations. 

4 P, Fong, Phys. Rev. 102, 434 (1956). 

2D. J. Carswell and J. Milsted, J. Nuclear Energy 4, 51 (1957). 

18W. E. Stein and R. B. Leachman, Rev. Sci. Instr. 27, 1049 
(1956). 
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Fic. 1. Schematic diagram of the apparatus. H.P.A.= Hewlett- 
Packard Model 460B distributed amplifier, H.P.A. and DELAY- 
Hewlett-Packard Model 460A and 460B distributed amplifiers 
and 200-ohm cable. TIME-P.H.=time-to-pulse-height converter, 
L.A.= Modified Los Alamos Model 101A linear amplifier, P.H.— 
DIGIT =pulse-height-to-digital converter, AMP’S and DELAY 
= modified Los Alamos Model 503A preamplifier and amplifier, 
Hewlett-Packard Model 460A amplifier, 800 feet of RG/7U cable. 
The pulse-height-to-digital converters are gated on by a signal 
from the output of the SLOW COINC.=slow coincidence unit, 
which requires that start pulses appear at the inputs to both 
time converters within a time interval of about 0.3 usec covering 
the range of possible relative time differences for the flight times 
oi the fragments from a given fission event. The use of this 
coincidence arrangement permits the time converters themselves 
to be operated at a very low input-voltage discrimination level, 
which reduces the timing jitter caused by the variation in height 
of the start pulses. 
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from the foil by one of the fragments, are accelerated 
and focused onto a 0.002-inch plastic scintillator which 
is cemented to the face of an RCA 6199 photomultiplier. 

Fragments from a fission event that leave the foil 
within the proper solid angle travel in approximately 
opposite directions down the 152-cm-long evacuated 
flight tubes and strike the remote detectors. These 
detectors, which subtend solid angles of about 3.5 10-* 
sterad at the source, consist of thin plastic scintillators 
cemented to the faces of RCA C7170 photomultipliers. 

Pulses from the remote detectors are amplified and 
used to start the two time-to-pulse-height converters." 
These two converters are stopped by the pulse, suitably 
delayed, from the time-of-fission detector. The height 
of the pulse at the output of each converter, which is 
proportional to the length of time that the converter 
is on, thus gives a measure of the flight time of the 
corresponding fragment. Each of these pulses, after 


4 The Los Alamos Model 13 converter. A similar instrument 
has been described, Weber, Johnstone, and Cranberg, Rev. Sci. 
Instr. 27, 166 (1956). See also, L. Cranberg, in Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956), Vol. 4, p. 43. 
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being suitably amplified by a linear amplifier, is fed 
into a 199-channel pulse-height-to-digital converter.'® 
When the desired information appears in both pulse- 
height analyzers, a printer-control unit, not shown in 
Fig. 1, generates the proper blocking signals and 
transfers the scaled channel numbers via a Victor 
printer to paper tape. 

The time corresponding to zero fragment flight time, 
the zero time, is determined for each fragment detector 
from the times measured when each remote detector is 
placed close to the source. An extrapolation to zero 
distance is then easily made. Care is taken that the 
signal-cable lengths for the remote and time-of-fission 
detectors are not disturbed. An absolute flight time for 
a fragment is then given by the difference between the 
zero time and the time measured with the detector in 
its remote position. 

The timing circuits are calibrated by introducing 
pulses, separated in time by various known amounts, 
into the time converters. The various time separations 
of these pulses have been measured by photographing 
their oscilloscope traces in conjunction with those of a 
50-Mc crystal-controlled oscillator. So that corrections 
can be made for the smal! drifts in the calibrations, due 
primarily to the effects of the diurnal temperature 
fluctuation, pulses derived from a single pulser are 
introduced automatically at hourly intervals into the 
signal outputs of the remote and time-of-fission de- 
tectors. 


3. Neutron Measurements 


The large cadmium-loaded liquid scintillator, which 
effectively surrounds the fission source, has been de- 
scribed elsewhere.’'* Briefly, the liquid is confined in a 
cylindrical tank, 30 inches long and 28} inches in 
diameter, with a 23-inch-diameter tube along the axis. 
For this experiment a second tube is fitted into this 
tube so that the source foil and the time-of-fission 
detector can be introduced into the center of the 
scintillator in a vacuum. The scintillator solution is 
composed of triethylbenzene, 2.7 g/l of p-terphenyl, 
0.1 g/l of POPOP,® and an amount of cadmium 
octoate’’? to give a ratio of cadmium to hydrogen 
atoms of 1.3X 10-*. The mean capture time for neutrons 
in this solution, as measured, is 10 usec. 

The scintillator solution is viewed by 90 DuMont 
6292 and 1177 photomultipliers. Pulses from these 
photomultipliers are amplified, delayed, clipped to 
0.15 wsec, and presented to a gated scaler. This fast 
flip-flop scaler, with a resolving-time capability of better 
than 0.2 usec for very narrow pulses, yields a resolving 
time of about 0.3 usec for the pulsewidths achieved by 
the amplification system and for the discriminator level 


15P. W. Byington and C. W. Johnstone, Inst. Radio Engrs. 
Convention Record 3, Part 10, 204 (1955). 

16 Ott, Hayes, Hansbury, and Kerr, J. Am. Chem. Soc. 79, 
5448 (1957). 

17 Ronzio, Cowan, and Reines, Rev. Sci. Instr. (to be published). 
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required to bias out the majority of the background 
pulses. 

The scaler-gate generator unit is triggered by the 
same pulse that triggers the pulse-height-to-digital 
converters. After a delay time, adjusted to open the 
scaler gate 0.5 usec after the arrival of the prompt 
pulse produced by fission gamma-rays and proton 
recoils in the scintillator, the scaler is gated on for 
50 usec to accept the pulses resulting from neutron 
captures in the scintillator, and then, after a delay of 
500 wsec, another scaler is gated on for 50 usec to 
sample the background. The number of pulses occurring 
in each gate is scaled separately, with a provision for a 
surplus to be indicated when the number in either 
scaler exceeds nine. The printer control ensures that 
the number of fission-neutron counts n,;, the number of 
background counts m», and a number indicating a 
surplus condition are printed on the paper tape with 
the numbers giving the fragment time-of-flight data 
for the same event. 


4. Data Treatment 


The data were processed with the help of an IBM 704 
data-processing machine. Calculations are made that 
determine from the time-of-flight data for each event 
the velocities vy and v,, the masses my and m ,, and 
the kinetic energies Ey and E, of the heavy and the 
light fragments. To characterize more succinctly the 
mode of fission, the parameters R4=my/mz, (the mass 
ratio) and Ex= Ey+E£, (the total kinetic energy of the 
fragments) are obtained. The calculations of the masses 
and energies are based on the conservation of mass 
number and momentum in the fission breakup, and on 
the usual assumption that the neutron emission from 
the fragments does not appreciably affect the mean 
velocities. A small adjustment is made in the course of 
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Fic. 2. The primary mass-yield distribution of the fragments. 


The measured distributions are necessarily symmetric about the 
mass number A = 126. 
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Fic. 3. The kinetic-energy distributions of the fragments. 
The solid curve represents the heavy fragment, the dashed curve, 
the light. 


the calculation to ensure that the average velocities of 
the heavy- and light-fragment groups for those frag- 
ments passing through the foil match the corresponding 
velocities for fragments not passing through the foil. 
The data are then sorted for events falling within 
specified intervals of Ex and R,, and the neutron 
numbers, associated with the selected events, treated 
to obtain the neutron-emission-probability distributions 
P(v) and the various moments of the distributions 
v, (v®)m, - >>. Corrections for the resolution and efficiency 
of the neutren counter and for the background-count 
rate are made as described in reference 8. 


Ill. EXPERIMENTAL RESULTS 


A total of 15 333 events have been analyzed. The 
time-of-flight data are summarized in Figs. 2 and 3, 
which show the primary mass number and kinetic- 
energy distributions of the fragments. From the analysis 
of these events and the measured**!* value of += 3.86 
+0.07 averaged over all fission modes, the neutron- 
detection efficiency is found to have been 78.1+2.1%, 
where the uncertainty is a standard error due primarily 
to the uncertainty in # and in the value of the resolution 
parameter® k= 27/f f?(t)dt=0.028+0.014. The ratio of 
the number of background counts to the number of 
fission-neutron counts is 0.03. 


1. Distributions of 


The dependence of the average number of neutrons 
per fission 7 on the total kinetic energy of the fragments 
Ex, when no discrimination is made as to Ra, is shown 
in Fig. 4. There is a correlation between 7 and Ex, 
particularly in the interval of Ex containing the 
majority of the events .V (Ex). The observed correlation 
is what one would expect qualitatively if there is a 
given average amount of available energy to be shared 


'8 Obtained from an average of the results of references 8 and 9. 
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Fic. 4. The average number of neutrons per fission and the 
number distribution of fission events as functions of the total 
kinetic energy of the fragments, with no discrimination made 
as to the mass ratio of the fragments. Uncertainties shown are 
relative standard errors. 


between the kinetic and excitation energies of the 
fragments. 

From the data shown in Fig. 5 it is clear that there 
exists a distinct variation of 7 with the mass ratio R,, 
with no discrimination made with regard to Ex. The 
dependence appears to be more complicated, but again, 
across the interval containing the majority of the 
events V(R,), the variation is approximately linear. 

In Fig. 6, 7 is shown plotted against Ex, with the 
data separated into intervals of R4. These curves, in 
the region containing the majority of the events 
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Fic. 5. The average number of neutrons per fission and the 
number distribution of fission events as functions of the mass 
ratio of the fragments, with no discrimination made as to the total 
kinetic energy of the fragments. Uncertainties shown are relative 
standard errors. 
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Nra(Ex), are approximately linear and steeper’ than 
the curve »(Ex) shown in Fig. 4. With larger mass 
ratios there appears to be a slight trend to steeper 
slopes. 

In Fig. 7, # is shown plotted agairist R4, with the 
data separated into intervals of Ex. These curves, in 
the region containing the majority of the events 
Nex(R,), are also approximately linear and in every 
case steeper than the curve #(R4) shown in Fig. 5. 
There may be a very slight trend to steeper slopes with 
larger kinetic energies. 

The results given above must be corrected for the 
effects of dispersions in the determination of Ex and 
Ra. These dispersions are given, in terms of the disper- 
sions in the velocity determinations of the fragments, 
by the formulas: 


b6EK ‘Ex= bR4 Ra = [ (60, ‘UL 2 (6vy vy)? }. 
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Fic. 6. The average number of neutrons per fission and the 
number distributions of fission events as functions of the total 
kinetic energy of the fragments, with the data separated into 
intervals of the mass ratio of the fragments. Uncertainties shown 
are relative standard errors. 


(All dispersions are given in terms of the full-width at 
half-maximum of the dispersion functions assumed to 
be approximately Gaussian in shape.) The contribution 
to the velocity dispersion due to the instrumental 
limitations of the time-of-flight measurements is given 
by: 

6v/v| =v(67/D), 


where 67 is the time resolution and D is the length of 
the flight path of the fragments. The time resolution is 


Tt can be seen qualitatively that, taking into account the 
correlation (shown in Fig. 10) between the mass ratio and the 
average total fragment kinetic energy, if the curves for 7(Ex) 
are approximately straight lines with equal slopes 00(Ex,Ra)/0Ex 
for each value of Ra, then the weighted sum of these curves for 
all Ra will give a resultant curve ¥ versus Ex with a slope 
00(Ex)/0Ex that is less steep than the individual slopes. The 
argument also applies to the curves v versus Ra. 
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determined from the width of the measured zero-time 
distributions, with small corrections made to allow for 
the velocity distribution of the fragments and for the 
uncompensated part of the effect on the electronics 
produced by the day-to-night temperature fluctuation. 
The result 

6T = (6.4+0.6) X 10~ sec 


is obtained. The contribution to the dispersion due to 
the fragment recoil from neutron emission increases 
the dispersion by only about 10%. This is determined 
from the formula”’: 


6v/v=Cn'/P, 


where C=2.33X10° cm-amu/sec, n=the number of 
neutrons emitted per fragment, and P=m ,0,=myty. 
Combining the two dispersions with n= 2, one obtains, 
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Fic. 7. The average number of neutrons per fission and the 
number distributions of fission events as functions of the mass 
ratio of the fragments, with the data separated into intervals of 
the total kinetic energy of the fragments. Uncertainties shown are 
relative standard errors 
for the most probable mass ratio: 

bv, ‘v= (6.2+0.6)%, 
Thus, 


6Ex/Ex=6R4/R4= (8.0+0.8)% (lower limit). 


6047 /tH= (5.0+0.5)% - 


Since the magnitude of the dispersive effect due to the 
source foil is difficult to determine, the value given 


*” The derivation of this formula is based on the simple neutron 
evaporation model that describes the neutron-energy distribution 
in the center-of-mass system of the fragment by a single Max- 
wellian distribution of the form Ete~*/8. This distribution, with 
the nuclear temperature Q of 1 Mev assumed, has been shown by 
B. E. Watt, Phys. Rev. 87, 1037 (1952), to give an acceptable 
fit to the observed neutron spectrum for thermal-neutron-induced 
fission of U*. Smith, Friedman, and Roberts, Phys. Rev. 108, 
411 (1957), have measured the neutron spectrum from Cf*® and 
found it essentially identical to that from U™*. Their curve-fitting 
calculations also favor a nuclear temperature of 1 Mev. 
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above is considered a lower limit to the dispersions. 
To obtain an estimate of an upper limit, a comparison 
is made between our time-of-flight data and those 
obtained by Milton and Fraser.! Based on their esti- 
mate” of (9.5+1.0)% for the true relative width of 
the total kinetic-energy distribution of the fragments 
at R4=1.35, we find for our data 


6EK/Ex=6R4/Ra= (9.2540.50)% (upper limit). 
A reasonable estimate of our dispersions is thus 
6Ex/Ex=6R4/Ra= (8.9+0.9)% (accepted value). 
Therefore, near the most probable mode, 
6Ex=16.341.6 Mev and 6R,4=0.12+0.012. 


The data suggest that the “true” dependence of 7 on 
R, and Ex may be well approximated, at least in the 
region containing the majority of the events, by a 
plane #(Ex,R4)=aEx+8R.4+ do. If the further assump- 
tions are made that the dispersion functions for Ex 
and R4 may each be approximated by normal distribu- 
tions, and that the population distribution may be 
adequately represented by a function of the form™ 


exp[ — (Ex—Ex)?/(RAEx)?— (Ra—R4)?/(RAR«)*), 


with the correlation between Ex and R4 approximated 
by Ex=pR,+<¢, it is possible to perform analytically 
the convolution integrals necessary to obtain expres- 
sions for the corrected values of the slopes a and @ in 
terms of the observed slopes. These expressions are 


a= (ER+p*B) ( Sa'— pBS’)/[E(R+p°B)—p’?AB], (3) 
B= ( ER+p°B)[ | R+ p?B) 6’ — pGa’ | 
[&(R+p°B)—p?AB], (4) 


where &=1+(6Ex/AEx)?, R=1+(6R4/AR,)*, @ 
= (6Ex/AEx)*, ®=(6R4/AEx)?, and p=dEK/AR4. 
Also a= 00(Ex,R4)/ 0EK, B=0i0(Ex,R4)/OR«; primed 
symbols indicate observed values and unprimed symbols 
indicate corrected values. 6Ex and 4R, are the full- 
widths at half-maximum of the dispersion functions in 
the indicated variable. AEx is the corrected full-width 
at half-maximum of the total kinetic-energy distribution 
for a given mass ratio, and AR4, the corrected full-width 
at half-maximum of the mass-ratio distribution for all 
values of the total kinetic energy. 

For the conditions of this experiment, these equations 
reduce to the approximate relations a &a’ and B=’ 
—p@a’, which are used to estimate the propagation of 
errors. 

To obtain values for a and 8 representative of all of 
the data, in the spirit of the simple representation of 
the data assumed, weighted averages of the values of 


2 J.C. D. Milton (private communication). 

2 A 10% uncertainty has been assigned by the present authors 
to ensure a conservative estimate of the upper limit for the value 
of the dispersion. 

% The factor & is inserted for consistency, so that all widths in 
these calculations are full-widths at half-maximum. 
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TasLe I. The values of the slopes 99(Ex,Ra)/OEx [in 
ses ye gamma and 00(Ex,Ra)/0Ra« [in (neutrons/ 
fission) /unit mass ratio] are as observed in the data of Figs. 6 
and 7 and as corrected by Eqs. (3) and (4). The values of the 
slopes 00(Ex)/@Ex and 00(R4)/dR« are as observed in the data 
of Figs. 4 and 5 and as corrected by Eqs. (5) and (6). Uncertainties 
are standard errors. 











Slope Observed value Corrected value 
00(Ex,Ra)/dEx —0.070+0.004 —0.143+0.020 
00(Ex,Ra)/ORa« —-3.8 +08 -—6.3 +1.1 
00(Ex)/OEx jall Ra —0.056+0.003 —0.079+0.008 
O0(Ra)/ORa« Jall Ex —2.5 +0.5 —2.8 +0.6 








the slopes, obtained from least-square fits to the data 
points shown in Figs. 6 and 7, are used for the values 
of the observed slopes a’ and @’. The value AEx= 18+2 
Mev” is used for an average corrected total kinetic- 
energy width in the region of the most probable modes, 
and AR, =0.34+0.04 for the corrected mass-ratio width 
for all modes. The results of the calculations, with 
a’= —0.070+0.004, @’=—3.8+40.8, 6=1.97+0.27,™ 
R=1.17+0.05, @=0.9740.27, B= (5.942.2)X10-, 
and p=—25+5, are a= —0.143+0.020 and B= —6.3 
+1.1. 

In a similar way, the observed slopes y’=0i(Ex), 
OEx and 6’=05(R,4)/AR,« obtained from the data 
shown in Figs. 4 and 5 are corrected for the dispersions 
by the relations 


v= 67’, (5) 


5= Rd’. 


The values y= —0.079+0.008 and 6= —2.8+0.6 are 


obtained. 
The results are summarized in Table I. 


2. Distributions of (v’),—*¥ 


A measure of the width of a neutron-emission-proba- 
bility distribution P(v) is provided by the quantity 
D=(v*),— #, which is essentially equal to the mean- 
square deviation from the mean. The most statistically 
significant portions of the distributions of D as a 
function of the mass ratio are shown in Fig. 8. D 
remains substantially constant, particularly in the most 
populated intervals of R4. There is, perhaps, a trend to 
smaller values of D as the mass ratio increases. A large 
difference is found between values of D for the data 
separated into small intervals of both R4 and Ex and 
the values obtained with no discrimination made as to 
Ex. The latter values fall about the value of D=1.53 
+0.04, found from all of the data, while the former 
lie in the neighborhood of 0.75+0.15. No attempt has 
been made to correct these observed values. 





* Ex has been increased to 17.7+1.8 Mev by the Sheppard 
adjustment, to correct for the 10-Mev grouping error in the 
determination of the slope a’ and, similarly, 5R.4 has been increased 
to 0.138+0.014 to correct for the 0.05 grouping error in the 
determination of the slope §’. 
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3. Effects of Data Bias 


The neutron-detection geometry dictated by the 
requirements of the time-of-flight measurements results 
in a loss of those neutrons emitted at small angles to 
the direction of motion of the detected fragments. The 
average angle for neutron loss is less than 5 degrees and 
the fraction of the total solid angle into which neutrons 
can escape the detector completely is approximately 
0.4%. Unless there is an extremely sharp forward 
peaking of the neutron angular distribution that is 
preferential for particular fission modes, the effect on 
our data should be negligible. 

A more important source of bias results from the 
use of remote detectors subtending equal solid angles at 
the source, a geometry chosen to achieve sufficient 
counting rate with the low-intensity source available. 
Since an effect of neutron emission is to cause the flight 
directions of the fragments to deviate further from 
collinearity, there is a bias against recording events in 
which a large number of neutrons are emitted. An 
expression has been derived, consistent with the results 
of the neutron angular distribution measured by 
Fraser,”® for the probability of detecting a fragment in 
one of the remote detectors when the complementary 
fragment has been detected in the other as a function 
of the total number of neutrons emitted. The necessary 
integrations are performed graphically. The effect of 
these detection efficiencies when folded into neutron- 
number distributions characterized by constant widths 
and various average values, is to increase the average 
value in each case by 0.08+0.02 neutron. There is, 
therefore, a negligible effect on the values of the slopes 
of the # distributions. These results are not sensitive 
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Fic. 8. Distributions of the neutron-number width parameter 
D=(v*)4,—# as functions of the mass ratio of the fragments. The 
dashed line is drawn at the value of D determined from all of the 
data. The large circles show the distribution with no discrimination 
made as to the total kinetic energy of the fragments. The data, 
separated into intervals of the total kinetic energy of the fragment, 
give the distributions shown by the triangles (170-180 Mev), the 
circles (180-190 Mev), and the squares (190-200 Mev). Uncer- 
tainties shown are relative standard errors. 


% J. S. Fraser, Phys. Rev. 88, 536 (1952). 
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to the choice of the width of the neutron-number 
distributions in the region of an rms full-width of two 
neutrons. 

Strong evidence that the time-of-flight geometry does 
not introduce appreciable bias against the detection of 
events associated with larger numbers of neutrons is 
the satisfactory agreement between the neutron-emis- 
sion-probability distribution P(v) obtained for this and 
other experiments. This distribution is shown in Fig. 9. 


IV. DISCUSSION 


It is found that the dependence of the average number 
of neutrons per fission 7 on the total kinetic energy Ex 
and the mass ratio R4 may be approximated by a plane 
b(Ex,R,) over the region of Ex, R4 that includes the 
majority of the fission events. This plane is specified 
by the two slopes 09(Ex,R4)/0Ex=—0.143+0.020 
(neutron/fission)/Mev and 09(Ex,R4)/dR«=—6.3 
+1.1 (neutron/fission)/unit mass ratio and some 
intercept that establishes the over-all average value of 
v. There is a large variation in # with Ex and Rx. 
Across the corrected full-width at half-maximum of 
the total kinetic-energy distribution for all fission 
modes, # varies by almost four neutrons, and across the 
corrected full-width at half-maximum of the mass ratio 
distribution for all fission modes, by about two neu- 
trons. 

The value determined for the slope 0#(Ex,R4)/OEx 
should be compared with the value —0.116 predicted 
by the calculations of Leachman and Kazek.’*.* From 
this quantity it is possible to make an estimate of the 
average total fragment excitation energy Ex required 
for the emission of one more neutron on the average. 
The relation (0Ex/0%)= —(0%/dEx)™ gives, for the 
measured value, the result 7.0+1.0 Mev. This average 
excitation energy is the sum of an average neutron 
separation energy (5.5+1.0 Mev) and an average 
kinetic energy of a fission neutron in the rest-frame of 
a fragment (1.5+0.5 Mev), with probably no contri- 
bution from competing gamma radiation. 
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Fic. 9. Neutron-emis- 
sion probabilities ob- 
tained in this experiment 
(circles) compared with 
the results obtained in 
Berkeley (reference 9) 
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26 The use of a nuclear temperature of 1 Mev in the calculations 
of reference 10 will improve the agreement of the two values 
(R. B. Leachman, private communication). 
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Fic. 10. The average total excitation energy Ex of the frag- 
ee a function of the mass ratio R4 has been obtained from 
q- (2): . . 
Ex(Ra)=E,+9(R,s)-(8,4+£,+£,,), 
with £,=6 Mev, #(R4) as shown in Fig. 5, 
(S,+£,+E,,) = —[00(Ex,Ra)/@Ex}"=7 Mev for R4>1.2, 


with a transition to 8 Mev below R4=1.2. The average total 
kinetic energy Ex of the fragments as a function of R4 is deter- 
mined from the fragment velocity measurements obtained in this 
experiment. The sum of Ex+ Ex yields the average total prompt- 
fission energy Er, as a function of Ra, obtained from this experi- 
ment (squares). The curve Er (mass eq.) has been calculated from 
the mass equation Er= M —(my+m rz), where M, my, and mz are 
the masses of Cf, the heavy, and the light fragments, respec- 
tively, as given by the semiempirical mass table of Cameron 
(triangles). 


This value of d£x/d+=(5,+E,+E,,) and the 
measured dependence of 7 on the mass ratio (shown in 
Fig. 5) is used in Eq. (2) to determine the variation 
of the average total excitation energy Ex with mass 
ratio in the range of R4=1.2 to 1.5, within which range 
the assumptions concerning the simple behavior of 
dE x/d% seem justified. It is assumed! that the average 
gamma-ray energy per fission FE, is approximately 
constant” and equal to 6+3 Mev.”* If, in addition, the 
measured dependence of the average total kinetic 
energy Ex on the mass ratio is included, the variation 
of the average total prompt-fission energy Er with 
mass ratio is obtained. This is shown in Fig. 10. For 
comparison, the dependence of Ey on R4 as calculated 
from the mass equation [Eq. (1) ] by using the semi- 





*7 The measurements of Milton and Fraser, reference 1, indicate 
that the variation of the average prompt-gamma-ray energy per 
fission of Cf? across the full-width of the mass-ratio distribution 
for all total kinetic energies is less than 10 to 20%. 

28 The average prompt-gamma-ray energy per fission of Cf? is 
8 to 9 Mev according to the measurements of Smith, Fields, and 
Friedman, Phys. Rev. 104, 699 (1956), and H. R. Bowman and 
L. G. Mann, Phys. Rev. 98, 277 (1955). See also reference 8 in 
R. B. Leachman and C. S. Kazek, Jr., Phys. Rev. 105, 1511 
(1957). The calculations of Leachman and Kazek give E,=4.0 
Mev. It is not certain whether the discrepancy can be attributed 
to competing gamma-ray energy. 
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TaBLeE I. The values of the slopes 00(Ex,Ra)/OEx [in 
samy a aon and 00(Ex,Ra)/dRa [in (neutrons/ 
fission) /unit mass ratio] are as observed in the data of Figs. 6 
and 7 and as corrected by Eqs. (3) and (4). The values of the 
slopes 00(Ex)/@Ex and 0(R4)/dR« are as observed in the data 
of Figs. 4 and 5 and as corrected by Eqs. (5) and (6). Uncertainties 
are standard errors. 








Observed value 





Slope Corrected value 
00(Ex,Ra)/dEx —0.070+0.004 —0.143+0.020 
00(Ex,Ra)/OR« —3.8 +08 —63 +1.1 

on eneta RA —0.056+0.003 —0.079+0.008 
00(Ra)/ORa« fall Ex —2.5 +0.5 —28 +0.6 








the slopes, obtained from least-square fits to the data 
points shown in Figs. 6 and 7, are used for the values 
of the observed slopes a’ and 6’. The value AEx= 182 
Mev” is used for an average corrected total kinetic- 
energy width in the region of the most probable modes, 
and AR, =0.34+0.04 for the corrected mass-ratio width 
for all modes. The results of the calculations, with 
a’= —0.07040.004, p’=—3.8+0.8, §=1.97+0.27," 
R=1.17+40.05, @=0.9740.27, B= (5.942.2)XK10-%, 
and p= —25+5, are a= —0.143+0.020 and 6= —6.3 
+1.1. 

In a similar way, the observed slopes y’=0%(Ex), 
OEx and 6’=09(R,4)/AR, obtained from the data 
shown in Figs. 4 and 5 are corrected for the dispersions 
by the relations 


(5) 
(6) 


The values y= —0.079+0.008 and 6= —2.8+0.6 are 
obtained. 
The results are summarized in Table I. 


y= &y’, 
d= Rd’. 


2. Distributions of (v’?),,—¥ 


A measure of the width of a neutron-emission-proba- 
bility distribution P(v) is provided by the quantity 
D=(v"),,— 9, which is essentially equal to the mean- 
square deviation from the mean. The most statistically 
significant portions of the distributions of D as a 
function of the mass ratio are shown in Fig. 8. D 
remains substantially constant, particularly in the most 
populated intervals of R,4. There is, perhaps, a trend to 
smaller values of D as the mass ratio increases. A large 
difference is found between values of D for the data 
separated into small intervals of both R4 and Ex and 
the values obtained with no discrimination made as to 
Ex. The latter values fall about the value of D=1.53 
+0.04, found from all of the data, while the former 
lie in the neighborhood of 0.75+0.15. No attempt has 
been made to correct these observed values. 


* $Ex has been increased to 17.7+1.8 Mev by the Sheppard 
adjustment, to correct for the 10-Mev grouping error in the 
determination of the slope a’ and, similarly, 5R has been increased 
to 0.138+0.014 to correct for the 0.05 grouping error in the 
determination of the slope 6’. 
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3. Effects of Data Bias 


The neutron-detection geometry dictated by the 
requirements of the time-of-flight measurements results 
in a loss of those neutrons emitted at small angles to 
the direction of motion of the detected fragments. The 
average angle for neutron loss is less than 5 degrees and 
the fraction of the total! solid angle into which neutrons 
can escape the detector completely is approximately 
0.4%. Unless there is an extremely sharp forward 
peaking of the neutron angular distribution that is 
preferential for particular fission modes, the effect on 
our data should be negligible. 

A more important source of bias results from the 
use of remote detectors subtending equal solid angles at 
the source, a geometry chosen to achieve sufficient 
counting rate with the low-intensity source available. 
Since an effect of neutron emission is to cause the flight 
directions of the fragments to deviate further from 
collinearity, there is a bias against recording events in 
which a large number of neutrons are emitted. An 
expression has been derived, consistent with the results 
of the neutron angular distribution measured by 
Fraser,”* for the probability of detecting a fragment in 
one of the remote detectors when the complementary 
fragment has been detected in the other as a function 
of the total number of neutrons emitted. The necessary 
integrations are performed graphically. The effect of 
these detection efficiencies when folded into neutron- 
number distributions characterized by constant widths 
and various average values, is to increase the average 
value in each case by 0.08+0.02 neutron. There is, 
therefore, a negligible effect on the values of the slopes 
of the # distributions. These results are not sensitive 
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Fic. 8. Distributions of the neutron-number width parameter 
D=(v*)4,—# as functions of the mass ratio of the fragments. The 
dashed line is drawn at the value of D determined from all of the 
data. The large circles show the distribution with no discrimination 
made as to the total kinetic energy of the fragments. The data, 
separated into intervals of the total kinetic energy of the fragment, 
give the distributions shown by the triangles (170-180 Mev), the 
circles (180-190 Mev), and the squares (190-200 Mev). Uncer- 
tainties shown are relative standard errors. 


*5 J. S. Fraser, Phys. Rev. 88, 536 (1952). 
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to the choice of the width of the neutron-number 
distributions in the region of an rms full-width of two 
neutrons. 

Strong evidence that the time-of-flight geometry does 
not introduce appreciable bias against the detection of 
events associated with larger numbers of neutrons is 
the satisfactory agreement between the neutron-emis- 
sion-probability distribution P(v) obtained for this and 
other experiments. This distribution is shown in Fig. 9. 


IV. DISCUSSION 


It is found that the dependence of the average number 
of neutrons per fission # on the total kinetic energy Ex 
and the mass ratio R4 may be approximated by a plane 
b(Ex,R,) over the region of Ex, R that includes the 
majority of the fission events. This plane is specified 
by the two slopes 09(Ex,R4)/0Ex= —0.143+0.020 
(neutron/fission)/Mev and 09(Ex,R,)/dRs=—6.3 
+1.1 (neutron/fission)/unit mass ratio and some 
intercept that establishes the over-all average value of 
v. There is a large variation in # with Ex and Ry. 
Across the corrected full-width at half-maximum of 
the total kinetic-energy distribution for all fission 
modes, # varies by almost four neutrons, and across the 
corrected full-width at half-maximum of the mass ratio 
distribution for all fission modes, by about two neu- 
trons. 

The value determined for the slope 09(Ex,R4)/0Ex 
should be compared with the value —0.116 predicted 
by the calculations of Leachman and Kazek.!*.** From 
this quantity it is possible to make an estimate of the 
average total fragment excitation energy Ex required 
for the emission of one more neutron on the average. 
The relation (0Ex/0%)= —(0%/dEx)™ gives, for the 
measured value, the result 7.0+1.0 Mev. This average 
excitation energy is the sum of an average neutron 
separation energy (5.5+1.0 Mev) and an average 
kinetic energy of a fission neutron in the rest-frame of 
a fragment (1.5+0.5 Mev), with probably no contri- 
bution from competing gamma radiation. 
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Fic. 9. Neutron-emis- 
sion probabilities ob- 
tained in this experiment 
(circles) compared with 
the results obtained in 
Berkeley (reference 9) 
and Los Alamos (refer- 
ence 8). Uncertainties 
shown are relative stand- 
ard errors. 
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26 The use of a nuclear temperature of 1 Mev in the calculations 
of reference 10 will improve the agreement of the two values 
(R. B. Leachman, private communication). 
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Fic. 10. The average total excitation energy Ex of the frag- 
ments as a function of the mass ratio R4 has been obtained from 
Eq. (2): ave he 

Ex(Ra) = E,+ p(Ra) ¥ (S,+2,+E,,), 
with £,=6 Mev, (Ra) as shown in Fig. 5, 

(S,+£,+E,,) = —[d0(Ex,Ra)/OEx}*=7 Mev for Ra>1.2, 
with a transition to 8 Mev below R4=1.2. The average total 
kinetic energy Ex of the fragments as a function of Rg is deter- 
mined from the fragment velocity measurements obtained in this 
experiment. The sum of Ex+ Ex yields the average total prompt- 
fission energy E77, as a function of Ra, obtained from this experi- 
ment (squares). The curve Er (mass eq.) has been calculated from 
the mass equation Er= M —(my+m_z), where M, my, and mz are 
the masses of Cf*#, the heavy, and the light fragments, respec- 
tively, as given by the semiempirical mass table of Cameron 
(triangles). 


This value of dEx/ds=(8,4E,4E,,) and the 
measured dependence of 7 on the mass ratio (shown in 
Fig. 5) is used in Eq. (2) to determine the variation 
of the average total excitation energy Ex with mass 
ratio in the range of R4=1.2 to 1.5, within which range 
the assumptions concerning the simple behavior of 
dE x/d% seem justified. It is assumed! that the average 
gamma-ray energy per fission FE, is approximately 
constant”’ and equal to 6+3 Mev.” If, in addition, the 
measured dependence of the average total kinetic 
energy Ex on the mass ratio is included, the variation 
of the average total prompt-fission energy Er with 
mass ratio is obtained. This is shown in Fig. 10. For 
comparison, the dependence of Er on R4 as calculated 
from the mass equation [Eq. (1) ] by using the semi- 





27 The measurements of Milton and Fraser, reference 1, indicate 
that the variation of the average prompt-gamma-ray energy per 
fission of Cf*® across the full-width of the mass-ratio distribution 
for all total kinetic energies is less than 10 to 20%. 

*8 The average prompt-gamma-ray energy per fission of Cf?® is 
8 to 9 Mev according to the measurements of Smith, Fields, and 
Friedman, Phys. Rev. 104, 699 (1956), and H. R. Bowman and 
L. G. Mann, Phys. Rev. 98, 277 (1955). See also reference 8 in 
R. B. Leachman and C. S. Kazek, Jr., Phys. Rev. 105, 1511 
(1957). The calculations of Leachman and Kazek give E,=4.0 
Mev. It is not certain whether the discrepancy can be attributed 
to competing gamma-ray energy. 
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empirical mass tables of Cameron” is also shown. In 
the calculation of this dependence, the modified postu- 
late of equal-charge displacement® and the stability 
curves of Coryell, Brightsen, and Pappas® are used to 
determine the most probable integral fragment charges 
Z,. To average over the charge distributions, only the 
neighboring isobars A, Z,+1 are considered and it is 
assumed that these occur half as frequently as the most 
probable nuclide A, Z,. This tends to average out 
the effects of the pairing term in the semiempirical 
mass formula. From these calculations we also find the 
average neutron-separation energy, S,(R4)=5.040.2 
Mev in the range R4=1.2 to 1.7, which is in agreement 
with the results found for dE x/d%. Below R4=1.2, 
we find that S,(R,) rises rapidly to a nearly constant 
value of 6.0 Mev as the 82-neutron shell is crossed. 
The correction of 0F x/07 for this increase in S,, which 
has been included in Fig. 10, is not sufficient to bring 
the curves for Er into agreement below R4=1.1. This 
is probably attributable to the measured behavior of 
Ex near the symmetric mode. Since the number of 
events obtained in this region is small, the data is here 
more vulnerable to possible systematic error.** The 
agreement between the two curves for R4>1.1 is 
remarkably good. It should be noted that the measured 
dependences of Ex and # have been used in the con- 
struction of Fig. 10. If corrections were made for the 
effects of the dispersion in the determination of Ra, 
the curve Er=Ex+Ex would become more nearly 
parallel to the curve Ey (mass equation) in the region 
of the most probable mode. The vertical displacement 
of the curves is no larger than the uncertainty in the 
measurements of the absolute values of Fx. 

The distributions of > show no maxima in the regions 
of either the most probable mass ratio or the most 
probable total fragment kinetic energy. (See Figs. 6 
and 7.) Nor does the average total excitation energy 
Ex(R4) have a maximum near R4= 1.35 (see Fig. 10). 
The absence of a maximum in the neutron-emission 
probabilities or in the average excitation energy at the 
most probable mode of fission does not support an 
argument of Fong’s statistical theory"! that asymmetric 
fission modes are preferred because of higher excitation 
energies of the fragments in these modes. 


2A. G. W. Cameron, Chalk River Report CRP-690, 1957 
(unpublished). 

*® A. C. Pappas, in Proceedings of the International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, 1955 (United 
Nations, New York, 1956), Vol. 7, p. 21. 

31 Coryell, Brightsen, and Pappas, Phys. Rev. 85, 732 (1952). 
See C. D. Coryell, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, p. 325. 

% The data of reference 1 do not show such a pronounced 
decrease of Ex near the symmetric mode. 
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The values obtained for the widths of the neutron- 
number distributions (see Fig. 8) may be interpreted 
in terms of the widths of equivalent distributions of the 
total excitation energy of the fragments. These widths 
do not show a strong dependence on the fission-mode 
parameters Ex and R,, although it must be understood 
that the limited statistics and resolution of this experi- 
ment affect the width measurements more severely 
than the measurements of #. An average excitation 
energy of 7.0+1.0 Mev per neutron indicates that the 
full-widths at half-maximum of the distributions of 
total excitation energy for individual mass-ratio modes 
all lie near the value 20+3 Mev obtained for the 
corresponding width of the distribution for all modes of 
fission.* There is an indication of a minimum width 
equal to 19+2 Mev in the neighborhood of the most 
probable mass-ratio mode, which is comparable to the 
17.5 Mev width of the distribution of the total kinetic 
energy of the fragments for R,4=1.35 determined by 
Milton and Fraser.':* Such an agreement is implied by 
the relation Er=Ex+Ex. That the excitation-energy 
widths are correlated with the kinetic-energy widths 
is evident from the much smaller widths measured for 
modes specified both as to mass ratio and total kinetic 
energy. These full-widths at half-maximum, as defined 
by our grouping and dispersions are about 14+2 Mev, 
indicating that the true total excitation-energy widths 
for individual Ex, Rs modes are certainly less than 
about 7 Mev. A finite width is expected because of the 
nuclear charge distribution at a given mass ratio. 
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% This value is in agreement with the value 19+2 Mev deter- 
mined by J. Terrell, Phys. Rev. 108, 783 (1957), who assumed 
an average excitation energy per neutron of 6.7+0.7 Mev and 
the value D=1.54+0.04 obtained from a treatment of the data 
of references 8 and 9. 
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Angular distributions obtained for each member of the ground-state doublet of P® in the reaction 
P*!(d,p)P® indicate that for both levels the neutron is captured with /,=2, and that the s-wave admixture 
for the ground state is about 5%. Estimates of the purity of the P® ground-state wave function are made on 


the basis of the available experimental data. 


I. INTRODUCTION 


HE reaction P*'(d,p)P** was suggested by Bethe 
and Butler! as one which would be a good test 
of the validity of the shell model, since according to the 
shell model the target nucleus should accept a neutron 
with two units of orbital angular momentum only, 
while conservation of angular momentum allows both 
zero and two units. Previous measurements? of the un- 
resolved ground-state doublet indicated that the neu- 
tron was captured primarily with /,=2 as predicted by 
the shell model, the s-wave admixture being 5% or less. 
Angular distributions and relative intensities have since 
been obtained for each member of the doublet and it is 
now possible to make more definite statements about 
the wave functions of the nuclear states involved. 


IL EXPERIMENTAL 


The measurements were made using the magnetic 
analysis instrumentation associated with the 7.8-Mev 
deuteron beam of the 42-in. Michigan cyclotron.’ 
Targets were prepared by evaporating Li;PO, on a gold- 
leaf backing. The protons from the (d,p) reaction were 
detected in 1X3-in. Kodak NTB-100y plates. Typical 
spectra, obtained at scattering angles of 30° and 10°, 
and reproduced in Fig. 1, show the proton groups 
corresponding to the ground state (Qo) and the 77-kev‘ 
first-excited state (Q,). The abscissa is the distance in 
millimeters along the image plane of the analyzer and 
the ordinate is the relative number of proton tracks 
observed in a single (0.5-mm wide) scan across the 
1-in. dimension of the plate. 

In obtaining the angular distributions the intensity 
at each scattering angle was compared with that at 30°. 
To minimize variations in the instrumentation and in 
the target, each set of data was taken in cyclic fashion, 
one such sequence being 30°, 10°, 15°, 30°. At least two 


t Supported in part by the Michigan Memorial Phoenix Project 
and in part by the U. S. Atomic Energy Commission. 

1H. A. Bethe and S. T. Butler, Phys. Rev. 85, 1045 (1952). 

2 Parkinson, Beach, and King, Phys. Rev. 87, 387 (1952); 
C. F. Black, Phys. Rev. 90, 381(A) (1953); I. B. Teplov, Zhur. 
Eksptl. i Teort. Fiz. 31, 25 (1956) [translation: Soviet Phys. 
JETP 4, 31 (1957) ]; Dalton, Hinds, and Parry, Proc. Phys. Soc. 
(London) A70, 586 (1957). 

3 Bach, Childs, Hockney, Hough, and Parkinson, Rev. Sci. 
Instr. 27, 516 (1956). 

4Van Patter, Endt, Sperduto, and Buechner, Phys. Rev. 86, 
502 (1952). 


such sets were taken at each angle. The resulting 
angular distributions in the center-of-mass system are 
shown in Figs. 2 and 3. The standard deviations associ- 
ated with the experimental points were obtained from 
the deviations from the mean of the individual sets of 
data, the largest contribution to the deviation being the 
variation in the plate scanners.’ The variation was 
minimized by limiting the number of tracks in a single 
scan to the order of 200 and by assigning complete sets 
of data to one reader. 

Target contamination was a serious problem at small 
angles. A very weak and unidentified proton group, 
believed due either to K* or O'* peaked near zero 
degrees, and a second group, due to C™, resulting from 
the buildup of carbon on the target during bombard- 
ment, moved into coincidence with Q, at small angles. 
The contribution of these groups to the total cross 
section accounts for the larger uncertainty in the data 
in this region. 

The relative intensities of Qo and Q, at the peak of 
the angular distributions (30°) were determined from 
the mean of 13 separate measurements and found to 
be in the ratio of Q,/Qo=1.45+0.03. 


Ill. DISCUSSION 


Other things being equal, the relative intensities of 
the ground- and first-excited states at the peak of the 
distributions are expected to be in the ratio of their 
statistical factors (2/,;+1). Since the spin and parity 
assignment of the ground state of P*? is 1+,° the ratio 
Q;/Qo= 1.45 suggests that the spin and parity assign- 
ment of the first-excited state is 2+. The measured 
angular distributions are consistent with these spin and 
parity assignments; the ground-state distribution indi- 
cates an admixture of /=0 and /=2, while the first- 
excited state can be interpreted as an /=2 capture only. 
Since the spin and parity.of P*! are 3+, both s and d 
waves can contribute to the 1+ level but conservation 
of angular momentum prohibits direct s-wave capture 
to the 2+ level. 

The differential cross section at the peak of the 


5 The problem of plate reading is a serious one. The variation 
between experienced readers may be as large as 10%, particularly 
when the number of tracks per scan is large. The fractional 
counting loss of a single reader is roughly proportional to the 
number of tracks in a single scan but varies from day to day. 

6 Feher, Fuller, and Gere, Phys. Rev. 107, 1462 (1957). 
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angular distributions for single-particle /=0 and /=2 
transitions for these two levels in P*? should, according 
to the Butler theory, be in the ratio of 20:1, the statisti- 
cal factor (2J;+1) having been removed. It is well 
known, however, that the Butler theory does not give 
a reliable estimate of single-particle cross sections. The 
measured ratio’ of the /=0 and /=2 single-particle 
transitions in O" is 29; the calculated ratio is 20. The 
measured ratio* of /=1 and /=3 single-particle transi- 
tions in Ca‘! is 13; the calculated ratio is 9. In both 
cases the calculated ratios are lower than the experi- 
mentally determined values. In using the calculated 
ratio to estimate the admixture of /=0 in P*?, an error 
as large as 40% on the high side might reasonably be 
expected. When one uses the calculated ratio doo/do» 
=20 for extreme single-particle wave functions, the 
percent of /=0 required to fit the measured angular 
distribution of Fig. 2 is approximately 5%. The dashed 
curve in Fig. 2 is computed by combining 5% of the 
theoretical curve for /=0 and 95% of the “modified” 
/=2 curve and renormalizing to unity at 30°. The 
modification of the /=2 curve takes into account the 
nonzero character of an actual distribution at small 
angles and was assumed to be that shown by the dotted 
curve in Fig. 2. A much better fit tothe experimental 
points at small angles can be obtained if a radius of 
7.5X 10-* cm is used for the /=0 curve. 

According to the shell model, the zero-order con- 
figuration in the wave function of P*! is (s;*),(s;")> 


bet) J. Childs, thesis, University of Michigan, 1956 (unpub- 
lished). 

® C. K. Bockelman and W. W. Buechner, Phys. Rev. 107, 1366 
(1957); see also J. B. French and B. J. Raz, Phys. Rev. 104, 1411 
(1956). 
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Fic. 1. The proton 
groups corresponding to 
the ground state (Qo) 
and the first excited 
state (Q,) in the reac- 
tion P*™ (d,p)P®. The two 
spectra have not been 
normalized to the same 
monitor count. 
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outside the doubly-closed ds subshell, where m and p 
represent the neutron and proton configurations, respec- 
tively, and for P*? it is (s,*dy'),(s;!)p corresponding to 
the addition of a d; neutron to P*!. In attempting to 
determine admixtures in the wave functions, five bits 
of experimental evidence are now available: (1) the 
admixture of /=0 in Qo, (2) the intensity ratio Q:/Qo 
=1.45+0.03, (3) the number of excited states’ which 
contain /=0 components, (4) the anomalous magnetic 
moment of P*!=1.132 nm, and (5) the 8 decay of P*? 
which has a log/t=7.9 and is /=2 forbidden. 

More general wave functions for P*!, P*?(1+), and 
P*?(2+) are obtained by removing neutrons from the 
d, and s; subshells. Only those terms in the wave func- 
tions that differ from the ground state by two or less 
particles are considered. These may be written as 


W (P#) =a (55?) n(5y") p +BL (542g *dy") 0 (54) p 
+-y[(s5dy") n (55) p H+OL (dy?) n°(5y") pJ4+°--, 
WLP? (1+) J= ail (547dy") n (Sy) » JA bal (54'dy?) nt 8(54") » J 
teal (dy*) n(sy') op J+diL (547d) n (dy) pJ+- °°, 
WL P#(2+) J= aol (54%dy") n (54) p JA Daf (544d?) nb 4 (sy) p 
+ cof (dy*) n (55) p J+ doL (542dy") n(dy') pJ4+---, 


where the superscript outside parentheses indicates the 
spin to which the particles are coupled. The amplitudes 
a, @, and dz will be of the order of unity; the admixed 
amplitudes will presumably be small. The zero-order 
transition probabilities to the 1+ state and the 2+ 
state of P** are proportional to |aa;|? and |aae|?, 


9E. H. Beach, Ph.D. thesis, University of Michigan, 1952 
(unpublished); I. B. Teplov, reference 2; Dalton, Hinds, and 
Parry, reference 2. 
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Fic. 2. The angular distribution in the center-of-mass system 
of the ground state proton group. The solid curve is the calcu- 
lated Butler distribution for /,=2, using ro=5.710~" cm. The 
dashed curve is computed by using 5% of the calculated /,=0 
Butler distribution and 95% of the /,=2 curve, modified as small 
angles as shown by the dotted curve. The modified /],=2 curve 
takes account of the nonzero character of the distribution at 
small angles. 


respectively. There are only two configurations which 
can be reached in first order, one corresponding to the 
capture of a d; particle leading to the 2+ level of P**, 
with a capture probability proportional to | Ga, *, and 
one corresponding to the capture of an sy particle 
leading to the 1+ level, proportional to ya,|*. There 
are many second-order terms, some twelve of which 
can contribute to d; capture into both the 1+ and 2+ 
levels, such as (yb;) and (7yd2), respectively, four which 
can contribute to dy capture into the 2+ level, and five 
which can contribute to s; capture into the 1+ level. 

The admixture y allows /=0 capture to the 1+ state 
and is the only first order term to do so. Therefore, to 
first order, the ratio of the /=0 to the /=2 differential 
cross sections for Qo measured at their respective peaks 
gives a measure of y/a. The dimensionless reduced 
widths for capture of s;(J=0) and d;(/=2) nucleons in 
P*! to form the 1+ level of P** are 0,2=3(ya,)? and 
64?= (aa;)*, so that (1/20) (doo/do2) =0,"/04?= 3 (ya)? 
(aa,)?~0.05, or |y/a|~0.27. The factor } results from 
the proper combination of the Clebsch-Gordan coeffi- 
cients. There are, however, a relatively large number of 
second-order terms which may have amplitudes of the 
order of 0.01 to 0.1 which, if the amplitudes add 
coherently, could contribute significantly to the transi- 
tion probability. 

The reduced widths for /=2 capture to the 1+ and 
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Fic. 3. The angular distribution in the center-of-mass system 
for the proton group corresponding to the first excited state Q). 
The solid curve is the Butler distribution calculated for /,=2 
using ro>=5.7X10-"% cm 


2+ states, respectively, are 6°(1+) = (aa,)? and 6?(2+) 
= (aa2)*+3(a8)*. The term 3(a28)? corresponds to 
capture of a d; nucleon and will favor the transition to 
the (2+) level. The second order terms corresponding 
to d; capture such as (6b:) can be expected to have 
amplitudes of the order of 0.01 to 0.1, and again, if they 
add coherently could provide sizable contributions to 
/=2 capture. It is not possible to say a priori whether 
the (2+) or the (1+) level would be favored. However, 
the measured intensity ratio of Q:/Qo=0.88 (the 
statistical factor 2/+1 having been removed) suggests 
that the second-order terms are relatively important, 
the d; terms favoring the 1+ level by more than 12%. 
A surprisingly large number of the excited states in 
the reaction P*!(d,p)P*? are reached® by admixtures of 
1=0 and /=2. The /=2 components can arise due fo 
admixtures in the wave functions for the excited states 
of P**, but the /=0 components can arise only from 
admixtures such as y and 6 in the ground state of P*!. 
According to the shell model, P* contains an odd 
proton in an s; shell outside the closed d; subshell. It 
might be expected, therefore, that the magnetic moment 
would be given by the Schmidt value 2.793 nm, whereas 
the observed value is 1.132 nm. Blin-Stoyle has shown’® 
that for nuclei of spin } the deviation from the Schmidt 
value can be adequately accounted for by simple con- 
figurational mixing. The most important contribution 





”R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956); 
also Proc. Phys. Soc. (London) A66, 1158 (1953). See also M. 
Umezawa, Progr. Theoret. Phys. (Japan) 8, 509 (1952). 
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to the deviation for P*! arises due to mixing of the 
configurations (s;%d;~'d;'),(s;'), (of amplitude 8,) in 
which a neutron from the d; shell is elevated to the d; 
shell, and (s;7),(s;!ds~'d;'), (of amplitude 6,) corre- 
sponding to the excitation of a d; proton to the d; shell. 
While 8, does not contribute to the stripping cross 
section, it does yield the largest contribution to the 
deviation of the magnetic moment. To first order,!! 
u(P*!) =a?a(s;'),+3.95a(8,+1.208,), and since u(P*') 
=1.132 if axl, 8,+1.28,~—0.42. Assuming zero 
range forces Satchler finds 8,~38,, so that 6,~0.1. 
Thus only small amplitudes of the 8, and 8, admixtures 
are needed to account for the magnetic moment. 

The 8 decay of P**(1+-) to S**(0+) is an /-forbidden 
(Al=2) transition with log /t=7.9. The zero-order shell 
model configurations for P** and S* are [(s;'d;") n(s;') »] 
and [(s;*)n(s;7)»], respectively. Since the transition 
probability vanishes not only for the zero-order con- 
figurations, but also for first-order, second-order con- 
figurations are required to account for the 8 decay. The 
log ft value of 7.9 implies a transition probability ~ 10~ 
that of an allowed transition (AJ=1, no; log/i~™4). 
The matrix element is therefore ~ 10~* corresponding 
to an amplitude for the admixture in the P** ground 
state of ~0.1. 

In summary, the information available from the 
stripping reaction, the magnetic moment of P*!, and 
the beta decay of P**, is consistent with the wave 
function of P* containing admixtures of amplitude 
B=~0.1 and y~0.3 and that these are the only first- 
order terms. The amplitudes of the second-order con- 
figurations may be as large as 0.1. 

One further point is of interest. Conservation of 
angular momentum prohibits the (2+) level of P*® 





0G. R. Satchler (unpublished calculation). 
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being reached by direct /=0 capture. The angular 
distribution for this level (Q,), however, shows a slight 
rise at small angles that appears statistically significant 
and which remained after generous corrections for 
target impurities were applied to the original data. 
The Coulomb correction, calculated for a similar case,'* 
removes the zero of the normal! Butler curves but does 
not produce a rise at small angles. While the rise could 
be interpreted as indicating that the spin is not 2+, 
the other available data give strong support to this 
assignment. A possible explanation is that the rise at 
small angles results from spin-flip stripping, which can 
contribute an extra unit of angular momentum to the 
residual nucleus. There is evidence” that the cross 
section for this process may be as large as 10% of the 
direct process. In the P*(d,p) P®* reaction, spin-flip can 
occur only through the y or higher configurations. 
Since the y admixture contributes ~5% of 1/=0 to Qo, 
spin-flip might contribute ~0.5% /=0 to Q;. This is 
the right order of magnitude to account for the rise 
near 0°. 
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The yields of gamma rays resulting from Coulomb excitation have been measured for twenty-nine even- 
even medium weight nuclei (92 < A £130). The projectiles used for effecting Coulomb excitation were 
variable-energy protons (1.5 to 3.3 Mev) and doubly-ionized helium ions (8 to 10 Mev). In the most favor- 
able cases the absolute y-ray yields are determined to an accuracy of +4%. The reduced electric quadrupole 
transition probabilities, B(£2), are determined to an accuracy of +7% in favorable cases. For the least 
favorable case the accuracy is +20%. The observed values for B(E2) are larger than the single particle 
estimate by factors ranging from 6 to 64. The transition rates in the even-even tin isotopes are larger than 
the single particle estimate by a factor of 13. A strong correlation is found between the B(E2) and the 
inverse of the y-ray energy for transitions with moderately large values for B(E2). The transitions are 
interpreted in terms of the collective vibrational model. The mass parameters obtained show remarkably 
little variation and are approximately 10 times the irrotational flow estimate. 


I. INTRODUCTION 


ARLY work with the Coulomb excitation process 

showed that low-lying states of medium weight 
nuclei (A~100) are strongly excited.'“* The E2 y-ray 
transition rates extracted from the Coulomb excitation 
cross sections are as much as 50 times larger than the 
Weisskopf single-particle estimate. These fast transition 
rates suggest that a collective motion of the nucleons is 
playing an important role; however, examples of well- 
developed rotational spectra with their remarkable 
regularities are not found. Certain regularities, which 
are less striking than those for rotational spectra, 
have been discerned in the low-lying states of even- 
even nuclei of medium weight.‘ The ratio of the posi- 
tions of the first and second excited states, the spin 
sequence of the states and the relative transition 
rates suggest “‘near harmonic” spectra. Two types 
of collective motion which generate such spectra have 
been proposed.*'® Recently, the detection of the Cou- 
lomb excitation of the second 2* state in a number of 
medium-weight nuclei has provided additional! informa- 
tion which supports the collective-model interpretation 
of these states.’ 

In addition to this evidence for the importance of 
collective motion, it is also apparent that shell structure 
plays a significant role in the excited states of medium- 
weight nuclei. This is seen in the rather strong and 
fairly systematic variation in the energy of the first 
excited state of even-A nuclei with changes in proton 
or neutron number. Since £2 transition rates are an 
unusually sensitive indication of the presence of collec- 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

1G. M. Temmer and N. P. Heydenburg, Phys. Rev. 98, 1308 
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2 P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955). 

3 Mark, McClelland, and Goodman, Phys. Rev. 98, 1245 (1955). 

4G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 

§ G. Scharff-Goldhaber, Phys. Rev. 103, 837 (1956). 

®L. Wilets and M. Jeans, Phys. Rev. 102, 788 (1956). 

7P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 
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tive motion, extensive and accurate information on 
these transition rates should provide a better under- 
standing of the interplay of the collective-model and 
shell-model aspects of these states. From the experi- 
mental viewpoint, the prospect of making accurate 
determinations of Coulomb excitation cross sections 
by y-ray yield measurements is favorable for medium- 
weight nuclei. The y rays have convenient energies; 
internal conversion is small; and, most important of 
all, there exists a fairly complete set of isotopically 
enriched samples with good enrichment factors from 
which targets may be prepared. In this paper we 
wish to report the results of Coulomb excitation meas- 
urements on 29 even-A medium-weight nuclei. 


Il. EXPERIMENTAL PROCEDURE 


The projectiles used for effecting Coulomb excitation 
were variable-energy protons and singly- and doubly- 
ionized helium ions accelerated by the 5.5-Mv ORNL 
electrostatic generator. The energy spread of the 
incident particles was approximately 0.1% and the 
absolute energies were determined to 0.2%. The ion 
beam current integrator used to determine the number 
of particles striking the target had an accuracy of better 
than 0.5% for currents equal to or larger than 0.01 
microampere. 

Under optimum conditions the ratio He**/ He* from 
the radio-frequency ion source was less than 0.01 and 
for this reason the beam current of He** was limited 
to a few hundredths of a microampere. Since He** ions 
and molecular hydrogen ions have approximately equal 
e/m values, measures were taken to eliminate hydrogen 
from the ion source. Even so, a small amount of mole- 
cular hydrogen equal to about 4} of the He** current 
was observed. However, because the e/m values are 
slightly different we were able to resolve the two beams 
with the analyzing magnet. 

Targets were mounted at 45° with respect to the 
incident beam on a target support which was a stainless 
steel tube with 0.005-inch wall thickness. The y rays 
resulting from Coulomb excitation were detected with 


489 











490 P. a. 


thallium activated Nal crystals mounted on DuMont 
photomultiplier tubes. Two sizes of cylindrical crystals 
with dimensions 1} in. diameter—1 in. length and 3 in. 
diameter—3 in. length were used. Pulse-height spectra 
were measured with a sliding 20-channel analyzer of 
ORNL design.* The detector was placed at 235° with 
respect to the incident beam and, usually, with a dis- 
tance of 10 cm from the target to the front face of the 
crystal. The prolific x-ray yields produced by proton 
bombardment were attenuated by placing a series of 
thin metallic shields in front of the detector. 

The energy response of the scintillation spectrometer 
was calibrated by the use of radioactive sources, e.g., 
Be’, Cs'*7, Hg**, which emit y rays with accurately 
known energies. To avoid inaccuracy resulting from 
slight variations in the gain of spectrometer with 
changes in counting rate, the crystal was simultaneously 
irradiated by two sources of calibration y rays and the 
y rays from Coulomb excitation. 

Metallic targets of normal and enriched isotopic 
abundance were prepared either by electrodeposition 
onto 5-mil nickel backings or by sintering metallic 
powders into thin foils.* The sintered foils were mounted 
on nickel target backing by forming a sandwich of the 
nickel backing, the foil and a nickel collar; the collar 
was then spot-welded to the backing. The targets were 
75 to 150 mg/cm? in thickness by 0.5 inch in diameter 
and were, therefore, thick to the impinging projectiles. 

In more detail, the various targets were prepared as 
follows. Enriched targets of ruthenium, palladium, and 
tin were made directly from the metallic powders 
obtained from the Stable Isotopes Division by sintering 
at room temperature under a pressure of 25 tons/in.? 
The enriched molybdenum isotopes were furnished as 
oxides. These oxides were reduced to metallic powders 
by reaction with hydrogen gas at elevated temperatures 
and then sintered into foils. The enriched cadmium 
targets were prepared by electrodeposition from 
cadmium cyanide baths to 95% depletion using a 
platinum anode. An especially pure target of normal 
tin was made by electrodeposition from a sodium 
stannate bath. The target of normal tellurium was 
made by first depositing a thin layer of lead from a lead 
fluorobate bath and then depositing the tellurium 
from a solution of tellurium dioxide in a mixture of 
hydrofluoric and sulfuric acids. A target of normal 
zirconium was prepared by spot-welding a 2-mil zir- 
conium (hafnium-free) foil to a nickel backing. 


1. Gamma-Ray Spectra 


The y-ray spectra for about 30 different targets 
of normal and enriched isotopic abundance were 
measured for a number of incident projectile energies. 


8 Kelley, Bell, and Goss, Oak Ridge National Laboratory 
Physics Division Quarterly Progress Report ORNL-1278, 1951 
(unpublished). 

® The isotopically enriched samples were obtained from the 
Stable Isotopes Division of Oak Ridge National Laboratory. 
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In some cases both protons and a particles were used. 
Representative spectra for these targets are shown in 
Figs. 1 to 24. The isotopic abundance of the: isotope of 
interest is listed in column 4 of Table II. The spectra 
for targets enriched in the odd-A isotopes are needed 
for the complete interpretation of the even-A spectra. 
These were measured but are not shown here; they are 
discussed in another paper.'° 

In addition to pulses from y rays resulting from 
Coulomb excitation, the spectra contain pulses from 
(a) the local background, (b) the y rays from proton 
bremsstrahlung, and (c) the y rays from nuclear 
reactions produced by bombardment of minute amounts 
of light-element target impurities. Information was 
previously presented to show that the proton brems- 
strahlung is a slowly varying function of the Z of the 
target material.? A tin target was used to obtain the 
bremsstrahlung spectrum plus local background for the 
analysis of tellurium, cadmium, palladium, and ruth- 
enium spectra. Since no Coulomb excitation was ob- 
served for the enriched Mo” target, this spectrum was 
taken as the proton bremsstrahlung plus local back- 
ground for the analysis of the other molybdenum 
spectra. An examination of the representative spectra 
shows that in favorable cases, e.g., Ru’ spectrum, the 
bremsstrahlung plus local background is less than 1% 
of the peak height of the Coulomb excited y ray whereas 
in the least favorable cases, e.g., Te’ excitation in a 
normal Te target, the bremsstrahlung plus local back- 
ground is comparable to the height of the Coulomb 
excited y-ray peak. Fortunately, in most spectra the 
bremsstrahlung intensity is so low that the possible 
uncertainty in the intensity gives a negligible error 
in the y-ray yield. 

As is well known, gamma rays from nuclear reactions 
produced by bombardment of low-Z target impurities 
cause troublesome interference in Coulomb excitation 
experiments. For example, the 440-kev y ray from 
Na™(p,p’)Na™ is seen in many of the spectra. To 
identify these spurious y rays, the y-ray spectra of 
most of the light elements (Z< 30) were measured for 
a series of proton energies ranging from 1.5- to 4.0-Mev. 
The presence of target impurities, in addition to 
producing well-resolved y-ray peaks, in many cases also 
raised the continuum level appreciably above the brems- 
strahlung level (partly the result of pulses from 
Compton-recoil electron distributions resulting from 
higher energy y rays incident on the detector). In fact, 
for a-particle spectra, the somewhat irregular continuum 
from target impurities (see tin spectra) has prevented 
the definite identification of bremsstrahlung produced 
by a particles. It was found that preparation of targets 
by electrodeposition eliminated impurities to a con- 
siderable extent. For example, the Cd'* spectrum has 
a continuum which is accounted for by the proton 
bremsstrahlung plus local background. 


10 F. K. McGowan and P. H. Stelson, Phys. Rev. 109, 901 
(1958). 
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2. Gamma-Ray Yields 


The number of emitted y rays per microcoulomb of 
incident particles was obtained from the pulse-height 
spectrum by the use of the formula 


Tos oss 8 1 
naman, sweet oar ovat o mae (1) 
m(Eo) ASE ¢€ R, Ay 
where .V(Eo) is the counting rate in counts per mi- 
crocoulomb at the peak of the full-energy peak; 
n(Eo)=1/(a,') and a, is the half-width of the full- 
energy peak at 1/e amplitude; A4E=window width of 
the pulse-height analyzer; «=detection efficiency; R, 
is the ratio of the area of the full-energy peak to the 
total area of the pulse-height spectrum for the y ray; 
and A, is the correction for absorption of the y ray by 
material between the source and crystal. 

We now consider the accuracy with which the y-ray 
yields are determined by discussing in turn the errors 
in the quantities on the right-hand side of Eq. (1). 
The errors given are regarded as standard deviations. 

N(E,).—In favorable cases where the excitation is 
strong and the isotopic enrichment is high, e.g., Cd'" or 
Ru, V (Eo) has an error of 1.5%. This results from the 
statistical and reading error (1%), the channel width 
error (1%) and the current integrator error (<0.5%). 
On the other hand, in the least favorable cases the 
error in V(E,) may be as much as 15% and is then the 
principal error in 9(y’s/ucoul). These large errors are 
caused by the combination of relatively weak excita- 
tions with strong interference from y rays excited in 
the target impurities or in the other isotopes of the 
target. 

n(E») or a,(£o).—For strong, clean excitations the 
a,(Eo) were determined directly from the spectra with 
an accuracy of 1%. The ratio a,(E )/£» is a measure of 
the resolution of the spectrometer and should, in 
principle, depend only on the y-ray energy. Therefore, 
in case of weak excitation or complicated spectra, one 
can achieve better accuracy by determining a,(£o) 
indirectly from the observed y-ray energy and the 
knowledge of the curve a,(E)/ Eo vs E,. By the use of 
a series of radioactive sources, we determined this 
curve to an accuracy of 2% for y rays with energies of 
100-kev to 2000-kev. However, it was found that the 
resolution for the cases of strong y rays from Coulomb 
excitation was slightly poorer (3 to 5% increase in a,) 
than those deduced from the resolution curve obtained 
from radioactive sources. Further study of this differ- 
ence showed that it was the result of the large number 
of soft x-rays present during Coulomb excitation which, 
after energy degradation to fluorescent x-rays of the 
graded shield, random sum with the nuclear y ray being 
detected. When a,(£o) was obtained indirectly by the 
use of the curve a,(Eo)/ Eo vs E, we assigned an error 
of 3%. 

AE.—The average window width for the 20 channels, 
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AE, was determined to an accuracy of 0.5%. In addition, 
there are variations in the individual channel widths 
of 1% but this is considered as an error in NV (Ep). 
e.—Values of the total efficiency have been computed 
by numerical integration for the crystal shapes used 
for the case of small sources placed at various distances 
from the crystal surface along the axis of the cylinder." 
The error in the numerical integration is a few tenths 
of one percent. The values taken for the cross section 
(the total cross section minus the coherent scattering 
cross section) are believed to be known to 1% for the 
range of y-ray energies of interest here. The error in 
the cross section results in a smaller error in €, especially 
for the 3in.X3in. crystals with which most of the 
measurements were made, because these large crystals 
are approaching the total absorption condition for 
y rays of a few hundred kev energy. For measurements 
made with the 3 in. X3 in. crystals, the uncertainty in 
the distance from the target to the front face of the 
crystal introduces a 1% error in ¢ and an additional 1% 
error arises from the uncertainty in the dimensions of 
the crystal. The combination of these errors gives the 
result that € is known to within 1.5 to 2% for the 
3in.X3in. crystal. From similar condiderations, the 
error in ¢ for the 14X1 in. crystal is2to 3%. 
R,.—The quantity R,, which is defined as the ratio 
of the area under the full-energy peak to the total 
area of the y-ray spectrum, varies with (a) the y-ray 
energy, (b) the shape and size of the crystal, and (c) 
the position of the source with respect to the crystal. 
Values for R, for the 3 in. X3 in. crystal were obtained 
by measuring spectra of radioactive sources which emit 
only one y ray. These spectra were measured with the 
scintillation counter suspended in the center of a large 
room to reduce distortion of the spectra at low pulse 
heights caused by y rays from the source which first 
scatter from surrounding objects and then interact with 
the crystal. The values obtained for R, are in good 
agreement with the results of Lazar, Davis, and Bell," 
who have made more extensive measurements. We have 
used their values of R, for the 1}X1 in. crystal. The 
values for R, are believed to be accurate to 3% for 
both the 3X3 in. and 1}X1 in. crystals. The way in 
which formula (1) is written assumes that the full- 
energy peak is of Gaussian shape. Although this is a very 
good approximation, it was found that with our 
3X3 in. detector as one went far down the high-energy 
side of the full-energy peak, there occurred a consider- 
able deviation from the Gaussian curve fitted to the 
peak. The extent of this deviation varied with the 
y-ray energy. Consequently, there was a small difference 
between the actual area under the peak (used in the 
definition of R,) and that given by fitting a Gaussian 
to the peak. Since Gaussian shapes were assumed in 


" See P. R. Bell, Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
p. 132. 

12 Lazar, Davis, and Bell, Nucleonics 14, 52 (1956). 
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analyzing the Coulomb excitation spectra, a small 
correction was applied to the values of R, to account 
for this difference in areas. 

A,.—In our arrangement, the Coulomb-excited + 
rays which are detected emerge from the front face of 
the target, i.e., the face which the beam strikes. Ab- 
sorption occurs in (1) a small increment of the target 
itself, (2) the 5-mil stainless steel target holder tube, (3) 
the x-ray graded shield, (4) the 5-mil aluminum crystal 
housing, and (5) the thin layer of Al,O; (~30 mg/cm?) 
surrounding the crystal. Although the correction for 
(1) is appreciable for proton excitation of the low- 
energy ¥ rays in the rare-earth region, it is negligible for 
the y rays reported here. Absorptions by (2) to (5) are 
small and may be calculated with fair accuracy. The 
total absorption for the lowest energy y ray (Ru™, 358 
kev) was less than 4%. The error in 9(y’s/ucoul) 
introduced by the uncertainty in A, is thought to be 
less than 0.5%. 

Compounding the errors outlined above, one has the 
has the result that under the most favorable conditions 
the absolute y-ray yield is determined to an accuracy 
of 4%. 

One reason for giving a discussion of the individual 
sources of error in the y-ray yields is that the relevant 
error is different for different applications. For example, 
one important feature of the y-ray yields is the varia- 
tion in yield of a given y ray with changes in projectile 
energy. In this case only the error in the area of the 
full-energy peak is of interest. 

The y-ray yields are given in column 3 of Table I for 
the corresponding projectile energies listed in column 2. 
The isotovic abundance of the nucleus of interest is 
given in column 4 of Table II. The errors given are 
those for the area of the full-energy peak. The absolute 
error in the gamma-ray yields may be obtained approxi- 
mately by combining this error with an additional 
4% error (resulting mainly from errors in R, and e). 

To obtain the reduced electric quadrupole transition 
probabilities, B(£2).x, one must convert from the y-ray 
yields to the number of nuclear excitations. This is done 
by taking into account (a) the isotopic abundance, i.e., 
converting to a 100% basis, (b) the total internal- 
conversion coefficient, a7, and (c) the angular dis- 
tribution of the y rays. The values of ar were obtained 
from tables calculated by Rose et al."* These values are 
listed in column 3 of Table IT. For the y rays of interest 
here, ar is never more than 2% and since the calcula- 
tions are fairly accurate, the error in B(E2) caused by 
the uncertainty in a7 is negligible. In general, the error 
in the isotopic enrichment is 1% or less. 

The y-ray yields are those for an observation angle 
of 235°. The angular distribution of the y rays is of the 
form AopPo+A2P2+AaPy. Since Az is always much 
larger than A,4, the magnitude of the correction for the 





18 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 
79 (1951), and tables of internal conversion coefficients privately 
circulated by M. E. Rose. 
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angular distribution was minimized by measuring the 
y-ray yields at an angle of 235° because Pz» is zero at 
this angle. A correction for A4Ps, which is now known 
both theoretically and experimentally, was applied 
to the y-ray yields to obtain Ao. This correction, which 
depends on E,;, AE, Zs, Z;, and m (see below for the 
definition of these quantities) varied from 0 to 10%. 
The quantities N(excitations/ucoul), are given in 
column 4 of Table I. 


III. EXTRACTION OF B(E2),x 


The formula for the cross section for electric quadru- 
pole excitation is 
2 ? 
o(E2)=————B(E2) xg #21), (2) 
2527e*h* 





where 





V, V; 


£2071 1 Z\Z2¢° 
Pee ae 


h hV; 
Z,e and Ze are the charges of the impinging projectile 
and the nucleus, respectively. V; and V; are the initial 
and final velocities and m is the reduced mass. B(£2) is 
the reduced transition probability for excitation by E2 
radiation. The function gg2(t,;) has been accurately 
evaluated.'® 
The B(£2) for decay of the 2* state to the 0* ground 
state [denoted by B(E2),] is equal to } the B(E2) for 
excitation [denoted by B(E2).x |. The values given for 
B(E2) will actually be those for the quantity B(E2)/e’. 
To compare thick target y-ray yields with theory it 
is necessary to integrate the theoretical cross section. 
The [excitations/ucoul ], V, of the 2+ state is given by 


Ei g(E)dE 
v=const f a, (4) 
o S(E) 


Substituting from Eq. (2) for the cross section gives 
the result B(E2)..«<N/Y, where 


yuk? ¢ Eygeo(é.ni)dE a 
0 a : 


E; is the incident energy of the projectile; E;=E; 
—AE/K, where AE is the energy of the excited state 
and K=M:2/(M,+Mz2), M, and M; being the masses 
of the projectile and target nuclei, respectively; and 
S(£) is the rate of energy loss of the projectile in the 
target. 

One of the principal sources of error in the absolute 
values of B(E2) is the uncertainty in the energy loss of 
the exciting projectiles in the target materials. For 
example, one sees from formula (5) that if S(£) is 
taken uniformly 10% too large, then Y will be in error 





14 F. K. McGowanand P. H. Stelson, Phys. Rev. 106, 522 (1957). 
15 See review article by Alder, Bohr, Huus, Mottelson, and 
Winther, Revs. Modern Phys. 28, 432 (1956). 
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TABLE I. The nucleus and observed y-ray energy are given in column 1. Column 3 gives the observed yield of y rays (at @=55°) 
for thick-target bombardment by protons or a particles with energy given in column 2. The errors given are relative errors (see text). 
The isotopic enrichments of the targets are listed in column 4 of Table II. The yields have not been converted to a 100% isotopic 
enrichment basis. Column 4 gives the number of excitations per microcoulomb on a 100% isotopic enrichment basis. Corrections for 
internal conversion (column 3 of Table II) and for the angular distribution were applied to the y-ray yields to obtain excitations per 
microcoulomb. Column 5 lists the integral Y (in kevXmg/cm?) which is needed to deduce the B(E2)ex. The integral Y is defined 


by Eq. (5) in the text. Column 6 lists the B(£2),x in units of cm‘. 


Nucleus Ey or Ey 
(E, in kev) (Mev Yield of y's/ucoul Excitations/ycoul Y B(E2)ex 
Mo™(874) 3.00 (2.48+0.25)  10# (3.02+0.30) * 104 1.41K 10° (2.5440.25) K 10-* 
2.70 (8.15+ 1.60) x 108 (9.82+1.90) x 10° 4.10 10 (2.85+0.55) XK 10-* 
2.40. (1.60+0.26) x 10° (1.91+0.31) x 10° 7.79X 10 (2.91+0.48) x 10-* 
Mo" (775) 3.00 (5.63+0.85) & 104 (6.33+0.95) & 10* 2.60 108 (2.89+0.44) x 10-* 
2.70 (2.20+0.33) & 10* (2.47+0.37) « 104 9.40 10? (3.12+0.47) xk 10-* 
2.40 (5.16+0.50) x 108 (5.7340.55) x 10 2.24 10° (3.04+0.29) xk 10-* 
Mo**(780) 3.00 (5.17+0.35) & 104 (5.27+0.36) x 10# 2.51X 10° (2.4940.17) K 10-* 
2.70 (2.01+0.35) & 10° (2.04+0.35) K 10* 9.00 X 108 (2.69+0.46) X 10-* 
2.40 (5.83+0.55) kK 106° (5.86+0.55) x 10° 2.12K 10 (3.28+0.30) x 10-* 
Mo! (530) 3.00 (5.19+0.50) X 10* (5.29+0.51) K 10° 1.06 10* (5.93+0.60) x 10-* 
2.70 (2.69+0.20) « 10# (2.72+0.20) * 10° 5.29 108 (6.10+0.48) X 10-* 
2.40 (1.13+0.10) « 10* (1.14+0.10) x 105 2.12 10° (6.39+0.61) x 10-” 
Ru®*(840) 3.00 (2.80+0.4 )«10' (2.80+0.4 )«10' 1.52 10° (2.54+0.35) kK 10-8 
Ru®* (654) 3.00 (1.04+0.03) « 105 (1.55+0.05) x 10° 49 K10 (4.37+0.14) X 10-* 
2.70 (4.61+0.18) x 10* (6.83+0.27) x 10* 2.03 XK 10° (4.65+0.18) K 10-* 
2.40 (1.543-0.08) & 10* (2.26+0.12) x 10* 6.18X 10 (5.05+0.27) K 10-* 
2.10 (3.32+0.27) K 10 (4.814+0.39) x 10° 1.24 10° (5.36+0.44) x 10-8 
Ru (540) 3.00 (3.34-40.09) x 10° (3.69+0.10) x 105 9.40 10° (5.43+0.15) x 10-* 
2.70 (1.73+0.05) 10° (1.90+0.06) X 10° 4.54 10° (5.78+0.18) x 10-* 
2.40 (7.05+0.21) x 10* (7.67 +0.23) x 10° 1.76X 10° (6.02+0.18) x 10- 
2.10 (1.84+0.15) x 10* (1.98+0.16) X 10° 4.81XK 10 (5.69+0.14) KX 10-” 
Ru'®(475) 3.00 (6.85+0.17) « 10° (7.19+0.18) x 10° 1.31 10° (7.59+0.19) K 10-* 
2.70 (3.37+0.09) XK 105 (3.52+0.10) x 10° 6.83 X 10° (7.12+0.20) x 10- 
2.40 (1.49+0.04) x 108 (1.54+0.04) x 10° 2.97 K 10° (7.17+0.19) x 10-* 
2.10 (4.96+0.13) x 10* (5.09+-0.13) k 10° 9.63 X 10° (7.30+0.19) x 10-" 
1.80 (1.03+0.03) x 10# (1.04+0.03) x 10* 1.91K 10 (7.5340.22) x 10-* 
1.50 (8.4 +1.3 )K10 (8.3541.3 )K10 1.50 10 (7.6941.2 )x10-* 
Ru(358) 3.00 (1.49+0.04) k 10° (1.58+0.04) x 10° 2.31X 10* (9.45+0.24) x 10-* 
2.70 (8.80+0.22) x 10° (9.31+0.23) x 105 1.37 X 10° (9.39+0.23) x 10-* 
2.40 (4.39+0.11) x 10° (4.61+0.11) x 10° 7.14X 10° (8.92+0.21) x 10-” 
2.10 (1.94+0.05) x 10° (2.02+0.05) x 10° 3.04X 10° (9.18+0.23) x 10-* 
1.80 (6.11+0.16) XK 10% (6.30+0.16) X 10* 9.19 10? (9.47+0.24) x 10- 
1.50 (1.01+0.03) x 10* (1.03+0.03) x 10* 1.54 10 (9.24+-0.29) x 10-” 
Pd!(555) 3.30 (3.21+0.10) x 10° (5.08+0.16) x 10° 1.43 X 10° (5.63+0.18) x 10-* 
2.40 (2.80+0.10) XK 104 (4.35+0.17) x 10* 1.32 108 (5.22+0.16) X 10-* 
2.10 (7.45+0.30) X 10° (1.15+0.05) x 10# 3.28 10° (5.56+0.17) x 10-* 
Pd!6(513) 3.30 (6.21+0.15)< 105 (7.47+0.18) x 105 1.81X 10% (6.54+0.16) x 10-* 
3.00 (3.34+0.10) x 105 (4.00+0.12) x 105 1.03 X 104 (6.16+0.19) x 10-8 
2.70 (1.66+0.05) x 10° (1.98+0.06) x 10° 5.03 XK 108 (6.24+0.20) X 10-* 
2.40 (6.73+0.16) X 10* (7.9540.19) x 10# 1.91 10° (6.60+0.16) X 10~-* 
2.10 (1.98+0.05) K 10° (2.32+0.06) X 10° 5.34 10 (6.89+0.18) x 10-* 
Pd* (433) 3.30 (1.12+0.03) x 108 (1.19+0.03) x 106 2.50X 10* (7.5340.20) x 10-* 
3.00 (6.66+0.18) & 105 (7.02+0.19) x 105 1.50X 10* (7.42+0.20) x 10-° 
2.70 (3.58+0.08) & 105 (3.76+0.08) X 105 8.00 10° (7.45+0.16) x 10-* 
2.40 (1.59+0.04) x 10° (1.66+0.04) x 10° 3.62X 10° (7.27+0.17) X 10-* 
2.10 (7.5340.24) x 10* (7.80+0.25) K 10* 1.24 108 (9.95+0.35) X 10-* 
Pd (374) 3.30 (1.65+0.04) x 10 (1.82+0.04) x 10° 3.22 108 (8.95+0.20) x 10-* 
3.00 (1.01+0.02) X 10° (1.11+0.02) x 10° 2.03 X 10° (8.67+0.16) x 10-* 
2.70 (§.62+0.12) « 105 (6.15+0.13) & 105 1.15 10% (8.72+0.18) xk 10-* 
2.40 (2.87+0.10) x 105 (3.12+0.11) x 105 5.93 10° (8.34+0.29) x 10-* 
2.10 (1.11+0.03) x 105 (1.20+0.03) x 105 2.37 X 10° (8.03+0.20) x 10-* 
Cd"*(630) 3.30 (8.96+0.45) x 10* (2.67+0.13) X 105 9.45 108 (5.14+0.25) x 10-8 
3.00 (3.95+0.30) X 10* (1.17+0.09) x 105 4.64X 108 (4.58+0.36) X 10-* 
2.70 (1.49+0.15) x 10° (4.38+0.44) x 10* 1.88 108 (4.24+0.43) x 10-8 
2.40 (5.43+0.80) x 10° (1.58+0.23) x 10* 5.46 10° (5.26+0.77)K 10-" 
2.10 (6.254+1.50) X 108 (1.81+0.45) x 108 1.02 16 (3.23+0.80) X 10-8 
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Nucleus 
(Ey in kev) 





Cd*°8(630) 


Cd" (656) 


Cd™(610) 


Cd™*(555) 


Cd"6(517) 


Te!®(673) 


Te!*®(750) 


Te™ (850) 


Sn"6(1268) 


Sn"8(1219) 


Sn!(1155) 


Sn!™(1130) 


Sn!(1128) 


Zr (920) 


3.30 
3.00 
10.00* 

9.00* 


3.30 
3.00 
10.00* 
9.00" 


9.13 
10.13* 


8.12 
9.13 
10.13* 


8.128 
9.13" 
10.13* 


8.12 
9.138 
10.13 


8.12 
9.13 
10.13* 


9.008 








* Doubly charged a particles. 


H. STELSON 


TABLE 1.—Continued. 


Yield of y's/ucoul 


(5.43+1.00) x 10* 
(1.97+0.35)  10* 
(6.11+1.20) x 108 
(2.17+0.50) x 108 


(1.65+0.04) X 105 
(7.5240.19) x 10* 
(2.99+0.15) X 104 
(9.20+0.50) X 10° 
(1.46+0.08) x 108 


(2.68+0.08) & 105 
(1.28+0.03) x 105 
(5.73+0.14) x 10* 
(1.79+0.06)  10* 
(3.43+0.16) x 108 


(4.30+0.10) x 105 
(2.14+0.05) & 105 
(1.02+0.02) x 105 
(3.61+0.09) X 10* 
(8.71+0.27) x 108 
(2.03+0.05) x 106 


(3.85+0.09) x 10° 
(2.16+0.05) X 10° 
(1.034-0.03) x 10* 
(4.00+0.10) X 104 
(1.14+0.03) x 10* 


(2.59+0.25) X 104 
(1.18+0.12) K 104 
(3.26+0.11) 10° 
(1.76+0.06) x 10® 


(2.14+0.20) x 10* 
(9.22+1.00) X 108 
(3.25+0.11) x 105 
(1.71+0.06) x 10° 


(9.40+0.80) X 108 
(4.04+-0.60) x 10° 
(2.02-+0.09) XK 105 
(9.97+0.45) X 104 


(4.02+0.37) x 10* 
(1.03+0.09) x 10 


(1.44+0.21) x 10# 
(5.64+0.41) X 104 
(1.45+0.07) x 10° 


(2.3140.27) x 104 
(7.52+0.36) X 10* 
(1.75+0.07) x 105 


(3.36+0.45) X 108 
(9.78+0.93) X 104 
(1.97+0.16) x 10° 


(2.61+0.34) X 104 
(6.87 +0.47) X 10* 
(1.81+0.12) xX 10° 


(7.1740.72) x 108 
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Excitations/ycoul Y B(E2)ex 

(3.75+0.69) x 108 9.45X 108 (7.2141.3 )«10-" 
(1.3540.24) x 105 4.64&X 10° (5.29+4-0.96) xk 10-* 
(4.16+0.82) 104 1.88 X 108 (4.02+0.80) x 10-” 
(1.45+0.34) x 10* 5.46 10° (4.8341.14)«10~” 
(2.30+0.06) X 105 8.14 108 (5.14+0.13) x 10-* 
(1.04+0.03) x 10° 3.92 10° (4.82+0.14) k 10-" 
(4.12+0.21) x 10+ 1.54 10° (4.86+0.25) K 10-” 
(1.26+0.07) < 10# 4.19XK 1 (5.47+0.30) xX 10°" 
(1.98+0.09) x 108 7.26X 10 (5.03+0.23) x 10-* 
(3.14+0.09) x 10° 1.05 10* (5.44+0.16) kK 10-” 
(1.49+0.04) x 10° 5.27XK 10° (5.14+0.14) x 10-” 
(6.65+0.16) X 104 2.18 108 (5.55+0.13)« 10-" 
(2.06+0.07) x 10* 6.7110? (5.58+0.19) x 10-” 
(3.92+0.18) x 108 1.33 10 (5.36+0.25) K 10~* 
(4.50+0.10) x 10° 1.38 10* (6.1140.14) xk 10-" 
(2.23+0.05) x 10° 7.30X 108 (5.55+0.12)K10-* 
(1.05+0.02) x 105 3.30 10° (5.784-9.11) 10-8 
(3.70+0.09) X 10* 1.16X 10° (5.80+0.14) x 10-" 
(8.86+0.28) x 108 2.67 XK 18 (6.03+0.19) x 10-* 
(2.13+0.05) X 10® 3.46X 10* (5.60+0.14) k 10" 
(5.44+0.13) x 10° 1.66X 10* (5.96+0.14) x 10-8 
(3.05+0.07) x 105 9.16 108 (6.05+0.14) x 10-* 
(1.37+0.04) x 105 4.33 108 (5.75+0.17)« 10-" 
(5.45+0.14) x 10* 1.63 X 10° (6.08+0.16) x 10-* 
(1.54+0.04) x 10* 4.33XK 10 (6.47+0.17) x 10-* 
(1.40+0.13) x 105 6.45&X 108 (5.25+0.50) x 10-“ 
(6.11+0.62) X 10* 2.89X 108 (5.12+0.50) x 10- 
(1.73+40.06) X 10° 3.83 X 10* (5.47+0.20) x 10- 
(9.3340.33) 105 2.07 XK 10* (5.45+0.20) x 10-" 
(6.51+0.65) x 10* 4.08 X 10° (3.87+0.38) x 10-” 
(2.79+0.30) X 10# 1.62 108 (4.17+0.43) K 10-" 
(1.01+0.04) x 10° 2.95 10* (4.14+0.14) «k 10-” 
(5.32+0.19) x 105 1.50 10* (4.29+0.15) x 10°" 
(2.6340.22) x 10* 2.10 108 (3.0340.30) x 10> 
(1.72+0.13) x 10* 7.31 10 (3.7140.70) x 10-* 
(5.77+0.26) X 105 2.10 104 (3.3340.15) x 10-" 
(2.85+0.13) x 10° 9.95X 108 (3.47+0.15) x 10-* 
(4.23+0.39) x 10# 2.03 108 (2.17+0.20) x 10-# 
(1.08+0.09) x 10° 5.72K 105 (1.97+0.17) K 10- 
(1.48+0.21) x 10" 6.95 10° (2.21+0.32) x 10-* 
(5.80+0.42) x 10* 2.56X 108 (2.35+0.17) kK 10-* 
(1.50+0.07) « 105 6.88 X 10° (2.28+0.12) x 10-* 
(2.29+0.27) x 104 9.85 10 (2.43+0.28) x 10-* 
(7.50+0.36) X 10* 3.39X 108 (2.30+0.11) x 10-" 
(1.75+0.07) x 10¢ 8.72K 10° (2.09+0.08) x 10-” 
(3.60+0.47) x 10* 1.13 10° (3.3140.43) x 10-8 
(1.05+0.99) x 105 3.80X 108 (2.88+0.27) x 10-* 
(2.12+0.16) X 105 9.56X 108 (2.3340.17) x 10-* 
(2.7340.35) X 104 1.15 108 (2.48+0.31) x 10-8 
(7.20+0.50) X 104 3.85 108 (1.95+0.13) x 10-* 
(1.92+0.12) x 105 9.66X 10° (2.06+0.13) K 10-8 


(2.05+0.21) X 105 1.33 104 (0.79+0.08) X 10~# 


by 10%. The existing information on S(£) for medium- _ error in obtaining B(E2), can in some cases be measured 
weight elements for protons and a particles of several to 4%, the error in S(E) is seen to be quite important. 
Mev energy has an estimated accuracy of 10%. Since _ In the limit of very thin targets the uncertainty is S(E) 
the yield of y rays, 9, which is the other main source of _ is eliminated. However, it has been impractical to con- 
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TABLE IT. Column 2 lists the observed y-ray energy from Coulomb excitation of the target nucleus in column 1. The assigned error 
is considered to be a standard deviation. Columns 3 and 4 list the total internal conversion coefficient and the isotopic enrichment of 
the target. Column 5 lists our best value for the B(E2).x in units cm* (converted to a 100% isotopic abundance basis). The columns 
headed R.E. and A.E. give, respectively, the relative percentage error (see text) and the absolute percentage error (standard deviations) 
for the B(E2).x. The column headed B(E2)¢/B(E2)., contains the ratio of the observed decay rate to that for a single-particle transi- 


tion. The quantities 8, C2, and B2/(Bs)irrot, which are listed in the last three columns, are defined in the text. 1 





E Isotopic B(E2)ex 
Nucleus (kev) ar abundance x10" R.E. 
Mo* 874+ 9 0.0011 79.1 +1.0 2.70 +11 
Mo*”* 775+ 8 0.0015 85.94+-1.0 3.02 +11 
Mo* 7804 8 0.0015 95.0 +1.0 2.70 +10 
Mo” 530+ 5 0.0038 9.67" 6.14 + 8 
Ru” 840+10 0.0017 95.51+0.11 2.54 +15 
Ru 654+ 6 0.0032 65.1 +0.4 4.75 + 6 
Ru'™®™ 540+ 5 0.0052 88.9 +0.1 5.72 + 5 
Ru 475+ 5 0.0076 94.24+0.03 7.33 + 4 
Ru 3584 3 0.0188 95.1 +0.2 9.28 + 4 
Pd™ 555+ 6 0.0045 62.20+2.43 5.47 + § 
Pdi 5134 5 0.0056 82.33+40.03 6.46 + 5 
Pd 4334+ 4 0.0087 94.19+0.11 7.42 +4 
Pde 3744 4 0.0137 91.42+0.32 8.60 +4 
Cadi 630410 0.0036 32.9 +0.5 4.70 + 9 
Ca 630410 0.0036 14.2 +0.2 5.35 +20 
Cd 656+ 6 0.0032 70.0 +0.5 5.04 +6 
Cd'@ 610+ 6 0.0039 83.5 +1.0 5.42 + 5 
Cd" 5554+ 5 0.0050 94.2 +1.0 5.84 +4 
Cd's 517+ 5 0.0061 71.2 +0.5 6.00 +4 
Te! 6734 7 0.0032 18.69" 5.32 + § 
Te 750410 0.0024 31.818 4.12 + 6 
Te™ 850+10 0.0018 34.44* 3.40 +7 
Sn 1268+10 0.0008 92.64+0.07 2.07 +11 
Sn" 1219+10 0.0009 94.91+0.19 2.28 +10 
Sn'™ 1155+10 0.0010 98.14+0.07 2.20 + 8 
Sn™ 1130410 0.0010 88.92+0.06 2.52 +10 
Sn™™ 1128+10 0.0010 '90.26+0.06 2.13 +9 
Zr 920+10 0.0009 34.5 0.79 +11 


| 
} 


® Targets with natural isotopic abundance. 


struct thin targets of accurately known thickness from 
the limited amounts of enriched isotopes available. 
In order to reduce the error in B(E2) from the un- 
certainty in S(£) for thick-target experiments, measure- 
ments were made with thick and thin targets of ‘silver 
(Z=47) and gold (Z=79), since for these two elements 
one can make stable uniform thin targets of accurately 
known thickness. From a comparison of the values for 
B(£2) obtained from thin and thick targets for a series 
of incident energies, one can deduce the error in S(£) 
and alter S(E) until the yields from thin and thick 
targets give consistent values for B(E2). The details 
of these experiments are given in the appendix. It is 
believed that the error in S(£) for protons in silver has 
been reduced to 4%. The new values are approximately 
10% larger than those previously used.’ The stopping 
power for a particles in silver was obtained using the 
assumption that S,=4S, at an a-particle energy which 
is 4 times the proton energy. The resulting values for 
S(£)q are in good agreement with the early measure- 
ments of Rosenblum.'* The stopping power of silver was 


16S, Rosenblum, Ann. phys. 10, 408 (1928). 





B(E2)a 


Cc 
A.E, B(E2)sp Tj (sec) 8B (Mev) B2/ (Bz)irrot 
+13 21 2.0X10-" 0.174 72 12 
+13 23 3.4X 10-8 0.181 59 12 
+12 20 3.6 10-" 0.169 68 13 
+10 48 1.1K 10" 0.252 21 8.4 
+16 19 2.7X 10-2 0.160 83 14 
+ 8 35 5.0 10-" 0.214 36 9.8 
+7 41 1.1107" 0.232 25 9.6 
+7 52 1.6104 0.259 17.7 8.5 
+7 64 5.2X10-™™ 0.276 10.8 8.9 
+7 38 9.8X10-" 0.214 31 10.6 
+7 43 1.2X10™4 0.227 25 9.7 
+7 48 2.5X10-" 0.241 18.8 9.9 
+7 55 4.510 0.255 14.4 9.9 
+11 32 6.0K 10-” 0.186 46 12 
+21 35 5.3X10-" 0.195 41 10 
+ 8 32 4.6X 10°" 0.187 47 10.4 
+7 34 6.2X10-" 0.193 42 10.5 
+7 35 9.2X10-" 0.197 36 10.5 
+ 7 36 1.3K 10-4 0.197 33 10.8 
+ 7 28 3.8X 10-2 0.163 64 il 
+ 8 21 2.9X 10-2 0.141 94 12 
+9 17 1.9X10-" 0.127 130 13 
+13 12 4.2X10-" 0.111 260 14 
+12 13 4.6X 10 0.115 230 13 
+10 13 6.3X10-8 0.112 230 14 
+12 14 6.0X 10" 0.119 200 13 
+11 12 7.9X10-% 0.108 240 16 
+13 6.3 5.5X10-8 0.100 230 23 


used to obtain the stopping power of other medium 
weight elements on the assumption that S(E) ex- 
pressed in kev/mg/cm? varies as Z~'. This procedure 
ignores “‘shell effects” which might be as large as several 
percent.!7 

Other sources of error in the values for B(E2),x 
result from errors in (a) the incident energy, Ei, 
(b) the excitation energy of the state, AE, and (c) the 
actual numerical evaluation of the integrals, Y. The 
integrals are quite sensitive to changes in E; and AE. 
For example, in the least favorable cases, e.g., a-particle 
excitation of the tin states, a 1% alteration of £; 
changes Y by 5 to 10% and a 1% alteration of AE 
changes Y by 5%. In the most favorable cases, e.g., 
proton excitation of Ru™, a 1% alteration of E, changes 
Y by 5% and a 1% alteration of AE changes Y by 2%. 
Since we have determined the incident energies to 0.2%, 
the errors in B(E2),x resulting from errors in E; are 1 to 
2%. In general the excitation energies have an accuracy 
of about 1% which means the resulting errors in B(E2),x 
range from 2 to 5%. The integrals, Y, were obtained 


17 A. Winther (private communication). 
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from numerical integrations by the use of Simpson’s 
rule. It is believed that they are correct to within 2%; 
the uncertainty results in part from the actual numerical 
integration and in part from reading and interpolation 
errors in gxo(&,ni). 

The values for the integrals, Y, in units of 
kev X mg/cm’, are given in column 5 of Table I. The 
last column contains the values for B(E2).. deduced 
from the NV (excitations/ucoul) and Y. The errors listed 
for the B(E2),x in this table reflect only the error in 
the area of the full-energy y-ray peak since we are 
interested here in the constancy of B(£2).. for different 
bombarding energies. 
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Fic. 1. Pulse-height spectrum for 3.0-Mev protons on Mo% 
target. The curve labeled proton bremsstrahlung also includes local 
background. The curve labeled 100 (for Mo™) and the peak 
labeled Mo*® indicate the contributions from Coulomb excitation 
of these isotopes in the enriched Mo™ target. 
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Fic. 2. Pulse-height spectrum for protons on Mo* target. 
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Fic. 3. Pulse-height spectrum for protons on Mo* target. 
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Fic. 4. Pulse-height spectrum for protons on 
normal molybdenum target. 


Our best values for the B(£2).. are given in column 
5 of Table II. The columns headed R.E. and A.E. list 
percentage errors assigned to the B( £2)... The relative 
error (R.E.) includes all the errors discussed above in 
N(excitations/ucoul) and in Y which enter into the 
comparison of the relative transition rates for the 
different nuclei. The absolute percentage error (A.E.) 
contains additional sources of error (mainly the error 
in the absolute stopping power) which are common to 
all the transitions measured. 


IV. REMARKS ON INDIVIDUAL CASES 


A. Zirconium (Z=40).—The y-ray spectrum re- 
sulting from 9-Mev a-particle bombardment of a 
normal zirconium target is shown in Fig. 21. Both Zr® 
and Zr™ are known to have first excited states at 920 kev 
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Fic. 5. Pulse-height spectrum for protons on Ru® target. 
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Fic. 6. Pulse-height spectrum for protons on Ru®* target. 


from other types of experiments.'* Therefore, the 920- 
kev y ray is interpreted as resulting from Coulomb 
excitation of the first excited state of both nuclei and 
the B(E2).x is the average for the two transitions. 

B. Molybdenum (Z = 42).—Figures 1 to 4 show spectra 
obtained from 3.0-Mev proton bombardment of targets 
enriched in Mo“, Mo”, Mo**, and normal molybdenum, 
respectively. The normal molybdenum target was used 
to obtain the B(E2).. for Mo’ because insufficient 
enriched Mo was available. We had previously re- 
ported the energy of the first excited state of Mo™ as 
(540+7) kev? ; a somewhat more accurate measurement, 
made in the manner described above, gives (53045) kev. 

A 320-kev y ray is observed in several of the spectra 
(it is especially strong in Mo**), and a 620-kev y ray 
is seen in the Mo™ spectrum. We believe that these 
y rays do not result from Coulomb excitation of 


18 G. L. Griffith, Phys. Rev. 103, 643 (1956); Hayward, Hopper, 
and Ernst, Phys. Rev. 98, 231(A) (1955). 
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molybdenum but we are not able to identify the reac- 
tions producing these y rays. We have determined that 
both y rays are in coincidence with hard radiation 
(>1 Mev) which eliminates the possibility that they 
result from Coulomb excitation of molybdenum. 

The positions of the excited states and the B(E2),x 
for the four molybdenum isotopes agree well with those 
obtained by Temmer and Heydenburg who studied 
the Coulomb excitation of these isotopes by the use of 
a particles.” 

C. Ruthenium (Z=44).—Figures 5 to 9 show repre- 
sentative spectra for proton excitation of enriched 
samples of Ru®, Ru®*, Ru, Ru, and Ru™, respec- 
tively. The y ray from the weak excitation of the 840-kev 
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Fic. 7. Pulse-height spectrum for protons on Ru™ target 
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Fic. 8. Pulse-height spectrum for protons on Ru™ target. 


19G. T. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 
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state in Ru® is superimposed on a y ray of the same 
energy resulting from the Al(p,p’y) reaction in a 0.15% 
target impurity of aluminum. The Al(,p’y) reaction 
also produces a strong y ray of 1010 kev. By the 
measurement of the intensity of these two y rays from 
proton bombardment of aluminum, it was possible, by 
normalizing to the 1010-kev peak, to infer the fraction 
of the 840-kev peak caused by the aluminum y ray. 
This is shown in Fig. 5. 

The values of B(E2).x for the 475-kev state of Ru'® 
showed a considerable increase at the lower proton 
bombarding energies. We have concluded that this 
was caused by a small amount of lithium in the target 
(~5 ppm by weight). The high yield of 478-kev y rays 
from the Li’(p,p’y) reaction increases much more 
slowly with increasing proton energy than does the 
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Fic. 9. Pulse-height spectrum for protons on Ru™ target. 
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Fic. 10. Pulse-height spectrum for protons on Pd™ target. 
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Fic. 12. Pulse-height spectrum for protons on Pd" target. 


yield of the 475-kev y rays from Coulomb excitation of 
Ru’, The y-ray yields given in Table I have been 
corrected for the presence of the 478-kev y rays 
from Li(p,p’). This correction amounted to 5% at 
E,=3.0 Mev. 

Coulomb excitation of Ru®® and Ru*®* has not pre- 
viously been reported. No information on the excited 
states of Ru® is available from radioactive decay 
studies. The decay of both Tc** and Rh®* to Ru® 
results in the emission of 650-kev y rays” which 
agrees with the level position of 654 kev found from 
Coulomb excitation. 

Temmer and Heydenburg” have reported energies 
and B(E2),x for Ru™, Ru', and Ru™; the latter being 


*” G. E. Boyd and Q. V. Larson, J. Phys. Chem. 60, 707 (1956). 
21S. Katcoff and H. Abrash, Phys. Rev. 103, 966 (1956). 
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assigned on the basis of systematics. The agreement as 
to the positions of the levels is good. It is difficult to 
judge how well the values for B(E2),x compare, since 
they do not give explicit errors. Our relative values are 
considerably different from theirs. For example, we 
find the ratio of the B(E2),.. for Ru to Ru™ is 1.62 
+0.11 whereas their value is 3.5. 

D. Palladium (Z=46).—Figures 10 to 13 show repre- 
sentative spectra for proton bombardment of enriched 
targets of Pd, Pd'*, Pd’, and Pd". The 440-kev 
y ray from Na(p,p’y) is present in the palladium spectra 
and this y ray intefers with the determination of the 
yield of the 433-kev y ray from Coulomb excitation of 
Pd'*. We have applied a correction by taking the 
average value for the intensity of the 440-kev sodium 
y ray observed in the other palladium spectra and 
subtracting this from the yield of the Pd y ray. A 
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Fic. 13. Pulse-height spectrum for protons on Pd" target. 
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Fic. 14. Pulse-height spectrum for protons on Cd" target. 
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Fic. 15. Pulse-height spectrum for protons on Cd’ target. 
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Fic. 16. Pulse-height spectrum for protons on Cd™® target. 


concentration of approximately 300 ppm by weight 
of sodium in the target is indicated by the intensity of 
the 440-kev y ray. The correction at 3.0-Mev proton 
energy amounted to 4%. Temmer and Heydenburg 
have also measured the Coulomb excitation of the four 
even-even isotopes of palladium." Here, alsa, there is a 
considerable divergence in the relative values of the 
B(£2),.x. For instance, we find the ratio of the B(E2).x 
for Pd" to Pd™ is 1.57+0.10 whereas their ratio is 2.26. 

E. Cadmium (Z=48).—y-ray spectra resulting from 
proton Coulomb excitation of targets enriched in Cd", 
Cd, Cd", Cd", Cd", and Cd"* and normal Cd, 
respectively, are shown in Figs. 14 to 20. The percentage 
abundance of Cd'* and Cd'** in the enriched samples 
was not very favorable because of the low natural 
abundance of these isotopes. The situation is made 














500 Pr. 4H. STELSON 
still more difficult by the superposition of the y ray of 
the other isotopes on those of Cd!® and Cd'®*. Con- 
sequently the errors on the y-ray yields for Cd'* and 
Cd" are considerably larger than those for the other 
isotopes. Coulomb excitation of Cd'®* and Cd! has not 
previously been reported. Nothing is known about 
excited states of Cd! from radioactive decay. The 
decay of both Ag'* and In to Cd! ~ results in the 
emission of a y ray which has an energy in agreement 
with the 630+10 kev determined from Coulomb 
excitation. 

As indicated in Table I, the yield of the 555-kev 
y ray from Cd!‘ was also measured for 9-Mev a-particle 
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Fic. 17. Pulse-height spectrum for protons on Cd"? target. 
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Fic. 18. Pulse-height spectrum for protons on Cd" target. 

2 W. Mead, University of California Radiation Laboratory 
Report UCRL-3488, 1956 (unpublished) ; Perlman, Bernstein, and 
Schwartz, Phys. Rev. 92, 1236 (1953); M. C. Joslin and B. V. 
Thosan, Proc. Indian Acad. Sci. 43A, 255 (1956). 
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Fic. 19. Pulse-height spectrum for protons on Cd"* target. 
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Fic, 20. Pulse-height spectrum for protons on 
normal cadmium target. 


bombardment to check that the B(£2),x obtained from 
proton and a-particle excitation are consistent. The 
average value of the B(E2),.x obtained with protons 
and that obtained with a particles differ by 4%. This 
difference is believed to be reasonable in view of the 
facts (a) that a 3 in.X3 in. Nal crystal was used for the 
a-particle work whereas a 1} in.X1 in. crystal was used 
in the earlier proton work, and (b) that the relation 
used to convert from proton stopping power to a-particle 
stopping power is probably not strictly valid. 

Temmer and Heydenburg” have reported Coulomb 
excitation of Cd!, Cd", Cd'*, and Cd"*, Our values 
for the level positions agree, to within the assigned 
errors, with their values. We find the ratios of the 
B(E2).x for Cd"® to Cd" and Cd"'® to Cd!” are 1.19 
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+0.08 and 1.11+0.07, respectively, whereas they 
obtained the somewhat larger values of 1.51 and 1.35. 

F. Tin (Z=50).—Figures 21, 22, and 23 show spectra 
for 10-Mev a-particle excitation in targets of normal Sn 
and enriched Sn"*, Sn"8, Sn, Sn’, and Sn™. The 
spectra indicate excitation of numerous other y rays 
in addition to those assigned to Coulomb excitation of 
the 2+ states of the even-even tin isotopes. The origins 
of some of these y rays have been determined and these 
are identified in the figures. Most of those which have 
not been identified are believed to result from reactions 
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Fic, 21. Pulse-height spectra for a particles on 
normal zirconium and normal tin targets. 


























. * E = 10.13 Mev 
. | h= Som | aoe 
; 2 i @= 235 deg | a 
p 3x3 in. Nol CRYSTAL 
7 | 
Neaepaa Ts wet Sn'"6, 92.64% | 
| 1.268 Mev | 
— | + ' ——————E 
es ites » | 
ce TW 
wf aa + + ———<4 
. Fr | a 
cr T a T Don eerie gee 
g t + ; ; Sn"8, 94.91% z —— 
5 | OMe, ninett” | TARE. IE Pa 
2 4 | 
S| = ve Ricewinie Pt = — 
S * * 511 kev ~ | 
=/L—, ; — , i 
4 e? . “@’ 
as 
| Conmene. TONERS Sni20, 96.14% |“ aaa, | 
Ot ee 1.155 Mev- | 
| 47 | : | 
. 
No" Xe,e )Noe> e | en | | 
aE WR Ske Sea PTE 
isnt 4 . “ALA Se A SE 
Se ELOS aa : | chs 1 
- as See « @ «6 BEARD ES 
a 7 —1—__|—_— 
ot 
ae 
| | 
aS ToOee' S| MEER mn Soni 
ES | 
) 200 400 600 800 1000 1200 
PULSE HEIGHT 


Fic. 22. Pulse-height spectra for a particles on 
Sn¥6, Sn"8, and Sn™ targets. 
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Fic. 23. Pulse-height spectra for a particles on 
Sn™ and Sn™ targets. 


produced in small amounts of low-Z target impurities. 
Alkhazov ef al.™ have studied Coulomb excitation of 
Sn"? and Sn" and they find y rays of 865 and 1030 kev 
in Sn"? and 907 kev in Sn". These y rays could account 
for the broad peak at 470 pulse-height units observed 
in the spectrum for normal tin. 

The angular distribution of the 1155-kev y rays 
excited in the Sn™ target was measured to be 
1+ (0.29+0.02) P.— (0.04+0.03)P, for an a-particle 
energy of 10 Mev. The expected angular distribution 
for the Coulomb excitation of a 2+ state under these 
experimental conditions is 1+0.30P:—0.09P,. 

The locations of the first excited states of Sn™*, Sn™, 
and Sn™ are known from radioactive-decay studies. 
‘The first excited state of Sn"® and Sn™ were not 
previously known. From the decay of In™®, Slatis et al.™ 
determined the energy of the first excited state of Sn™® 
to be (1274+6) kev and this agrees well with our value 
of (1268+10) kev. McGinnis has determined the 
energy of the first excited state of Sn’ to be 1180 kev 
from the study of the decay of Sb”. From measure- 
ments on the decay of Sb™ both Farrelly ef al.2* and 
Glaubman” have determined the energy of the 2* state 
in Sn™ to be (113746) kev and (1152+15) kev, 
respectively, and these values agree with our value of 
(1130+10) kev. 

We have been informed by private communication 
of work by Alkhazov ef al.* in which Coulomb excitation 
of the even-even isotopes of tin has been measured. 





3 Private communication from Alkhazov, Lemberg, Andreev, 
and Erokhina of the Leningrad Physico-Technical Institute, 
U.S.S.R. 

*4 Slatis, Dutoit, and Siegbahn, Arkiv Fysik 2, 321 (1950). 

26 C. L. McGinnis, Phys. Rev. 98, 1172(A) (1955). 

26 Farrelly, Koerts, Benczer, van Lieshout, and Wu, Phys. Rev. 
99, 1440 (1955). 

27M. J. Glaubman, Phys. Rev. 98, 645 (1955). 
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Fic. 24. Pulse-height spectrum for protons on 
normal tellurium target. 


Their values for the energies of the 2+ states and the 
B(E2).x values are in reasonable agreement with our 
results. 

G. Tellurium (Z=52).—The y-ray pulse-height spec- 
trum observed when a normal tellurium target was 
bombarded by 3.3-Mev protons is shown in Fig. 24. 
Targets of enriched isotopic abundance were not used; 
others have studied the Coulomb excitation of tellurium 
with enriched targets." The use of a normal tellurium 
target limited the isotopes in which Coulomb excitation 
could be studied to Te"*, Te'*, and Te’. The positions 
in the pulse-height spectrum of other weak, unresolved 
Y Tays are indicated by arrows. Coulomb excitation of 
normal tellurium was also measured with 9- and 10-Mev 
a particles and the resulting y-ray yields were more 
precisely determined than those for proton excitation 
because the background was much lower with a-particle 
excitation. The values for B(E£2),. obtained with proton 
and a-particle excitation (see Table I) are in satis- 
factory agreement. 

Information on the location of the 2+ state in Te’ 
is not available from radioactive decay work. Our value 
of 850 kev is in good agreement both with other 
Coulomb excitation results’ and with the value of 
830+20 kev obtained by Sinclair from the (m,n’) 
reaction.”* 

Benczer ef al.” have established that the 2* state 
of Te” is excited in the decay of I'**. Their value for 
the energy of 750+7 kev compares well with the 
Coulomb excitation result of Heydenburg and Temmer 
(750 kev)"; the (m,n’) result of Sinclair (760+ 20) kev’*; 
and with our result of (750+10) kev. 

Several values are available for the energy of the 2* 
state of Te® but here the agreement is not quite so 

28 R. M. Sinclair, Phys. Rev. 102, 461 (1956). 


 Benczer, Farrelly, Koerts, and Wu, Phys. Rev. 101, 1027 
(1956). 
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good. From the radioactive decay of I'*, Marty et al. 
find 670 kev®; Perlman and Welker find 651+10 kev"; 
and Koerts ef al. find 650+10 kev.” From Coulomb 
excitation, Heydenburg and Temmer obtain 662 kev," 
and from (,’) Sinclair finds 680+ 20 kev.** Our value 
is 67347 kev. 

Our values for the B(E2),. for Te*, Te’, and Te!” 
are not in good agreement with those obtained by 
Heydenburg and Temmer. Their absolute values are 
considerably smaller than ours and the ratios of the 
B(£2).x for the different isotopes differ somewhat from 
those we obtain. For instance, we find that the ratio 
of the B(E2),.’s for Te!”® to Te™ is 1.56.+0.13 whereas 
they obtain 1.23. 


Vv. COMPOUND NUCLEUS REACTIONS 


The above discussion of the errors involved in the 
determination of the values of 2(E2).. assumed that 
the observed y-ray yields resulted solely from Coulomb 
excitation. In this section we wish to investigate the 
validity of this assumption by considering (a) the 
comparison of the experimental results with the theory 
of Coulomb excitation and (b) the magnitude of the 
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Fic. 25. Cross sections for Coulomb excitation by protons of 
the 358-kev state in Ru, the 555-kev state in Cd!" and the 874- 
kev state in Mo™. The calculated cross section for compound 
nucleus formation for ruthenium (Z = 44) is shown. The calculated 
cross sections for excitation of the 358-kev state of Ru and the 
874-kev state in Mo” by compound-nucleus inelastic proton 
scattering are also shown. 

*® Marty, Langevin, and Hubert, Compt. rend. 236, 1153 (1953). 

31M. L. Perlman and J. Welker, Phys. Rev. 95, 133 (1954). 

® Koerts, Macklin, Farrelly, van Lieshout, and Wu, Phys. Rev 
98, 1230 (1955). 
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y-rays yields to be expected from the alternative 
mechanism of compound nucleus inelastic proton or 
a-particles scattering. 

For most of the nuclei studied, the y-ray yields were 
observed over a considerable range of projectile energies. 
In some cases, both protons and a particles were used 
to excite a given state. When the variations in yield 
are compared to those predicted by the theory of 
Coulomb excitation, good agreement is found for most 
of the nuclei. Significant discrepancies were found in 
three cases, but these discrepancies are reasonably 
accounted for by the interference from y rays produced 
by reactions in the small amounts of light element 
impurities in the targets. Angular distributions of the 
y rays have been measured for a range of projectile 
energies for several of the nuclei and to within experi- 
mental error these distributions agree with those 
expected for Coulomb excitation."* However, these 
arguments based on the agreement between experiment 
and theory of the yields and angular distributions are 
somewhat weakened by the fact that the most accurate 
experimental results are for those nuclei which exhibit 
the strongest excitation whereas possible interference 
from compound nucleus reactions should be most im- 
portant for those cases in which the cross sections are 
the smallest. With reference to Fig. 25, it is seen that 
for a given projectile energy the observed cross sections 
may differ by a facter of 100 or more for different 
nuclei (see Ru and Mo*). 

Measured values of relevant cross sections for com- 
pound nucleus inelastic scattering cross sections, 
[o(x,x’) ]omp, do not exist. The first step in the theo- 
retical estimate of such cross sections is the estimate of 
the cross section for formation of the compound nucleus, 
Tcomp. Recently, some experimental information on 
Tcomp for protons on medium weight nuclei has been 
obtained from the study of (p,7) reactions.*** These 
cross sections were found to be fairly well accounted 
for by straightforward theoretical estimates based on 
barrier penetrabilities. As a result, for protons on the 
nucleiin which we are interested, gcomp may be estimated 
to within a factor of 2. The estimated cross section for 
ruthenium (Z=44) as a function of proton energy is 
shown in Fig. 25. Estimates of ¢.omp for a particles on 
medium weight nuciei are considerably more uncertain 
than those for protons. The interaction radius is not 
well known because of the lack of experimental informa- 
tion. Theoretical estimates of gcomp given by Blatt and 
Weisskopf* for tin (Z=50) for two possible interaction 
radii are shown as a function of a-particle energy in 
Fig. 26. Probably a factor of 10 uncertainty exists in 
the estimates of ocomp for a particles. 

The values for oom) may be taken as an upper limit 
for the excitation of the 2+ by [o(x,x") ]oomp. A com- 


% Johnson, Galonsky, and Ulrich, Phys. Rev. 109, 1232 (1958). 
4 J. P. Schiffer and L. L. Lee, Jr., Phys. Rev. 107, 640 (1957). 
% J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 

(John Wiley and Sons, Inc., New York, 1952). 
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Fic. 26. Cross sections for the Coulomb excitation by a particles 
of the 1155-kev state in Sn™ and the 555-kev state in Cd". The 
calculated cross section for compound nucleus formation by 
a particles on Sn is indicated by the cross-hatched band. The 
calculated cross section for the excitation of the 1155-kev state 
in Sn™ by compound-nucleus inelastic a-particle scattering at 
10-Mev is also shown. 


parison of the cross sections for protons presented in 
Fig. 25 shows that ocomp is never more than a few 
percent of the cross section for Coulomb excitation of 
Ru™. On the other hand, ocomp is actually larger than 
the cross section for Coulomb excitation of Mo™. As one 
would expect, the situation is improved for a particles; 
the relatively small cross section for Coulomb excita- 
tion of Sn™ is still at least 10 times larger than oomp. 
To obtain estimates of [o(x,x’)]omp it is next 
necessary to estimate the relative probabilities for the 
different possible modes of decay for the states of the 
compound nucleus. If the excitation energy of the com- 
pound nucleus is above the threshold for neutren 
emission, this mode of decay will generally be dominant. 
However, we omit the consideration of neutron emission, 
since, if it exists, it serves to reduce still further the 
expected values of [¢(x,x’) ].omp. We restrict the possible 
modes of decay of the compound states to radiative 
capture (partial width T,), and to re-emission of 
charged particles which either leave the residual 
nucleus in the ground state (partial width T,) or in the 
first 2+ excited state (partial width T,,). According to 
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the theory of nuclear reactions, one expects the charged 
particle widths, [, and T',,, to be equal to T;(x or x’) 
XD;/2x, where T; is the barrier penetration factor 
and Dy, is the average spacing of states with spin J at 
the excitation energy of the compound nucleus. There- 
fore, if one has values for D; he can obtain T, and 
I, for each type of compound state, ie., given spin 
and parity. Newton’s formula*® was used to obtain 
values of D,.*” The radiation widths, ',, were calcu- 
lated by the use of Cameron’s formula.** This formula 
is based on Newton’s level spacing formula and assumes 
dipole emission. It also contains a constant which was 
adjusted to give a good fit to observed neutron capture 
radiation widths. 

The calculated values for [o(x,x’) ].omp are shown in 
Figs. 25 and 26 for 2.7- and 3.0-Mev protons on Ru™, 
3.0-Mev protons on Mo™, and for 10-Mev a particles 
on Sn™. It is difficult to judge the reliability of these 
estimates of [(x,x’) ]comp because not enough is known 
about the general reliability of Newton’s formula for the 
level spacing and of Cameron’s formula for the width 
for radiative capture. The salient result of these 
estimates is that in each case [o(x,x’) ]oomp is much less 
than comp. The predominant mode of decay for the 
compound states is by radiative capture. These esti- 
mates suggest that interference from [¢(x,x’) ]comp for 
the proton and a-particle energies employed in the 
present experiments introduces a negligible error in the 
determination of Coulomb excitation cross sections. 
For the case of the very weak Coulomb excitation of 
Mo™, the calculated contribution to the y-ray yield 
from [o(x,x’) comp is less than 1%. 


VI. DISCUSSION 


In column 8 of Table II we list the ratio of the 
observed B(E2)¢ to that expected for a transition 
between states of the single-particle model. We have 
taken B(E2),, to be equal to (1/4)|2R.?|? where 
Ro=1.20X10-"A? cm. 

The even-even tin isotopes present an interesting 
situation. The protons in these nuclei, having com- 
pleted the major shell at 50, should make these nuclei 
quite rigid. The large excitation energy of the 2+ states 
is compatible with this view and one might have 
expected that the transition rates would be those given 
by B(E2).,,. However, the observed rates are approxi- 
mately 13 times larger. Although the protons form a 
closed shell, the neutron numbers for the tin isotopes 
are about midway between the major shells of 50 and 82. 
Consequently one would expect the neutrons to exert 
a deforming or softening action on the nuclei and 
perhaps the enhanced transition rates reflect this action. 

The energy of the first excited state of even-even 


36 T. D. Newton, Can. J. Phys. 34, 804 (1956). 

37 Excitation energies of the compound nucleus were calculated 
by the use of mass values given by A. H. Wapstra, Physica 21, 
385 (1955). 

38 A. G. W. Cameron, Can. J. Phys. 35, 666 (1957). 
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medium weight nuclei shows a strong variation with 
changes in neutron and proton number. Although the 
over-all trend is a smooth decrease in excitation energy 
with removal from closed shells, some interesting ex- 
ceptions to this behavior have appeared. The anomalous 
behavior of Mo®* and Mo** has been reported" and we 
confirm this result. The cadmium isotopes are also 
exceptional. The four heaviest isotopes establish a 
trend with neutron number which, if continued by 
Cd"* and Cd'*, would place the excited states above 
that for Cd" (656-kev) whereas both isotopes have 
excited states at 630-kev. The variation in excitation 
energies with proton number clearly indicates the 
unusual stability of the 40-proton configuration. The 
relatively small value for the transition rate of Zr” and 
and Zr* probably results from the combined effects 
of neutron numbers near to 50 and the increased 
stability of the 40-proton configuration. 

The values for B(E2),. also show strong and fairly 
systematic trends with variations in neutron and proton 
number. The plot of the observed B(E2).x vs neutron 
number is given in Fig. 27. A close correlation is found 
between the B(E2),x and the excitation energy of a 
given state. To exhibit this we have also plotted in 
Fig. 27 the quantity 3.24/E2,(Mev). The constant 
3.24 was chosen to give a good fit to those nuclei with 
large B{E2),.. The anomalous behavior of the excitation 
energies for the molybdenum isotopes is also reflected 
in the values for B(E2).x. 

In order to more clearly demonstrate the observed 
dependence of the B(£2),x on the energy of the excited 
state, a plot of logB(E2),x vs logE2, is given in Fig. 28. 
The straight line in the figure has a slope of —1, corre- 
sponding to a E~ energy dependence. 
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Fic. 27. Plot of the experimental values for B(E2).x vs neutron 
number. The values for B(E2).. (referred to the left-hand ordi- 
nate) are designated by different symbols for different elements. 
To demonstrate the close correlation between the B(E2)-x and 
the energy of the 2+ state, we have also plotted the quantity 
3.24/E2, (Mev) vs neutron number. These values, which are con- 
nected by solid lines for a given element, refer te the right-hand 
ordinate. 








COULOMB EXCITATION 

Two types of collective motion have been proposed to 
account for “near harmonic’”’ spectra; the free oscilla- 
tion of a nucleus about the spherical shape,‘® and the 
‘“y unstable” motion.® From the B(E2).. and the Eo, 
one obtains the parameters B; and C: which are 
appropriate to the description of quadrupole vibrations 
about the spherical shape."’'® C, represents the effective 
surface tension and B, represents the mass transported 
by the collective motion. Formulas (6) show the relation 
between these quantities: 


C2(Mev) =0.995Z°E>, (Mev) 
[ B(E2)a/B(E2). |, (6a) 
241(Z?/A*/*) 
B,/ (Bs). —— —S( 
E.+(Mev)[B(E2)4/B(E2)s»] 


The value (Bs)j,ro: is that expected for the case of 
irrotational flow. The values for Cz and B2/ (Bs) irrot are 
listed in Table IT. Of the two experimental quantities, 
E2, and B(E2),4, which enter into the calculation of the 
parameter C, and B2/(B2)irrot, the B(E2)q has the 
dominant error. Since both parameters vary inversely 
with B(E2)a, the percentage errors given in Table II 
as R.E. and A.E. will also be approximately correct for 
Cz and Bs/ (Bs) irrot. 

The parameters appropriate to the “shape unstable” 


model are 8 and B2/ (Bs) irror, Where 8 is 
8=[2.9110°*][ B(E2).x }'/ZA}. (7) 


The values of 8 are listed in Table II. Since 8 depends 
on the square root of B(E2),x, the percentage error 
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Fic. 28. Plot of logB(E2),x vs logE2,. The straight line has a slope 
of —1 corresponding to a E~ dependence for the B(E2)ex. 
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in 8 is approximately one half the percentage’ érrors 
R.E. and A.E. 

For those nuclei where the values for .C; and 
B./(Bs)irrot may be compared to the earlier results of 
Heydenburg and Temmer,” the observed differences 
result from differences in the experimental values for 
B(E2),x. In spite of these differences, both sets of values 
for the parameters point to the rapid variation in C2 
and to large values for B2/(Be)irrot. Our values for 
B:/(Bz)irroe display more uniformity; in fact, the 
constancy: of B:/(Bs)irroe for a large number of the 
nuclei is a striking feature. It is also interesting to note 
that some of the values for 8 in Table IT are as large as 
those for nuclei which exhibit rotational spectra. 
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APPENDIX. ENERGY LOSS OF PROTONS 
IN SILVER AND GOLD 


The number of y rays excited in a target by the 
Coulomb excitation process is proportional to 


eB o(E)dE 
i SR 


E;=E,— £ Sdx. 
0 


a(£) is the cross section and S(£) is the energy loss. 
The shape of the cross section curve as a function of 
energy for Coulomb excitation has been accurately 
calculated and has been experimentally confirmed. The 
absolute value of o(E£) depends on B(E2),.. One has 
that o(£)=BX(E), where X(E) is known. Therefore 


one has 
Fi X(E)dE 
RY 
/ Je, S(E) 


Now, for a thick target (E;=0) one sees that if S(£) is 
uniformly 10% too large then B will be in error by 10%. 
On the other hand, if the target is sufficiently thin, the 
error introduced in the integrand is just counteracted 
by the change in the limit Ey. So, from thin-target 
measurements on silver and gold, one can get good 
values of B, even with an error in the value taken for 
S(£). One then compares these values with those 
obtained by bombarding thick targets with protons of 
various incident energies. From this comparison one 
can deduce the error in S(E£) and alter S(Z£) until 
yields from thick and thin targets give consistent 
values for B. It is not necessary to know the y-ray 
detection efficiency to high accuracy since it drops out 
in the comparison of thick and thin targets. However, 
it is necessary to know quite accurately the thickness 
x of the thin target, since this enters into the determina- 
tion of B. 

The thin foils were chosen to be only moderately thin 
because it is desirable to have sufficient Coulomb excita- 


(1) 
where 


(2) 
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TABLE III. dE/dpx for protons in Au and Ag. 











mAu avAg 
(dE/dpx)» (dE/dpx)» 
E,»(Mev) kev/ (mg/cm?) Ep(Mev) kev/ (mg/cm*) 

5.0 27.8 3.3 50.7 
4.8 28.5 3.2 51.6 
4.6 29.2 3.1 52.4 
4.4 30.0 3.0 53.4 
4.2 30.8 2.9 54.3 
4.0 31.6 2.8 55.4 
3.8 32.7 » 56.4 
3.6 33.7 2.6 57.5 
3.4 34.9 2.5 58.6 
3.2 36.1 2.4 59.7 
3.0 37.3 2.3 61.0 
2.8 38.7 2.2 62.3 
2.6 40.3 2.1 63.7 
2.4 42.2 2.0 65.2 
2.2 44.4 1.9 66.8 
2.0 46.7 1.8 68.5 
1.8 49.3 1.7 70.5 
1.6 52.3 1.6 72.7 
1.4 55.9 1.5 75.1 
a. 60.1 1.4 77.8 
1.0 65.1 1.3 80.8 
0.8 71.3 1.2 84.1 

1.1 87.9 

1.0 92.5 

0.9 98.0 

0.8 104.0 








tion yield to make the yield of the proton bremsstrah- 
lung (from foil and foil backing) small in comparison. 

Gold and silver foils in 6X6 in. squares were obtained 
from Baker and Company, Inc. These were successively 
cut into smaller squares in order to study the macro- 
scopic uniformity. In this way profiles of the thickness 
of the original large foils were obtained. Small foils 
for the experiment were chosen from those sections 
showing the greatest uniformity. It is judged that the 
thickness of the foils used is known to 0.5% for the 
gold foils (thickness ~10 mg/cm?) and to 1.0% for the 
silver foils (thickness ~6 mg/cm*). The silver foils were 
mounted on tin backings of approximately 80 mg/cm? 
thickness, and the gold foils were mounted on bismuth 
backings of approximately 120 mg/cm? thickness. Both 
the tin and bismuth backings were prepared by electro- 
deposition onto 5-mil nickel foils. Three thin targets 
each of silver and gold were prepared to check the 
reproducibility of the measurements. 

Since the foils are only moderately thin, one expects 
that the values obtained for B are not completely 
independent of the values taken for S(E). We have 
studied this problem in the following way: We assumed 
that the shape of S(Z) was known. We then changed 
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the absolute values by a certain percentage, for example, 
10%, and carried out numerical integration to find the 
resultant change in the thin-target B value for various 
incident proton energies and for the foil thicknesses 
used. The ratio of the percentage change in B to the 
percentage change in S(E) was 0.35 for the worst case 
(3-Mev protons on gold foil) and 0.08 for the best case 
(5-Mev protons on gold foil). This ratio is then useful 
in the determination of the values of S(£) which will 
give the same B values for thick and thin targets. 

Measurements were made at proton energies of 3.0, 
3.5, 4.0, 4.5, and 5 Mev for gold and at 2.4, 2.7, 3.0, and 
3.3 Mev for silver. Coulomb excitation of the states at 
550 and 277 kev in gold and at 419 and 316 kev in silver 
was studied. 

Two small corrections were applied. First, one must 
take into account the fact that angular distribution of 
the gamma rays from Coulomb excitation varies 
(slowly) with the incident proton energy. The angular 
distributions are known for silver and gold.” Appro- 
priate averages over target thickness have been deter- 
mined and applied to measurements. Second, allowance 
was made for the fact that the multiple small-angle 
Rutherford scattering makes the effective path length 
in the foil somewhat larger than the foil thickness. This 
increase can be calculated by the use of the theory of 
Goudsmit and Saunderson® and Williams.*! For our 
cases it was found that the largest correction for this 
effect was 0.5% (3-Mev protons on the gold foil). 

Our best values for S(£) for silver and gold are given 
in Table III. These measurements are of an integral 
type and are useful in obtaining accurate values of B 
from Coulomb excitation with thick targets. However, 
they are not suited for a detailed examination of the 
shape of S(Z). Rather, one must assume that he knows 
the shape of S(Z) and then determine whether the 
experiments are consistent with the assumed shape. 
Our shape for S(£) for silver is of the form S(E) « E~4, 
and that for gold is very nearly of this shape. Theo- 
retical consideration and experimental results® suggest 
this energy dependence for S(E). If one accepts the 
fact that the shapes for S(£) are correct (and the 
experiments are consistent with these shapes), then it 
is felt that the absolute values of S(£) are determined 
to within +4% (standard deviation). 


*® F, K. McGowan and P. H. Stelson, Phys. Rev. 99, 127 (1955). 
# S. Goudsmit and J. L. Saunderson, Phys. Rev. 57, 24 (1940). 
41 EF, J. Williams, Phys. Rev. 58, 292 (1940). 

# A. Winther (private communication). 





| 
| 
H 
| 





PHYSICAL REVIEW VOLUME 


110, 


NUMBER 2 APRIL 15, 19588 


Considerations on the Probability of Nuclear Fission* 
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A semiempirical equation for fission thresholds has been extended to include the effects of unpaired 
nucleons on the rate of spontaneous fission. Excitation functions for the (a,4”) reactions of Ra®*, Th™, 
and U** have been measured. These results and reported cross sections for other (a,4n) reactions in the 
heaviest elements have been analyzed in terms of fission and neutron-emission competition to obtain mean 
values of I,/I'y. These mean values of [',/['r have been correlated with neutron binding energies and 


fission thresholds. 


I, INTRODUCTION 


N their original considerations of the fission process 

employing the liquid-drop model, Bohr and Wheeler! 
showed the potential importance of a fissionability 
parameter Z*/A which represents the ratio of the 
nuclear Coulomb repulsive energy to the stabilizing 
nuclear surface energy. This parameter has been used 
to designate the relative tendency of different heavy 
nuclei to undergo thermal-neutron-induced fission.?* 

The probabilities for fission deduced from fast neutron 
(3-5 Mev) fission cross sections have been correlated 
with Z?/A,** and also with the difference between the 
fission threshold and neutron binding energy.* Huizenga, 
Gindler, and Duffield correlated the relative photo- 
fission yields (~ 15 Mev) of different nuclei with Z*/A.78 
In the present paper we shall investigate further the 
applicability of this parameter to the description of the 
relative probability for fission of various nuclei in the 
intermediate energy range up to about 50 Mev. 

The total fission cross section for the reaction of 
charged particles with heavy elements is not a very 
sensitive measure of the relative fissionability of differ- 
ent nuclides, as the fission cross section usually accounts 
for more than 80% of the total reaction cross section 
and does not vary much from nuclide to nuclide.*:” 
However, the effect of fission competition on spallation 








* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. It is based in part on work done by 
Robert Vandenbosch in partial fulfillment of the requirements 
for the Ph.D. degree at the University of California. 

t Present address: Argonne National Laboratory, Lemont, 
Illinois. 

1N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 

2 J. R. Huizenga and R. B. Duffield, Phys. Rev. 88, 959 (1952). 

3G. T. Seaborg, Phys. Rev. 88, 1429 (1952). 

‘J. R. Huizenga, Argonne National Laboratory Report ANL- 
5150, November, 1953 (unpublished). 

5R. E. Batzel, University of California Radiation Laboratory 
Report UCRL-4303, February, 1954 (unpublished). 

® J. D. Jackson, Proceedings of the Symposium on the Physics 
of Fission, held at Chalk River, Ontario, May 14-18, 1956, 
edited by Hanna, Milton, Sharp, Stevens, and Taylor [Chalk 
River Project Report CRP-642-A (unpublished) 1. 

7 Huizenga, Gindler, and Duffield, Phys. Rev. 95, 1009 (1954). 

8 J. R. Huizenga, Proceedings of the International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, p. 208. 

® Glass, Carr, Cobble, and Seaborg, Phys. Rev. 104, 434 (1956). 

1 Vandenbosch, Thomas, Vandenbosch, Glass, and Seaborg 
(to be published). 


reactions, particularly those occurring by compound 
nucleus mechanisms, is quite a sensitive measure of 
fissionability.? The (a,4n) reaction is particularly sensi- 
tive to fission competition as fission has had four 
chances to compete with neutron emission along the 
evaporation chain. It is also quite likely that the 
(a,4n) reaction proceeds almost exclusively through a 
compound nucleus mechanism. For these reasons the 
(a,4n) reaction was chosen to investigate the applica- 
bility of the parameter Z*/A to fission competition in 
the heavy elements at moderate excitation energy. In 
addition to making a literature survey of measured 
(a,4n) excitation functions of fissionable elements, a few 
isotopes were chosen for additional study. These experi- 
ments are described briefly in Sec. II, and a discussion 
of the results in terms of these considerations follows in 
Sec. HL." 

In connection with this description as well as in 
connection with the description of other results obtained 
in our general program of investigation of spallation- 
fission competition in the heaviest elements,"® values for 
the fission energetic thresholds for the various nuclei 
have been needed. A number of methods for calculating 
fission thresholds are available,’:'*:"* and one of the 
simplest’ is based on a comparison with the spontaneous 
fission decay rates for even-even nuclides. The applica- 
bility of this method of calculating fission thresholds is 
further extended in Sec. A of this paper where the 
effects of different nuclear types are considered and a 
concept of activation energy for fission is discussed. 


A. Activation Energy for Fission 


It has been shown that spontaneous fission lifetimes 
for even-even nuclides have an exponential dependence 
on the parameter Z?/A.'*~'® Several years ago a semi- 


"For a more complete discussion of the experimental pro- 
cedures, see R. Vandenbosch, Ph.D. thesis, University of Cali- 
fornia, 1957; also University of California Radiation Laboratory 
Report UCRL-3858, July, 1957 (unpublished). 

2S. Frankel and N. Metropolis, Phys. Rev. 72, 914 (1947). 

18 W. J. Swiatecki, Phys. Rev. 101, 97 (1956). 

4G. T. Seaborg, Phys. Rev. 85, 1571 (1952). 

15 W. J. Whitehouse and W. Galbraith, Nature 169, 494 (1952). 

16 Ghiorso, Higgins, Larsh, Seaborg, and Thompson, Phys. 
Rev. 87, 163 (1952). 
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empirical equation’’ for the fission barrier, 4, was 
derived from an empirical equation for observed spon- 
taneous fission lifetimes and from theoretical considera- 
tions on the barrier penetration probability for spon- 
taneous fission. It was assumed that the form of an 
equation given by Frankel and Metropolis,'? T= 10-*! 
X 107-8544 seconds, governing the dependence of spon- 
taneous fission life ZT on the fission barrier Fp, is 
approximately correct. This led to the expression 
E,= (19.0—0.36Z?/A) Mev. This is applicable only to 
intermediate compound nuclei of the even-even type 
because the relationship between observed spontaneous 
fission lifetimes and Z?/A applies only to this nuclear 
type. Even-odd and odd-even nuclides are retarded in 
their rate of spontaneous fission decay by an average 
factor of about 10°, and the decay rates of odd-odd 
nuclides are retarded by a factor of about 10°. The 
equation given by Frankel and Metropolis,!? T7=10-*! 
X 107-844 seconds, predicts that each factor of ten 
increase in half-life corresponds to an increase of about 
0.13 Mev in barrier height. This is consistent with the 
fission lifetimes of U** in its ground state and at the 
fission threshold. Assuming a fission lifetime of about 
10-* second at the observed photofission threshold of 
5.1 Mev, the lifetime of U** excited to 5.1 Mev is 
approximately 10* times shorter than the fission life- 
time of U** in its ground state, which has a spontaneous 
fission half-life of about 10'* years. This corresponds to 
0.136-Mev change in barrier height for each factor of 
ten change in fission lifetime, in satisfactory agreement 
with the value predicted by the equation of Frankel and 
Metropolis. Use of their predicted value indicates that 
fission barriers for even-odd and odd-even nuclides are 
higher than even-even nuclides by about 0.4 Mev, and 
for odd-odd nuclides are higher by about 0.7 Mev. 
Thus, the relationship becomes 


E,= (19.0—0.36Z?/A+e) Mev, (1) 


where e=0 for even-even nuclides, e=0.4 for even-odd 
and odd-even nuclides, and e=0.7 for odd-odd nuclides. 

Owing to the barrier-penetration nature of the fission 
process, induced fission will be observed at the point 
below the barrier where the time for fission becomes 
comparable with the time for gamma emission, i.e., in 
a time of about 10~“ second. The required energy of 
activation, E,, will be less than the barrier height, £,, 
which represents a fission time of some 10~* second. 
Thus, if we again use the relationship that each factor 
of ten in rate corresponds to some 0.13 Mev of energy, 
it follows that Eq, is, in general, some 0.9 Mev less 
than &. 

The energy difference B, (neutron binding energy) 
minus E, (calculated) has been tabulated in Table I, 


17 G. T. Seaborg, Phys. Rev. 88, 1429 (1952). In this paper the 
fission barrier was designated AE and was sometimes referred to 
as the activation energy for fission. In the present communication 
we shall designate the fission barrier by &, and reserve the term 
activation energy for another use. 
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and the correlation with slow-neutron fission is sur- 
prisingly good. The nuclides which show a positive 
energy difference have a fission cross section greater 
than about one barn, and the nuclides with a negative 
(B, minus E,) energy difference have fission cross 
sections below this arbitrary line of demarcation for 


_ TABLE I. Correlation of slow neutron fissionability with ac- 
tivation energy for fission and corresponding neutron binding 
energy. 








Source 
of slow 
Slow neutron 
neutron fission 
E> Ea Bn Bra-—E.  fission- cross 
Nuclide (Mev)* (Mev)> (Mev)e section® 


(Mev) 


ability 


Ra®®* 


7.1 6.2 4.5 —1.7 _ 
Ra 7.2 6.3 4.7 —1.6 _ 
Ac”? 7.2 6.3 5.0 —1.3 ~ 
Th" 6.2 5.3 7.1 1.8 + 
Th 6.7 5.8 5.3 —0.5 - 
Th 6.3 5.4 6.8 1.4 + 
Th 6.8 5.9 5.0 —0.9 - 
Th 6.9 6.0 4.9 —1.1 _ 
Th*3 6.5 5.6 6.1 0.5 + 
Th 7.0 6.1 4.6 —1.5 _ 
Pa 6.5 5.6 6.7 1.1 + 
Pa™! 6.8 5.9 5.7 —0.2 - 
Pa 6.6 5.7 6.5 0.8 + 
Pas 7.0 6.1 5.2 —0.9 _ 
U2 6.2 5.3 5.9 0.6 + 
Us 5.9 5.0 7.3 2.3 + 
U2 6.3 5.4 5.8 0.4 + 
U3 6.0 | 6.8 1.7 + 
U4 6.4 5.5 5.2 —0.3 _ 
U% 6.4 S33 6.5 1.3 + 
| Ohad 6.5 5.6 5.3 —0.3 _ 
Us 6.6 5.7 4.8 —0.9 _ 
U~» 6.3 5.4 5.9 0.5 + 
Np™* 6.1 S20" @e 1.7 + 
Np** 6.2 5.3 6.7 1.4 os 
Np” 6.6 Sey 5.5 —0.2 - 
Np? 6.4 5.5 6.1 0.6 + 
Np” 6.7 5.8 5.1 —0.7 = 
Pu2* 6.0 5.1 6.0 0.9 + 
Pu2 6.1 5.2 5.6 0.4 + 
Pu 5.7 48 6.4 1.6 + 
Pu 6.2 5.3 5.4 0.1 + 
Put 5.9 5.0 6.3 1.3 + 
Pu? 6.3 5.4 5.0 —0.4 - 
Am*! 6.3 5.4 5.6 0.2 + 
Am?*2m 6.0 5.1 6.2 1.1 + 
Am*® 6.0 5.1 6.2 1.1 + 
Am*8 6.4 5.5 5.2 —0.3 —- 
Cm*® 5.8 4.9 5.6 0.7 ? 
Cm*8 5.4 4.5 6.7 2.2 + 
Cm™*4 5.9 5.0 5.7 0.7 ? 
Cm* 5.5 4.6 6.4 1.8 + 
Cf" Sa 4.3 6.6 2.3 + 
E** 5.6 4.7 6. id + 








® Potential barrier for fission. 
+ Activation energy for fission. 
¢ Neutron binding energy for nuclide with mass number A +1. 
4 The + denotes that the cross section for fission is greater than about 
barn. The — denotes that the cross section for fission is less than about 
barn. 
e¢ Except when noted otherwise, all of the cross sections were taken from 
the compilations of reference 18 or Huizenga, Manning, and Seaborg, The 
Actinide Elements, edited by G. T. Seaborg and J. J. Katz (McGraw-Hill 
Book Company, Inc., New York, 1954), National Nuclear Energy Series, 
Plutonium Project Record, Vol. 14A, Div. IV, Chap, 20, p. 839. 
J. R. Huizenga (private communication, 1957). 
* Hulet, Bowman, Michel, and Hoff, Phys. Rev. 102, 1621 (1956). 
hW. C. Bentley et al., Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, New York, 
1956), Vol. 7, p. 261. 
i Hulet, Hoff, Bowman, and Michel, Phys. Rev. 107, 1294 (1957). 
iS. G. Thompson ef al. (unpublished results, 1955). 
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slow-neutron fissionable nuclides. When the value of E, 
exceeds the neutron binding energy, B,, leading to a 
negative value for (B, minus £,) in Table I, this 
should be equal to the neutron threshold for fission. 
From the table, the following nuclides should have the 
indicated thresholds for neutron-induced fission: Th™? 
(1.1 Mev), Pa*! (0.2 Mev), U™ (0.2 Mev), U™* 
(9.3 Mev), U** (0.9 Mev), and Np”? (0.2 Mev). Fission 
thresholds are not sharp due to the barrier penetration 
nature of the fission process and therefore experi- 
mentally determined thresholds depend somewhat on 
the sensitivity of the measuring technique. The follow- 
ing thresholds have been experimentally determined'*: 
Th*? (1.1 Mev), Pa*™! (0.4 Mev), U™ (0.3 Mev), 
U**® (0.6 Mev), U** (0.9 Mev), and Np”? (0.3 Mev). 
It can be seen that the agreement between the predicted 
and the experimentally determined threshold values 
is good. 

Recently a method for exciting nuclei to less than 
the neutron binding energy by the (d,p) reaction has 
been developed to measure fission thresholds." The 
fission threshold is obtained by measuring the energy 
spectrum of protons in coincidence with fission events 
induced by deuterons of known energy. Preliminary 
results” indicate that U™® undergoes fission at an 
excitation energy of about 1.2 Mev below that given 
to it by an added slow neutron, in good agreement with 
the predicted value of 1.2 Mev suggested by Table I. 

The £, values calculated from an equation using a 
straight line dependence of spontaneous fission half- 
lives on Z?/A can be only approximate at best, because 
the rate for this process depends on more complicated 
factors than just a dependence on Z?/A. Although the 
parameter Z*/A accounts for the general trend of 
spontaneous fission lifetimes, it has been pointed out 
that for a given value of Z the half-life goes through a 
maximum as A varies.*! In addition it has been noted 
that there is an increase in the spontaneous fission rate 
for nuclides with more than 152 neutrons.** Swiatecki®.* 


TABLE II. Ra®*(a,4n)Th”* cross sections (mb) as a function 
of helium-ion energy. 


E (Mev) @ (mb) 





E (Mev) 
35.6 110+ 20 40.8 500+ 100 
38.2 270+50 42.7 420+80 
39.4 260+50 44.7 490+ 100 
39.4 380+80 45.5 200+40 











18D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325, July, 1955 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955); D. J. Hughes and R. B. 
Schwartz, Supplement No. 1 to BNL-325, January, 1957. 

19 Stokes, Boyer, and Northrop, Bull. Am. Phys. Soc. Ser. II, 2, 
207 (1957). 

%” Stokes, Boyer, and Northrop (private communication, 1957). 

21 J. R. Huizenga, Phys. Rev. 94, 158 (1954). 

2 A. Ghiorso, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 7, p. 15. 

% W. J. Swiatecki, Phys. Rev. 100, 937 (1955). 
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Fic. 1. Excitation function for the Ra®*(a,4n)Th™* reaction. 


has successfully related these deviations from a simple 
Z*/A calculation by considering the energy difference 
between a smooth saddle-point energy surface (as a 
function of Z and N) and the actual experimental 
ground state masses. This treatment indicates that the 
fission thresholds for the very lightest elements listed 
in Table I may be a little low, due to a downward trend 
in the ground-state masses for nuclides in this region. 


II. EXPERIMENTAL RESULTS 


Excitation functions for the (a,4”) reactions of Ra??6, 
Th, and U** were measured by using the external 
beam of the Crocker Laboratory 60-inch cyclotron. The 
radium used was isotopically pure Ra®**. The thorium 
had an isotopic composition of 87.85+0.1% Th*° and 
12.22+0.1% Th**. The uranium had an isotopic com- 
position of 94.9% U**, 0.04% U™, 4.52% U5, and 
0.54% U8, The targets were prepared by electro- 
deposition of the various materials onto gold or 
aluminum foils. The uranium and radium targets were 
dissolved after each bombardment and plutonium and 
thorium fractions, respectively, were isolated radio- 
chemically. A recoil technique, similar in principle to 
that described by Harvey ef al.,% was used for the 
thorium cross-section measurements. This permitted 
the use of the same target for all of the bombardments. 


_A small amount of Pu®® was also deposited in the 


thorium target and the Pu®(a,37)Cm*™° reaction, for 
which absolute cross sections have been measured,’ was 
used as a monitor reaction to determine the collection 
efficiency of the heavy-element-nuclei recoils. The 
catcher foils were dissolved and the uranium and 
curium fractions were isolated radiochemically. The 


* Harvey, Chetham-Strode, Ghiorso, Choppin, and Thompson, 
Phys. Rev. 104, 1315 (1956). 
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TABLE III. Th™(a,4n)U™ cross sections (mb) as a function 
of helium-ion energy. 











E (Mev) @ (mb) E (Mev) @ (mb) 
38.0 2.8+0.2 42.6 12.9+0.9 
40.0 10.2+0.7 43.3 12.2+0.8 
41.2 12.5+0.9 44.2 11.5+0.8 








TABLE IV. U™*(a,4n)Pu** cross sections (mb) as a function 
of helium-ion energy. 











E (Mev) @ (mb) E (Mev) ¢ (mb) 
34.5 0.11+0.1 42.0 4.1+0.4 
38.4 2.0 +0.2 45.6 3.6+0.4 








amounts of the various alpha-emitting products were 
determined by use of 52%-geometry ionization counters 
and multichannel alpha-pulse-height analyzers. 

The cross sections determined for the Ra**®(a,4n)Th?** 
reaction are listed in Table II and illustrated in Fig. 1. 
The estimated limits of error of +20% are due prin- 
cipally to uncertainties in determining the amount of 
target material which was bombarded. 

The cross sections for the Th™°(a,4n)U™° reaction, 
corrected for recoil efficiency, are listed in Table III 
and illustrated in Fig. 2. The results from the monitor 
reaction Pu™(a,3n)Cm™® indicated an average recoil 
collection efficiency of 80+5% for all of the bombard- 
ments. The estimated limits of error for the corrected 
(a,4n) reaction cross sections are +7%. 

The cross sections for the U***(a,47) Pu™*® reaction are 
listed in Table IV and illustrated in Fig. 3. The con- 
tribution of the Pu*® produced by the (a,3m) reaction 
from the U** present in the target has been sub- 
tracted. Any appreciable contribution of Pu™* from the 
decay of Np** was eliminated by removing neptunium 
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Fic. 2. Excitation function for the Th™(a,4)U™ reaction. 
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chemically very soon after the bombardment. The 
estimated limits of error are listed in the table. 


III. DISCUSSION 


The excitation functions shown in Figs. 1 to 3 are 
illustrative of the large variations in cross sections for 
(a,4n) reactions of fissionable nuclides. In order to 
arrive at some semiquantitative measure of the effective 
competition between neutron-emission and fission, we 
will attempt to relate the observed cross sections to 
partial level widths for the various modes of decay of 
the compound nucleus, which are in turn inversely 
related to the mean lifetimes of the compound nucleus 
with respect to the different modes of decay. The deduc- 
tion of level width ratios (branching ratios) from (a,x) 
excitation functions has been described by Glass et al.*® 
If we assume that for excitation energies above the 
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Fic. 3. Excitation function for the U™*(a,4n) Pu™® reaction. 
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fission threshold and neutron binding energy the width 
for gamma-ray de-excitation, as well as for proton and 
other charged-particle emission, is negligible, we can 
write the expression for the neutron branching ratio 
(level width for neutron emission divided by total level 
width for all the possible products of the disintegration 
of the compound nucleus) as I',,/(I',+I'r). This ratio 
will henceforth be designated as G,. The cross section 
for the (a,42) reaction at the peak of the excitation 
function can then be written as 


a (a,4n) = GnyGniGngGnor, 


where the subscripts 1, 2, 3, and 4 refer to the branching 
ratio for the emission of the first, second, third, and 
fourth neutron. Since the neutrons are evaporated with 
a distribution in kinetic energy, one does not expect 
the cross section corresponding to the peak of the 


26 Reference 9, Appendix II. 
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(a,4n) excitation function for a nonfissionable nucleus 
to be equal to the cross section for compound nucleus 
formation. Thus we must use for o7 the cross section 
one would expect for the (@,4n) reaction at its peak if 
fission were not competing. This value has been esti- 
mated to be 1.2 barns from (a,4n) excitation functions 
of lead isotopes.*® This has been used for all nuclei 
considered and although this choice is somewhat arbi- 
trary it will not introduce any appreciable uncertainty 
in our comparisons. 

All of the available cross sections for (a,4n) reactions 
have been summarized in Table V, including those 
reported in this work. The source of the data is listed 
in the last column of the table. Whenever possible the 
value of the cross section corresponds to that at the peak 


TABLE V. Heavy-element cross sections for the (a,4n) reaction 
and mean values of neutron to fission width ratios derived from 
these cross sections. 


Target Ga =Ts/lr r./Tr 

nuclide @ (mb mean mean Reference 
Ra 500 0.80 4.0 e 
Th™ 13.0 0.32 0.48 ° 
Th 55 0.46 0.86 d 
U™ 0.6" 0.15 0.18 a 
u™ 1.0 0.17 0.21 f 
U™ 2.5 0.21 0.27 e 
Uu™ 4.2 0.24 0.32 e 
us 21 0.37 0.58 . 
Pu 0.3" 0.13 0.15 b 
Pu*® 0.98 0.17 0.20 h 
Pu” 0.8 0.16 0.19 i 
Pu*® 8.6 0.29 0.41 h 
Am** 14 0.34 0.52 j 
Cm* 0.3» 0.13 0.15 k 
Bk? 6.0 0.27 0.36 1 
Cr 2.2 0.21 0.27 m 


® Cross section is very approximate 

» Lower limit, as excitation function is 
which a cross section is reported. 

© This work. 

4B, M, Foreman, Jr. (unpublished data, 1957). 

© See reference 10, 

{G,. E. Gordon (unpublished data, 1957). 

« J. A: Coleman (unpublished data, 1957). 

» See reference 9. 

iD. L. Eads (unpublished data, 1957). 

i R. J. Silva (unpublished data, 1957). 

k Chetham-Strode, Choppin, and Harvey, Phys. Rev. 102, 747 (1956). 

! See reference 24. 

™ Amiel, Sikkeland, and Thompson (to be published). 


still rising at highest energy for 


of the excitation function. All of the data available 
have been listed, although some of the data are approxi- 
mate or preliminary in nature. The third column lists 
the geometric mean values of G, obtained from the 
relation 


G,=[o(a,4n)/1200]!, 


where the cross sections are given in millibarns. Assum- 
ing again that the total width 'y=T’,+T'p, mean values 
of I',/I'r have been calculated and are listed in the 
fourth column. From this type of experimental data we 
cannot isolate the fission width explicitly, but only the 
ratio of the neutron width to the fission width. 
Examination of the mean values of the neutron- 


26 W. John, Jr., Phys. Rev. 103, 704 (1956). 
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Fic. 4. Mean value of I’,,/I'r derived from (a,4n) cross sections 
of uranium isotopes (circles) and plutonium isotopes (squares) 
vs mass number. Values of [,/I'ry derived by Batzel from fast 
neutron cross sections for uranium isotopes (triangles) are shown 
for comparison. 


emission width to fission width ratios reveals that for a 
given atomic number, the ratio I’,/I'r increases with 
increasing mass number. This trend appears to be 
much stronger than that predicted by the parameter 
Z*/ A, and thus is probably closely related to the fact 
that neutron binding energies show a general trend to 
decrease systematically with increasing mass number. 
The ratio of neutron-emission to fission widths deduced 
from the cross sections for (a,4) reactions of uranium 
and plutonium isotopes are shown as a function of 
mass number in Fig. 4. Batzel’s values,’ derived from 
fast-neutron fission cross sections of various uranium 
isotopes, are shown for comparison. It is seen that the 
rate of change of the neutron to fission width. ratio 
with mass number is approximately the same for 
uranium, plutonium, and curium compound nuclei. 

By making some simplifying assumptions, it is 
possible to derive approximate theoretical formulas for 
the fission width and neutron-emission width.':?’ In 
particular, the treatment involves some assumptions 
which are not valid at low excitation energy. By assum- 
ing that the level density parameters of the parent 
nucleus—apart from the excitation energy dependence 

are the same as those of the fissioning nucleus at the 
saddle point and adopting a Fermi-gas model of the 
nucleus, Fujimoto and Yamaguchi*®’ have given the 


27 Y, Fujimoto and Y. Yamaguchi, Progr. Theoret. Phys. Japan 
5, 76 (1950). 
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Fic. 5. Mean values of ’,,/I'r derived from (a,4n) cross sections 
vs the difference between ihe sum of the four neutron binding 
energies and the sum of the four fission activation energies for the 
compound nuclei encountered in the evaporation chain. The 
labels refer to the target nucleus, and circles with arrows indicate 
a lower limit. 


fission width as 
l'p(E)~(T/2n) exp(—Er/T), 


where E is the excitation energy, Er is the fission 
threshold, and the nuclear temperature T is taken as 
being proportional to the square root of the excitation 
energy. In the same approximation the neutron width 
is given as 


nio-()()freo(2)] 


where K’=h?/2mr,°~10 Mev and B, is the neutron 
binding energy. Combining these expressions gives the 
following relation: 


Pa? Tae Er—B, 
ie 
Tr 10 T 


If one uses the fission activation energies E, obtained 
with the help of Eq. (1) and a reasonable value for the 
nuclear temperature (1-2 Mev), one obtains from this 
equation values of I’,,/I'r which are several times larger 
than the experimental values listed in Table V. 
However, the qualitative behavior predicted by this 
relationship may be compared with experiment. Since 


HOGG) 











we may write 


i TA} 4 (Er—B,), ; 
(5) os A 
Ip 10 i=l T 








ach LE 


R. VANDENBOSCH AND G. T. SEABORG 


where the subscripts have the same meaning as before. 
Taking the natural logarithm, 


ral TA} 4 (Er—B,), 
n=) =o) 44 
IT'r 10 i=l cm 


it is seen that the logarithm of the neutron to fission 
width ratio should be a function of the difference be- 
tween the fission threshold and the neutron binding 
energy. 

In Fig. 5 we have plotted the logarithm of the neu- 
tron to fission width ratios listed in Table V vs the 
difference between the sum of the four neutron binding 
energies and the sum of the four fission activation 
energies for the compound nuclei encountered in the 
evaporation chain. The fission activation energies were 
calculated using the formula presented in the first part 
of this paper, and the neutron binding energies are 
those calculated by Foreman, and listed by Hyde and 
Seaborg.** Considering the approximations in both the 
theoretical treatment and the analysis of experimental 
data, the correlation appears to fit quite well éxcept 
for the point representing helium-ion-induced reactions 
of Ra***. It would appear that for elements lighter than 
thorium these simple relationships are not a good 
approximation. All of the target nuclides represented in 
Fig. 5 are of even atomic number except for Am** and 
Bk**. It might be expected that these points would be 
high relative to even atomic number targets on the 
basis of the relative level densities of the products 
formed by neutron evaporation. For an (a,4m) reaction 
of an even-even or even-odd target nuclide, two of the 
residual nuclei formed by neutron evaporation are of 
even-even nuclear type and two are of even-odd nuclear 
type. However for target nuclides with odd atomic 
number, two of the residual nuclei formed are odd-even 
and two are odd-odd. Since odd-A and odd-odd nuclei 
are believed to have higher level densities than even- 
even nuclei, neutron evaporation might be expected to 
be more prominent for targets with odd atomic number. 
This effect would probably be most important at the 
last stage or two of the evaporation process. Meadows” 
has experimentally confirmed an effect of this nature in 
the yields of (p,pn) and (p,2n) reactions. 

In the analysis of (a,42) cross sections to obtain 
neutron-emission to fission width ratios, it has been 
assumed that there is no large variation of the neutron- 
to-fission width ratios with excitation energy. Experi- 
mentally it is rather difficult to obtain information on 
this problem. However, the rather flat plateaus ob- 
served in fast-neutron-induced fission excitation func- 
tions indicate that the relative probability for neutron 
emission and fission is not strongly dependent on 


*8E. K. Hyde and G. T. Seaborg, Handbuch der Physik 
(Springer-Verlag, Berlin, 1957), Vol. 39; also University of Cali- 
fornia Radiation Laboratory Report No. UCRL-2441, March, 
1954 (unpublished). 

2 J. W. Meadows, Phys. Rev. 98, 744 (1955). 
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excitation energy for this relatively narrow range of 
excitation energies. Batzel® has analyzed the data for 
the 340-Mev proton-induced spallation of uranium” 
and concludes that the assumption that I’,/I' is inde- 
pendent of excitation energy is a better approximation 
than the assumption that the probability of emission 
of a neutron increases much more rapidly as a function 
of excitation energy than does the probability of fission. 
If one considers the mean value of I’,,/I'» obtained from 
an (a,4m) cross section to approximate that of the 
intermediate product halfway along the neutron evapo- 
ration chain, it is possible to compare the mean values 
of T,,/I'y obtained from (a,4n) cross sections with 
values from fast neutron fission cross sections in the two 
cases for the hypothetical average compound nuclei 
U**.U™ and Pu™’-Pu™!, The mean value of I',/I'r ob- 
tained from cross sections for the Th**(a,4n)U** reac- 
tion is 0.86 for an approximate average excitation energy 
of 25 Mev, while the average value from fast neutron 
fission cross sections® of U** and U™ is 0.78 for an 
% M. Lindner and R. N. Osborne, Phys. Rev. 102, 378 (1956). 


31 Fission cross sections were taken from a recent compilation 
by W. D. Allen and R. L. Henkel which is to appear in Progress 
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excitation energy of 10 Mev. Similarly the value of 
I’,,/l'y from cross sections for the U*(a,4n) Pu*® reac- 
tion is 0.58 for an average excitation energy of about 25 
Mev, while the average value from fast neutron fission 
cross sections" of Pu®® and Pu™® is 0.56 for an excitation 
energy of 10 Mev. Although comparison of the I,,/I'r 
values obtained from the two types of information can 
only be approximate, the relative probability for fission 
compared with neutron-emission does not seem to be 
strongly dependent on excitation energy. 
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Nuclear Structure of Zr°° 


N. H. Lazar, G. D. O’Ketiey, Oak Ridge National Laboratory,* Oak Ridge, Tennessee 


AND 


J. H. Hamutton, L. M. LANGER, AND W. G. Smitu,f Jndiana University, Bloomington, Indiana 
(Received December 16, 1957) 


Beta- and gamma-ray spectroscopy, utilizing both single and coincident NaI (TI) crystals and a magnetic 
spectrometer, has been used to study the radiations from Nb®. The positron spectrum was resolved into 
components of 1.505 and 0.655 Mev; the internal-conversion electron spectrum was obtained, from which 
gamma-ray transitions of 0.132, 0.141, 0.372, 1.13, and 2.34 Mev were determined. The internal-conversion 
electron spectrum characteristic of the 1.76-Mev monopole transition in Zr™ was also seen. The scintillation 
gamma-ray spectrum was resolved into components of 2.32, 2.19, 2.0, 1.85, 1.60, 1.48, 1.27, 1.13, 1.1, 0.89, 


0.372, (0.43), 0.142, 0.133 Mev. 


Based on these data, a level scheme for Zr® was formulated with excited states at 1.76(0+), 2.19(2+), 
2.32(5—), 3.08(44+-), 3.45(6+), 3.59(8+-), 4.44, 5.05, and 5.45 Mev, and may be qualitatively understood 


in terms of an independent-particle model. 


I. INTRODUCTION 


HE single-particle model of the nucleus, as is well 

known, represents many of the low-energy 
properties of nuclei, In some cases, particularly where 
nuclear shells lack being filled by only a few nucleons, 
even energy levels and transition rates are fairly well 
predicted by such a model. Ford' pointed out that 
«oZrso” should have such a structure predictable by the 
shell model since the 50th neutron fills the 1gg/2 shell 


* Operated by Union Carbide Nuclear Company for the U. S. 
Atomic Energy Commission. 

+ Present address: Purdue University, Lafayette, Indiana. 

1K. W. Ford, Phys. Rev. 98, 1516 (1955). 


while the 40th proton fills the 21/2 subshell. His sup- 
positions were confirmed by the discovery of a 0* level 
in Zr” at 1.76 Mev by Johnson, Johnson, and Langer? 
in a study of the decay of Y®. This state, being the 
first excited state, decays only by electron conversion 
and pair production since radiation is forbidden between 
O+ states. There has since been considerable experi- 
mentation involving this state. In particular, the half- 
life has been measured by Day* by means of the 


? Johnson, Johnson, and Langer, Phys. Rev. 98, 1517 (1955). 

§R. B. Day (private communication). For an earlier report see 
Kloepper, Day, and Lind, Bull. Am. Phys. Soc. Ser. IT, 2, 60 
(1957). 
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Zr®(n,n’y) reaction as 108 myusec and the electron 
conversion to pair production ratio, from the work of 
Yuasa, Laberrigue-Frolow, and Feurrais‘ and Greenberg 
and Deutsch,’ is ~3. 

Ford! assumed that the 50-neutron configuration in 
Zr® would be bound tightly and would play no part in 
the determination of the spins and parities of the first 
few excited states. The ground-state configuration 
would be expected to be (1/2)o+. Since the next orbital 
available is go2, states of (p1y2g9/2)s- and (p1/289/2) 4 
would be expected. Further, if both protons jump to 
the (go/2) orbital, the pairing energy may be sufficient 
to reduce the energy of the (go/2)"o+ configuration below 
the (g9/2P1/2)s— or 4 Configurations. This was Ford’s 
interpretation of the presence of the 0* first excited 
state. 

Evidence for the 5— state also existed. Campbell 
et al.,> by Zr(n,n’) reactions with neutrons from a 
reactor and Van de Graaff machine, identified an 0.8- 
second isomer in Zr with an energy of 2.32 Mev, 
consistent with a spin and parity assignment of 5—. 
However, there was considerable confusion about this 
level because of conflicting information from the beta 
decay of Nb*.’ Day, Johnsrud, and Lind® have also 
studied the level structure through gamma rays fol- 
lowing inelastic neutron scattering from Zr® and find 
levels at 1.75, 2.17, 2.32, and 3.25 Mev. 


II. EXPERIMENTAL METHOD 


Enriched (98.66%) Zr® was irradiated with protons 
in the ORNL 86-inch cyclotron with enough aluminum 
absorber in the beam to reduce the energy below the 
threshold of the (p,2m) reaction. The ZrO. target 
material was dissolved in concentrated HF, and the 
solution was adjusted to 9V in HF and 12N in H.SO,. 
The carrier-free niobium was extracted into diisopropy] 
ketone, washed with 9V HF and 12N H,SO,, and 
extracted back into water. 

The gamma rays were studied with a 3-inch high, 
3-inch diameter NaI(Tl) spectrometer and with two 
such crystals used in coincidence. The beta-ray spec- 
trum was obtained with a hollow anthracene scintil- 
lation spectrometer and with a 40-cm radius, high 
resolution, shaped magnetic field spectrometer.’ For 
the latter studies, sources were transported to Indiana 


* Yuasa, Laberrigue-Frolow, and Feurrais, J. phys. radium 17’ 
558 (1956); Compt. rend. 242, 2129 (1956). In a recent com- 
munication, these authors quote (L+-M)/K =0.205 for the 1.76- 
Mev transition seen in the decay of Y™. 

5 J. S. Greenberg and M. Deutsch, Phys. Rev. 102, 415 (1956). 

6 Campbell, Peelle, Maienschein, and Stelson, Phys. Rev. 98, 
1172(A) (1955). 

7 Ong Ping Hok, Kramer, and Meijer, Physica 20, 1200 (1954); 
H. B. Mathur and E. K. Hyde, Phys. Rev. 98, 79, 261(A) (1955); 
For reference to earlier work see Nuclear Level Schemes, A=40— 
A=92, compiled by Way, King, McGinnis, and van Lieshout, 
Atomic Energy Commission Report TID-5300 (U. S. Government 
Printing Office, Washington, D. C., 1955). 

8 Day, Johnsrud, and Lind, Bull. Am. Phys. Soc. Ser. II, 1, 56 
(1956) and private communication. 

9L. M. Langer and C. S. Cook, Phys. Rev. 19, 257 (1948). 
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University after irradiation and extraction of the Nb” 
at ORNL. Thus, essentially carrier-free sources were 
used with the magnetic spectrometer. These sources 
were deposited on laminated backings of Zapon and 
LC-600. The total thickness of the backings was either 
10 or 150 ug/cm’. 


III. RESULTS 


With a source placed 9.5 cm from the face of the 
3X3-inch NalI(TI) scintillation spectrometer, the 
spectrum shown in Fig. 1 was obtained. The source 
was sandwiched between two absorbers of polystyrene 
to localize the creation of the annihilation radiation. 
In general, it may then be assumed that the same solid 
angle is subtended by the crystal for both the gamma 
rays and the annihilation radiation and thus the relative 
intensity of positrons to gamma rays may be obtained. 
Sufficient experience, here, with single gamma rays of 
various energies has been obtained so that the shapes 
of the pulse-height distributions associated with each 
of the gamma rays could be subtracted from the data 
to determine the contribution to the curve of the 
individual transitions. From the areas of the various 
full-energy peaks in the spectrum and the peak effi- 
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Fic. 1. Gamma-ray spectrum of Nb® measured on a 3X3-inch 
Nal(Tl) scintillation spectrometer with a  source-to-crystal 
distance of 9.5 cm. 
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ciency previously determined for 3X3-inch NaI(TI) 
crystals,’ the relative intensities of the gamma rays 
of 0.14, 1.13, 1.85, 2.0, 2.19, and 2.32 Mev were deter- 
mined (Table I). The two gamma rays of 1.85 and 2.0 
Mev can only be deduced, as shown, from the excess 
of counts in the region of the Compton edge from the 
2.32-Mev transition. Their intensity is very uncertain 
in this determination, since the height of the Compton 
edge is very sensitive to scattered radiation from the 
surroundings. However, their existence is confirmed in 
coincidence experiments as will be described below. 
The peaks at 0.65, 1.27, and 1.65 Mev may be attributed 
to coincident summing of the intense radiations. How- 
ever, the agreement of the areas under the peaks for 
these energies with expected sum peaks, does not rule 
out the possibility of weaker gamma-ray transitions of 
very nearly the same energy. That such, in fact, do 
exist is clear from some of the coincidence experiments. 

The positron spectrum was obtained using a hollow 
crystal anthracene spectrometer. A straight line may 
be drawn through the points with an end-point energy 
of 1.50 Mev, in agreement with the previous work.’ A 
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Fic. 2. Analysis of the positron spectrum from Nb™. At the top 
are shown the momentum distributions computed from the Fermi 
analysis. 


%” Lazar, Davis, and Bell, Nucleonics 14, No. 4, 52 (1956), Oak 
Ridge National Laboratory Report ORNL-1975, 72, 1955 (un- 
published). 
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Fic. 3. Nb® gamma-ray spectrum in coincidence with 2.2-Mev 
gamma rays, using two 33-inch NalI(TI) spectrometers at 90° 
and 7-cm source-to-crystal distance. 


spectrum was also obtained in coincidence with the 
1.13-Mev gamma ray and the end point, again, was 
1.50 Mev. The positron spectrum observed with the 
magnetic spectrometer (Fig. 2) was analyzed into two 
main groups, with endpoints at 1.505 and 0.655 Mev. 
The possible existence of weak, lower-energy groups 
is not excluded by the data. The total intensity of these 
weaker groups would not be more than one percent of 
the total positron intensity. The relative intensities of 
the 1.505- and 0.655-Mev groups are 96.5 and 2.6%, 
respectively, corresponding to a log ft value of 5.8 for 
each group. The internal-conversion electron spectrum 
was also obtained and gamma-ray transitions of 
0.132+0.001, 0.141+0.001, 0.372+0.004, 1.13+0.01, 
and 2.34+0.02 Mev were determined. In addition, 
peaks interpreted as K and L lines from a 1.76-Mev 
transition were seen. The information concerning these 
transitions is collected in Table I. 

Spectra were obtained in coincidence with all the 
prominent gamma rays. The fast-slow coincidence 
system has been described elsewhere." A single-channel 
analyzer is used as a “window” to select a portion of 
the spectrum and the counts obtained in coincidence 
with those selected are displayed on a multichannel 
analyzer. The two 3X3-inch NalI(TI) crystals were 
mounted at 90° with a half-inch of lead between them 
to remove crystal-to-crystal scattered radiation. The 
source was mounted at the intersection of the lines 
through the axes of the crystals, at 7.0 cm from the 


1 N, H. Lazar and E. D. Klema, Phys. Rev. 98, 710 (1956). 
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TABLE I. Summary of gamma-ray intensities and conversion coefficients in the decay of Nb”. 











Conversion coefficients Multipole 
Ey Iy Experimental Theoretical K/L radiation 

BR 0.79 4.03 10-4 a5=4.10X 10 ~6 E5 

2.19 0.13 

2.0 0.010" 

1.85 0.013* 

1.60 0.0328 

1.48 weak* 

1.27 0.032" 

1.13 0.95 1.83 10 a, =2.0X 10 6.8 El 

1.1 0.018" 

0.89 0.013" 

a.=0.93X 10 

0.372 0.013* 1.38 10% B:=3.85X107 5.6 E2+-0.10 M3 
(0.43) 1.210 > 

0.142 0.57 0.297 a2=0.293 6.5 E2 

a3= 2.20 
0.133 0.028" 2.91 B.=33.5 Mm) E3+-0.025 M4 
1.76 None a 3.8 
observed —=1.0x10~ 4.5 EO 
Bt 5.5 








® Denotes intensity determined from analysis of coincidence results. 
b Assume (K/L)1.72 =4.0, and (e~/x)i.% =2.6. 


face of either of the detectors. The solid angle subtended 
by the crystal at a point source at this distance is 6.1% 
of 4x and this geometry gives a reasonable compromise 
between low counting rates and large coincident sum 
peaks. 

When the “window” of the single-channel analyzer 
was set over the 2.32-Mev peak, no counts above the 
expected random rate were observed. However, upon 
moving the window into the valley from this gamma 
ray (at 2.2 Mev), the spectrum shown in Fig. 3 was 
observed. The peak at 0.14 Mev is presumed to be the 
0.133-Mev transition because of its relatively low 
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Fic. 4. Gamma rays from Nb® in coincidence with 
1.13-Mev gamma rays. 


intensity. The peaks at 0.375 and 0.875 Mev represent 
transitions invisible in the single-crystal spectrum and 
correspond to intensities of 8.2 and 7.8%, respectively, 
of the 2.19-Mev gamma ray. 

Figure 4 shows the spectrum obtained in coincidence 
with a window set over the peak at 1.13 Mev. Peaks 
corresponding to transitions of 0.14 and 0.511 Mev are 
observed with an excess of high-energy counts above 
the expected random rate which indicate gamma rays 
at 1.1, 1.60, 1.8, and 1.95 Mev. The intensities of the 
latter three transitions relative to the 1.13-Mev gamma 
ray are 0.032, 0.010, and 0.013. An excess of counts in 
the region of 1.45 Mev always appeared in the various 
runs, and is tentatively identified as a weak gamma ray 
of this energy. The peak at 0.65 Mev may be explained 
as due to coincident summing of the 0.142-Mev gamma 
ray with annihilation radiation. The counting rate 
observed in the region of 2.3 Mev (not shown) could be 
entirely accounted for by the expected random events. 
With the gain expanded a factor of two, no new peaks 
could be detected in the region from 0.14 to 0.511 Mev, 
although a bulge on the side of the Compton edge from 
the 0.511-Mev radiation is observed. This is interpreted 
as the 0.372-Mev transition in coincidence with counts 
in the window from the 2.19-Mev gamma ray. 

The area under the peak from the annihilation 
radiation is considerably lower than one might expect 
from the intensities determined from the analysis of 
the single-crystal data. This peak height varied by 
large factors as a function of the absorber geometry 
relative to the source. The position at which most of 
the positrons will stop will determine the coincidence 
rate and thus varying the absorber geometry would be 
expected to vary the rate. Thus an accurate number 
for the ratio of K-captures to positrons could not be 
determined in the 90° geometry fixed by the spectrome- 
ter arrangement. This figure, however, could be deter- 
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mined from the single-crystal intensities (assuming the 
decay scheme shown in Fig. 8), and agrees fairly well 
with the value predicted by Feenberg and Trigg. 

One may compute the conversion coefficient of the 
0.142-Mev transition from the peak observed in 
coincidence with the 1.13-Mev gamma ray. If one 
assumes that 95% of the 1.13-Mev transitions are 
preceded by a 0.142-Mev transition, (see proposed 
decay scheme, Fig. 8) then the area under the 0.142- 
Mev peak, P(0.142), is given by 
P(0.142) = (0.95)C(1.13)€,(0.142)—— W(90°)Q. 
1+a(0.142) 


€,(0.142) is the peak efficiency for a 3X3 inch NaI(TI) 
crystal at 7.0 cm for a 0.142-Mev gamma ray,!°2=0.061 
is the fractional solid angle subtended by the crystal 
at the source, C(1.13) is the observed counting rate in 
the window due to the 1.13-Mev gamma ray. From an 
examination of the single-crystal spectra, 8% of the 
counts in the window were assumed to be from Comp- 
ton-scattered electrons from higher energy transitions. 
W (90°) is the angular distribution of the two gamma 
rays corrected for finite resolution in the manner 
described by Rose.'* From the average of two measure- 
ments, 1+a=1.37W(90°). For the spin sequence 
shown in Fig. 8, and assuming pure multipoles for the 
radiations, one obtains W (90°) =0.77. After correcting 
for the finite solid angle, a 10% anisotropy would not 
be unexpected. The theoretical value for the total 
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Fic. 5. Nb® gamma rays in coincidence with 0.511 Mev, showing 
the addition of a graded gamma-ray absorber to eliminate the 
0.14-Mev gamma ray and its sum line at 1.27 Mev. 


2M. E. Rose, Phys. Rev. 91, 610 (1953). 
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Fic. 6. Gamma-ray spectrum in coincidence with 0.14-Mev 
gamma rays of Nb®, using low amplifier gain. 


conversion coefficient for an £2, 0.142-Mev transition 
is 0.31," in fair agreement with these experimental 
results. Better determinations of the conversion co- 
efficients were, however, determined from the con- 
version electron study as discussed below. 

Coincidences observed with the window set over the 
0.511-Mev region show peaks at 0.142, 0.375, 1.13, 
1.27 Mev and 2.19 Mev. The intensity of the 0.14- and 
1.13-Mev peaks indicate that every 8° is in coincidence 
with these radiations. The counting rate between 1.27 
and 2.19 Mev may be explained by random events, 
Compton pulses from the 2.2-Mev gamma ray, and the 
expected counts in the window due to Compton pulses 
of 0.511 Mev from the 1.13-Mev gamma ray. 

An experiment was performed to determine the 
existence of the 1.27-Mev crossover gamma ray. Co- 
incidences were taken with a window set over the 
0.511-Mev peak with the standard geometry and with 
1 in. lead inserted between the source and the crystal 
detecting the region of 1.27 Mev. The difference is 
shown in Fig. 5. Since } in. lead should be sufficient to 
reduce the 0.142-Mev gamma ray by a factor of 7X 10*, 
the remainder must be due to a transition of 1.27 Mev. 
In fact, the intensity agrees with that calculated from 
the difference of the observed peak and that predicted 
from summing of the 1.13- and 0.42-Mev transitions. 
The result gives the intensity of the 1.27-Mev gamma 
ray relative to the 1.13-Mev transition as 0.034. 

The window was placed over the 0.14-Mev peak and 


a M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Appendix IV. 
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Fic. 7. Nb® gamma-ray spectrum in coincidence with 0.14-Mev 
gamma rays, using high amplifier gain. 


spectra were taken at two gain settings. The low-gain 
setting (Fig. 6) shows obvious peaks at 0.511, 1.13, 
1.65, 1.85, and 2.2 Mev. The region of 2.0 Mev indicates 
an absence of gamma rays of this energy when it is 
compared to the same region observed in coincidence 
with the 1.13-Mev gamma ray. The peak at 1.65 Mev 
may be entirely accounted for (within experimental 
error) by the coincident summing of the 1.13-Mev 
gamma ray with annihilation radiation. 

On the expanded scale (Fig. 7), the spectrum becomes 
very difficult to interpret because of scattering of the 
higher-energy radiations from the lead shield, which 
yields counts in the region of 0.150 to 0.250 Mev. 
However, a peak at 0.38 Mev is apparent and its 
intensity agrees with that previously found from 
coincidences with the 2.19-Mev gamma ray and the 
relative intensities of the 2.19- and 0.142-Mev transi- 
tions. 

The magnetic spectrometer results may now be 
combined with the gamma-ray data to give conversion 
coefficients for several of the gamma rays. All the 
conversion line intensities were determined relative to 
the positron intensity, and so comparing gamma-ray 
intensities to the annihilation peak yields a direct 
comparison of ¢~/7. The results of such a comparison 
are shown in Table I. Taking Rose’s values" for the 
conversion coefficients in the K and L shells, one may 
make multipole assignments for the transitions. Thus, 
the spins of the levels up to 3.59 Mev could be deter- 
mined. 

The transition of 1.76 Mev is unique in that no 
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gamma rays were observed of this energy, and is 
interpreted as the reported 0*—0* transition in Zr®.? 
The K/L ratios of 3.8, 4.5, and 5.5 were observed with 
three sources—the last two of which yielded slightly 
poorer resolution. It may be noted that Yuasa et al. 
gave a value of K/(L+M)=5. The extremely low 
value for this ratio is not understood (the predicted 
value is 8.7 *) but may be related to the anomalously 
long half-life for this state found by Day et al.’ (see 
Introduction). If this is the case, a theoretical study 
of this £0 transition may yield some further light on 
the nuclear structure involved. 

On the basis of these results the decay scheme shown 
in Fig. 8 may be constructed. The existence of a 0+ 
state at 1.76 Mev which decays without the emission 
of gamma rays requires the condition that no low- 
energy states are accessible from this state. Thus a 
state at 2.19 Mev and the isomeric state at 2.32 Mev 
are postulated to be the next two levels. The isomer 
had already been assigned a spin and parity of 5— from 
its energy and half-life. The measured conversion 
coefficient confirms this assignment. On the basis of 
the conversion coefficient and K/L ratio, the 0.133- 
Mev transition may be identified as £3 radiation. Thus 
the 2.19-Mev state must reasonably be assigned a spin 
and parity of 2+. The transition probability for the 
0.133-Mev transition may be calculated from the single- 
particle estimates of Weisskopf and one can expect a 
partial lifetime for the 2.32-Mev state of 1.05 seconds. 
Thus, all the evidence available is consistent with these 
spin assignments. 

The intensity of the annihilation radiation was 
determined from the data of the single-crystal spec- 
trometer and is given in Table I. From the decay 
scheme, it is easy to see that 


1(2.19)+](2.32)+] (1.76) = 1(8+)+T(e.c.). 





6.41 (84,94) 





Fic. 8. Decay scheme proposed for Nb®. The energy of the 
level at 4.44 Mev is based on the end point for the second positron 
group but does not fit very well with the measured gamma-ray 
energy shown leaving this level. In view of lack of further in- 
formation, it is possible that the uncertainties in these energies 
may account for the discrepancy. 


4 E. L, Church and J. Weneser, Phys. Rev. 103, 1035 (1956). 
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TABLE IT. Theoretical and measured intensity ratios of some 
of the gamma-ray transitions in Zr™. 


Theoretical intensity 





ratios assuming equal Relative 
Measured intensity ratios matrix elements retardation 
1(0.142)/1 (1.27) =17.8 0.77 23 
1(0.372)/7 (1.13) =1.7 XK 10°? 1.5010"? 1.1 10° 
1(2.32)/1 (0.133) = 27.8 1.2 23 
1(0,44)/1 (2.19) =9X10™ 2.610 » ES 





Using the figures in Table I, one may determine the 
ratio of electron capture to positron emission. The 
value obtained for this ratio is 0.77. This may be 
compared to the value, A-capture/8*, computed by 
Feenberg and Trigg'® (in the Z=0 approximation) of 
0.66 for an end-point energy of 1.50 Mev. Since there 
are at least some positrons of lower energy, and possibly 
some pure electron capture to the upper state, this is 
considered good agreement. 

Let us assume the states have the spins as suggested 
by Ford! as discussed above. Then one may proceed to 
calculate transition probabilities on the basis of the 
independent-particle mode!.'® The results are tabulated 
in Table II in the form of ratio of probabilities of 
transitions leaving the same state. The most glaring 
difference is that between the experimental and theo- 
retical ratios for the 1.13- to 0.372-Mev transitions. 
The £1, 1.13-Mev transition should take place between 
a (go2)"e, and a (g9/2P1/2)s— configuration, which would 
be absolutely forbidden in an independent-particle 
model. Thus, the inhibition of this transition by a 
factor of 10° relative to the 0.372-Mev gamma ray 
(which occurs primarily by a reorientation of the same 
orbitals) is not surprising. 

Other examples of the same effect are seen in the 
ratios of the intensities of the 0.133- and 2.32-Mev 
gamma rays and the 0.142- and 1.27-Mev transitions. 
In both cases, the transition involving the violation of 
a selection rule predicted by a single-particle model 
due to a change of proton orbital from gg/2 to piy2 is 
more inhibited than the one in which no such violation 
occurs. 

It is interesting that the predicted 4— state is not 
observed in the decay. If the spin of Nb" is 8+ '? then 
transitions directly to the 4— state would be entirely 
ruled out. Transitions from the 6+ or 4+ state in Zr’o 


1° E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 
(1950). 

16S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. XIII. 

17 [f the last proton and neutron are in g9/2 orbitals and one 
assumes a 5-function interaction between these, one obtains 8 as 
the lowest spin from this configuration. 
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TaBLe III. Theoretical and experimental energy splittings of 
levels in Zr® assuming a (go/2)* configuration for the last two 
protons and a 6-function interaction between the particles. 


Experimental (Mev) Theoretical (Mev) 





Energy levels 


E(8+)-E(6+) 0.142 0.1428 

E(8+)-E(4+) 0.517 0.355 

E(8+)-E(2+) 1.40 0.854 
1.84 3.96 


E(8+-)-E(0+) 


* The theoretical energy splittings were normalized to the experimental 
E(8+)-E(6+) value of 0.142 Mev. 


might be expected, except for the large inhibition 
factors from the g9/2— 1/2 orbital change. Thus, it is 
quite reasonable that this state is not excited. 

The first excited state, as mentioned above, seems 
to have some interesting properties. Assuming the same 
matrix elements for the transitions from the 2.19-Mev 
level to the first excited state and the ground state, the 
relative gamma-ray probabilities (Table II) are 
T g2(0.44)/T g2(2.19)=2.6X10. The observed ratio 
of 9.2X10~ is only a factor of 3.5 different from this 
value, although the 2.19-Mev transition should be 
strongly retarded if the configuration of the ground 
state and 2+ state were pure. This indicates that 
probably all the states involve mixed configurations!* 
and may help to explain the anomalous lifetime and 
K/L ratio for the 1.76-Mev transition. 

Despite the apparent impurity of the states, it is 
interesting to compare the energy splittings for the 
levels produced from the pure (gz)? configurations. 
The energies should not be as sensitive to slight ad- 
mixtures of other configurations and should indicate 
to some degree the applicability of a single-particle 
model to the nucleus. Unfortunately, the particle- 
particle interaction is unknown but a crude test using 
a 5-function interaction was carried out. The results 
are shown in Table III. The level order is given cor- 
rectly but it is clear that quantitative agreement is poor. 
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18R. K. Sheline et al. (private communication), have done 
similar experiments and arrive at essentially the same decay 
scheme. They attempt to infer the mixture of configurations in 
the first few states from relative intensity arguments similar to 
those given here. 

19 A. M. Lane, lectures on the independent particle model given 
at Oak Ridge National Laboratory in October, 1956. See also 
A. de-Shalit, Phys. Rev. 91, 1479 (1953). 
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The spectrum of electrons at low energies and large scattering angles resulting from the scattering of 
high-energy electrons on atoms is considered. For thin scattering foils, the dominant contributions to this 
spectrum come from the following processes: (1) scattering accompanied by bremsstrahlung production, 
(2) scattering on bound electrons, and (3) Mller scattering followed by a single nuclear Coulomb scattering. 
It is found that the overwhelming majority of scattered electrons of low energy (i.e., kinetic energy of the 
order of the rest energy) come from processes (2) and (3), thus masking the peak predicted by Parzen et al. 
for process (1). For high incident energy and high-Z scatterers, the process (2) is dominant. It is shown 
that the cross section for low-energy scattered electrons from process (2) is related to the electron-electron 
forward-scattering cross section. This affords a means of measuring this forward-scattering cross section. 





I. INTRODUCTION 


HE fact that a measurement of the energy 

spectrum of electrons which have lost energy in 
bremsstrahlung production would provide a desirable 
check of the Bethe-Heitler formula has been pointed 
out by Parzen and co-workers.' Such a measurement 
would complement the direct measurements of the 
bremsstrahlung energy spectrum.’ Of special interest 
is the form of the bremsstrahlung spectrum near the tip 
(i.e., the high-energy limit). This portion of the brems- 
strahlung spectrum corresponds to the low-energy 
portion of the electron spectrum. As shown by Parzen 
et al. from the Bethe-Heitler formula, there is a peak 
in the electron energy spectrum at very low energies 
and large scattering angles. Although a measurement 
of the higher energy regions of the electron spectrum 
would also be desirable, a measurement in the neighbor- 
hood of the low-energy peak would provide an especially 
sensitive test of the accuracy of the Bethe-Heitler 
formula. 

Since the cross section for these low-energy brems- 
strahlung electrons is rather small, it is necessary to 
consider other processes which may give rise to electrons 
in this low-energy region which may mask the Parzen 
peak. There are two dominant processes* which produce 
such low-energy electrons, both of which are associated 
with electron-electron scattering. The first is the single 
scattering of the incident electron on the bound atomic 
electrons. This process can give rise to low-energy 
electrons at large scattering angles because of the 
high-momentum components in the momentum distri- 
bution of the bound electron. The second process is a 


* Supported in part by the U. S. Atomic Energy Commission. 

1D. G. Keiffer and G. Parzen, Phys. Rev. 101, 1244 (1956); 
McCormick, Keiffer, and Parzen, Phys. Rev. 103, 29 (1956). 
The energy and angle distribution of bremsstrahlen electrons 
were first calculated by G. Racah, Nuovo cimento 11, 476 (1934). 

2 See, for example, H. W. Koch and R. E. Carter, Phys. Rev. 
77, 165 (1950); N. Starfelt and H. W. Koch, ibid. 102, 1598 
(1956); J. W. Motz, ibid. 100, 1560 (1955). 

3 Two other processes which one might consider are two suc- 
cessive electron-electron scatterings and electron bremsstrahlung. 
A simple consideration of the conservation laws shows that these 
processes make insignificant contributions at large angles com- 
pared to the processes mentioned above. 


single electron-electron scattering followed by a nuclear 
scattering into large angles. The relative cross section 
for this second process is dependent upon the thickness 
of the scattering foil. In this paper we compute the 
cross sections for these two processes and show that, 
in the neighborhood of the Parzen peak, they are much 
larger than the cross section for bremsstrahlung elec- 
trons. We restrict ourselves to the case where the 
scattering foil is thin enough so that multiple Coulomb 
scattering may be neglected. 


II. SCATTERING OF ELECTRONS ON 
BOUND ELECTRONS 


The cross section for the scattering of an electron by 
a free electron was jirst obtained by Mller.‘ The 
Mller cross section, for our purposes, is most simply 
stated in terms of the fractional energy loss w of the 
electron in the laboratory system: 


w= (W,—W,')/(W,—™m), (1) 


where W’ is the energy of the incident electron and W,’ 
is the energy of the detected electron. The cross section 
in the laboratory system is 


m(W +m) 
doy =1¢-—————_{ W 2— (2W 2+ 2mW ,—m’) 





Xw(1—w)+(Wi—m)*w*(1—w)*}dwdy, (2) 


where ¢ is the azimuthal angle, p; is the momentum 
associated with W,, and ro=e?/m. This expression is 
unchanged when w is replaced by 1—w since there are 
two outgoing electrons which must share the initial 
energy. From conservation of energy and momentum, 
one obtains the following relation between w and the 
corresponding laboratory scattering angle: 


(Wi+m) sin?6 
2m+(Wi—m) sin’? 


*C. Mller, Ann. Physik 14, 568 (1932). See also J. M. Jauch 
and F. Rohrlich, The Theory of Photons and Electrons (Addison- 
Wesley Press, Inc., Reading, Massachusetts, 1955), p. 252. 





(3) 
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INELASTICALLY SCATTERED ELECTRONS 


The maximum scattering angle is +/2 where, as we see 
from Eq. (3), the electrons have zero kinetic energy. 
Thus, in the absence of atomic binding there will be 
no scattered electrons at angles greater than 2/2. 

The effects of the binding of the target electron are, 
first, to introduce a shift in the energy of the outgoing 
electrons equal to the atomic binding energy, and 
second, to introduce a spread in the angular distribu- 
tions of the outgoing electrons due to the momentum 
distribution in the bound state. Thus, in electron- 
electron scattering, the electrons scattered through an 
angle @, which in the absence of binding have a unique 
energy given by Eq. (3), have an energy distribution 
centered about an energy shifted from the Mller 
energy by the binding energy and with a width deter- 
mined by the momentum distribution of the bound 
state. Conversely the scattered electrons with a given 
energy have an angular distribution centered approxi- 
mately at the Mller angle. As a consequence, scattered 
electrons may emerge at angles greater than w/2. One 
can think of this large-angle scattering as due to elec- 
trons scattering on bound electrons which are near the 
nucleus and which, therefore, can transfer large mo- 
menta to the nucleus. 

In this section we shall be interested in the energy 
spectrum of electrons scattered through angles greater 
than 2/2. The high-momentum components of the 
bound state, which are most important for such large- 
angle scattering, are described adequately by a hydro- 
gen-like wave function for the nuclear charge, Z.° In 
general the matrix element for the scattering process in 
which an electron in state 1 is incident upon a target 
electron in state 2 with the outgoing electrons in states 
1’ and 2’ is® 


Myme f def ar — —- 
ir—r'| 
XK de (nyheter alr’) — (1'22’), (4) 


where (1’=22’) means the corresponding integral with 
the subscripts 1’ and 2’ interchanged. For the states, 
1, 1’, 2’ we take plane wave states corresponding to 
momenta pi, pi’, Ps’ respectively. For the state 2 we 
take the nonrelativistic hydrogen-like wave function: 


Yo(r) =Xnim(r)u(q), (5) 


where “(q) is the plane-wave amplitude corresponding 
to a momentum q, which we shall later set equal to 
zero, and Xnim(r) is the Schrédinger wave function for 
the state nlm. Introducing the momentum transform, 
¢nim(k), of Xnim(r), we write 


—" -Wi")ir—r’] 


Y(t) = f dk gxim(k)e*"u(q). (6) 


For a description of the energy distribution of electrons 
scattered through the Mller angle, a tention wave function 
for effective charge Z* would be more appropriate since it describes 
the lower-momentum components more accurately. 

6 J. M. Jauch and F. Rohrlich, reference 4, p. 146. 
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Inserting the appropriate wave functions in Eq. (4), 
we get, after performing the indicated integrations,’ 
M ; = 2(29)4e? onim(P2) 

{ ti( po’). (q)@( pr’) v4 (pi) 


x - (e209, 
P,—P,'? 





where P2= pi’ + p.’— pi. 
The cross section for the scattering into the state 1’ is 


; We 
doz=— — aaa Ws'ps f apy 
(2r)® py 


XE 2e| My.|\°5(Wi+K—W,'-—W,’), (8) 


where K is the energy of the bound electron, including 
the rest mass,* and where >> denotes an average over 
initial and a sum over final electron spins. Inserting 
the expression for M,; from Eq. (7) into Eq. (8) and 
performing the spin sums, we get 





‘De! A 
do p= 2n*e'\——dW 1'dQy | ¢( pz) | Saati 
mp (P,—P,')* 
B 2C 
=< pean 
P\—Py)* (Py Py)(Pi— Pz) 
where W./=W,+K—Wy’' and 
A=2{(P;-P2’) netmapr 
+m? ( +m? (O-P2')+2m'}, (10a) 
inti BEAR 
+m? (P,- P2')+m?(Q-P,')+2m'‘}, (10b) 
C= —{2(Q-P,)(Pi'- Ps’) +m*L(Q- Ps’)+(Q- Pi) 
+ (Q-Py')+ (Pi: Py’) + (Pi: Pe’) 
+ (Py: Pe!) )+2m*‘}. (10c) 


We are interested in the case where W,’«W, and 
the scattering angle 6,’ is large. For this case 


— Py')?=2(WiWy'— pi-pi’—m’), (11) 
P,— P2!)?=2(WiW2!— px po’ —m*) 
= 2[ pr+Wi(K—W,’) ](1—cos6.’) 
m (K—W,')? 
+-— —— cos6,’ 
py 


+0(=(K- wit). (12) 
pit 


7 For convenience we shall use the notation in which p is the 
three-vector and P is the corresponding four-vector. Thus P 
= (p,iW) and (Pi—P,'?= (pr (Wi-Wi) 

8 The energy K is the actual energy of the bound electron. 
That is, K=m—TI, where J is the observed ionization energy. A 
table of these energies is given by Hill, Church, and Mihelich, 
Rev. Sci. Instr. 23, 523 (1952). 
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We see that, if (K—Wy,')<py, then for 6.’=0, (P;— P,’)* 
is exceedingly small, or (P\—P,.')~“ is very large. 
The angular width of this forward peak is of order 
m(W,'—K)/p,*. Since (P:—P,’)* is of order mW,, it 
follows that the largest contribution to the dQ,’ integral 
will come from the neighborhood of 62’=0 and that 
only the “B” term in Eq. (9) will contribute signifi- 
cantly. Since 
cosb2= 1—O(m*/p;'), 

we find that 
| pi— pi’ — po’ |?= p?— 2p,’ (Wi'—K) cob,’ 

+(Wy—K)+O(m/p:). (13) 


Hence, upon performing the dQ,’ integration in Eq. (9) 
and neglecting terms of relative order m/p,, we get 


(2x)* — (W1'— pr cosy’) py 








doz= reW, 
(W,’—K) 
X | entm(Ro) |2?dW dQ)’, (14) 
where 
k= py—2p;' (W1'—K) cos6)’+(Wy’—K)*._ (15) 


The cross section for the two K-shell electrons, for 
which 








1 
¢100(R¢) =—— : (16) 
(2m) (2méZ)3 (Ag-+4)? 
with Ao=ko/2meZ, is 
re (Wi'— py’ cos6;") py’ 1 
des=—Wz —— 
Qe (Wy—K)? — (2méZ)? 
anon iG," (17) 


(A’+%)* 


Straightforward computation shows that the corre- 
sponding cross sections for the higher shells are much 
smaller than that for the K shell, amounting at most 
to about 5% of the K-shell cross section. 

From Eq. (17) we see that if the energy W;’ is small 
so that the quantity Ao is small, the cross section can 
be very large. As W;,’ increases the cross section de- 
creases rapidly due to the high power of the quantity 
(A,?+4). The results of the numerical evaluation of this 
cross section will be given in Sec. IV. 


Ill. EFFECTS OF COULOMB SCATTERING 
ON THE LOW-ENERGY SPECTRUM 


In this section we consider the energy spectrum of 
electrons at large scattering angles resulting from 
Mller scattering followed by a single elastic nuclear 
Coulomb scattering. The Mller cross section for frac- 
tional energy loss w is given in Eq. (2). This cross 
section, which has been obtained by ignoring atomic 
binding, can be thought of as the cross section inte- 
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grated over the small! angular spread due to the binding. 
In the Mller scattering the electrons with fractional 
energy loss w emerge at a laboratory angle given by 
Eq. (3). The Coulomb scattering cross section for the 
scattering of a particle with energy W,’ is taken as 
that given by the Born approximation? : 


Lr? m(W \?+-m?+ pi? cos) 
in 


2 px(1—cosy)? 


where y is the Coulomb scattering angle. 

We want to compute the cross section for the process 
in which a high-energy incident electron is Mller 
scattered, producing a low-energy (secondary) electron 
at an angle @ and with corresponding energy W,' [Eq. 
(3) ], which is subsequently Coulomb scattered through 
an angle y into solid angle dQ’ about 6’, ¢’. This process 
is shown schematically in Fig. 1. If the energy loss is 
large the Coulomb scattering prior to the Mller 
scattering can be ignored, providing y is not small. 

The probability of a Coulomb scattering of the 
electron with energy W,’ is obtained by multiplying 
the Coulomb cross section given in Eq. (18) by an 
effective number density of target atoms per cm? of the 
foil. For a foil in which the number of atoms per cm? 
is p, the effective density for the foil mounted at right 
angles to the incident beam is readily seen to be 
p/2 cos@. For other foil orientations the effective number 
density depends upon the azimuthal angle, ¢, as well 
as upon @. For simplicity we restrict ourselves to this 
right angle foil position. Hence, if P(W,’,p)dQ’ is the 
probability that an electron coming with energy W,’ 


dQ, (18) 
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Fic. 1. Schematic diagram of a Mller scattering at 1 
followed by a Coulomb scattering at 2. 


®See, for example, N. F. Mott and H. S. W. Massey, The 
Theory of Atomic Collisions (Oxford University Press, New York, 
1949), second edition, p. 82. Numerical calculations of the exact 
Coulomb scattering cross section show that the Born result is 
correct to within a factor of two for the energies and angles 
considered here. [See, e.g., J. A. Doggett and L. V. Spencer, 
Phys. Rev. 103, 1597 9e4 : 
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from a Mller scattering is Coulomb scattered through 
an angle y into solid angle d’, then” 








P(Wy' p)d’ = doc 
2 cos 
preZ* m?( W 1? +-m?+- py” cos) 
=—— ——— —dY, (19) 
4 cos pi*(1—cosp)? 
where 


cosy = cos@ cos6’+-sin# sind’ cos(¢— ¢’). 


Since the Mller cross section is independent of ¢, the 
total probability of a Coulomb scattering is obtained 
by integrating Eq. (19) over ¢. 


2r Qn m 
J dgP(Wy' p)do! =—pr?Z2?— 
0 2 pi! 


p1?(sin*0+-sin’0’) +-2m?(1—cos@ cos6’) 
x : 


-—dY. (20) 
cos | cos — cos’ |* 





The cross section per atom, dos, for electrons from 
Mller scattering followed by Coulomb scattering is 


2 


do 
dosWi'p)=2 f simibttiaasll Passi (21) 
0 a 


where the factor Z accounts for the Z electrons per 
atom. Inserting the expression in Eq. (2) for doy and 
using Eq. (1), this becomes 


T m'(Ws +m)? 
do s=—pr'Z* — -_——— 
2 pi Mob a @ | sr 
pr” ‘(sin’ “6+ sin’ *0') +-2m? (1—cosé cos6” ) 
x 
cosé cont— cout’ 3 
X{(W2- (2W2+2mW ,- 
+- ( Wi- m)*w’ 2(1—w)*}dW, "dQ. 


m*)w(1—w) 

(22) 
In this expression w and @ are related by Eq. (3). In 
the high-energy limit (i.e., for W,’<W),) we get 


3 


T 
dos= =—pr'Z*— talib 
pi*(W, , ~m)? 


Ws Becht oh AS 2m*( 1- cosd cos6’) 


a ——dW ‘dQ’, (23) 
cos | cos — cos6’|? 
where, in this limit, Eq. (3) yields 
sin?@= 2m/(W ;'+m). (24) 





10 It is is assumed that the scattering foil is sufficiently thin so 
that this Coulomb scattering probability is much less than unity. 
If this probability is not small, multiple Coulomb scattering 
cannot be neglected. 
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Fic. 2. Zp and Yr as a function of W,’ for incident energy 
W,=60me and scattering angle 6,’= 120° 


IV. SPECTRUM OF LOW-ENERGY ELECTRONS 


The energy spectrum of electrons which have lost 
energy in the bremsstrahlung process has been com- 
puted by McCormick, Keiffer, and Parzen.' The general 
expression for the cross section is complicated and we 
shall reproduce only the limit of high incident energies 
and low final energies: 





1 m 
do p=— rele | —cos6,’ 
2r Wi(Wy'— py’ cos6,")? 
pi’ +Wi1' cosd,’ Wi'+ pr’ 
Ha in( } (25) 
pi’ m 


The total spectrum of low-energy electrons is the sum 
of the spectra arising from the three processes: (1) 
scattering accompanied by. bremsstrahlen production 
with cross section dap, (2) scattering on bound electrons 
with cross section dog, (3) Mller scattering followed 
by a Coulomb scattering with cross section dos. We 
shall denote the sum of these three cross sections by dor: 

dor= da p+doz+des. (26) 


For purposes of comparison, we introduce the dimen- 


‘ sionless quantities, 2p, 2, Xs, and 27, defined in terms 
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10 Results of the numerical evaluation of the expressions 
for the 2’s for incident energies of 4.123mc* and 60mce’, 
for scattering angles of 120° and 180° and for Z=4, 13, 
28, and 47 are given in Tables I-IV. In these tables 
Ys has been evaluated for a foil thickness p=5X10"* 
atoms/cm?. The values of 2p for W,=4.123m have 
been taken from the tables of McCormick, Keiffer, and 
Parzen. In order to illustrate these results we have 
plotted 2p and Yr as functions of W,’ for the 120° case 
in Figs. 2 and 3. 

From the numerical results it is clear that the over- 
whelming majority of low-energy electrons come from 
scattering on bound electrons and from Mller scat- 
tering followed by a Coulomb scattering. In principle, 
the cross section dos can be reduced by decreasing the 
foil thickness. The bound electron scattering, however, 
is an intrinsic process independent of foil thickness. 
The cross section dos is proportional to Z* and is roughly 
independent of the incident energy. The cross section 
dep is seen to be proportional to Z®° (except for W ;’/=m) 
and to the square of the incident energy. Finally, the 
cross section dap is proportional to Z* and is approxi- 
mately inversely proportional to the incident energy. 
Hence, the most favorable conditions for observing the 
spectrum of low-energy bremsstrahlung electrons would 
a be obtained with a low Z foil and low-energy incident 

L electrons. However, inspection of Fig. 2 shows that 
- . - peak of the Parzen distribution is completely obscured 
even for Z=4 and W,=4.123me. 

It is clear from the considerations above that the 
bound-electron scattering cross section will make the 


! 
6,=120° 
W/m * 4.123 



































2! 
W, 7m 
Fic. 3 Zp and 27 as a function of W,’ for incident energy 
W ,=4.123me and scattering angle 6;’= 120°. 





of the corresponding cross sections by dominant contribution to the low-energy spectrum of 
ae scattered electrons if thin foils of high-Z material are 

== et ey (27) bombarded with high-energy electrons. Thus in Table 

re°Z* dW,'dQ,’ II we see that for W,;=60mc and Z=47 (silver), Xx is 


TABLE I. Values of Zp, Zz, Zs, and Yr for incident energy W,=4.123mc? and scattering angle 6;'= 120°. =s has been 
evaluated for a foil thickness of 5X 10!* atoms per cm*. Zp is independent of Z. 

















Z=4 Z=13 Z=28 Z =47 

Wi'/me? =p X10 Ze X10% Zs X10 Fr K108 Ze X108 Zs X10% Lr X10? Ze X108 Zs X108 =r X10 22 X108 Xs X10°) =r K108 
1.1 1,50 11.1 1485 1498 425 4820 5246 2160 10400 12562 1980 17400 19382 
1.2 1,38 0.162 48.2 49.8 7.31 156 164 52.6 338 392 95.0 565 661 
1.3 1,25 0.012 6.45 7.71 0.60 20.9 22.7 4.91 45.1 51.2 11.6 75.5 88.3 
1.4 1.19 1,49 2.68 0.098 4.82 6.11 0,842 10.4 12.4 2.31 17.4 20.9 
1.5 1,12 0.51 1.63 0.023 1.68 2.82 0.205 3.61 4.94 0.653 ' 6,05 7.82 
1.7 1,06 0.10 1,16 0,002 0.316 1,38 0.023 0.68 1,76 0.077 1,14 2.28 
2.0 1,03 0.019 1.05 0.058 1,09 0.002 0.126 1,16 0,007 0.211 1,25 
2.5 1,09 0.006 1.10 0.011 1.10 0.026 1,12 0.001 0.041 1.13 
3.0 1,36 1.36 0.005 1,36 0.011 1,37 0.018 1,38 





TaBLE II. Values of Zp, Zs, 2s, and Er for incident energy W,=60me and scattering angle 6;'= 120°. Zs has been evaluated 
for a foil thickness of 5X 10* atoms per cm?. Ep is independent of Z. 


a ee —— . 5 —— . ae — — 





=p Z=4 Z=13 Z=28 Z=47 
Wi'/me@ X10 ZeX10' = YsX10* = FrX10® ZweXI10> YsX105 X10’ YseX10' YsX10% X10! ZeX10' YsX10' Zr X105 





1,1 5.66 2.34 10° 2.18 X10® 4.5210 9.00106 7.1 105 9.71106 4.57107 1.53106 4.72107 4.19X107 2.56108 4.45 X10? 
1,2 5.80 3490 7550 1.10 X10 1.55 X105 2.46 X10* 1.80105 1.11 X10® 5.30104 1.16108 2.01 X10® 8.85 X10# 2.10 X10 
1.3 5.50 274 1040 1320 1.28 X10! 3380 1,72 X10# 1.0410 7250 1.11 X108 2.46105 1.22104 2,58 X105 
1.4 5.09 43.1 250 298 2070 830 2905 1.78 X10 1780 1,96 X10* 4,89 X10! 3000 5.19 X10 
1.5 4.63 9.87 89.5 104 488 290 783 4350 625 4980 1,38 X10 1040 1,48 X10 
1,7 3.96 1.05 17.2 22.2 52.3 56.0 112 484 120 608 1620 202 1826 

2.0 3.13 3.09 6.22 4.57 10,2 17.9 43.4 21.9 68.4 159 36.7 199 

2.5 2.22 0.444 2.66 0.262 1,47 3.95 2.54 3.18 7.94 9.90 5.35 17.5 
3.0 1.66 0.118 1.78 0.033 0.372 2.06 0,32 0.825 2.80 1.49 1,38 4.53 
3.5 1,29 0.257 0.80 2.35 
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TABLE III. Values of Zp, g, Zs, and Yr for incident energy W,=4.123mc? and scattering angle 6,’= 180°. Zs has been evaluated 
for a foil thickness of 5X 10"* atoms per cm?. Zp is independent of Z. Zp values have been obtained by extrapolation from the tables 


in reference 1. 

















Zp Z=4 Z=13 Z =28 Z =47 

Wi'/me? 108 ZeX108 ZsX10! YrXK10' LeXK10 YsXK10 Er X10 ZeX10t =YsXK108 = Er X10 ZeX10! = =fsX108 = Er X106 
11 90 107 3510 3626 3010 1.14104 1.4410 1.3610 2.4610' 3.8210 1.31 106 4. 12X10 5.43 X10 
1.2 7.70 1.43 128 137 44.5 417 469 294 898 1200 564 508 2080 
1.3 6.23 0.106 18.1 24.4 3.40 58.7 68.3 25.8 126 158 64.7 12 283 
1.4 5.25 4.28 9.53 0.521 13.9 19.6 4.23 29.9 39.4 12.6 50.2 68.0 
1.5 4.65 1.50 6.15 4,87 9.52 1.02 10.5 16.1 3.20 17.6 25.4 
1.7 3.72 0.281 4,00 0.912 4.63 0.107 1.96 5.79 0.364 3.30 7.38 
2.0 2.90 0.050 2.95 0.161 3,06 0.347 3.25 0.036 0.584 3.52 
2.5 2.32 0.009 2.33 0.028 2.35 0.062 2.38 0.002 0.101 2.42 
3.0 2.47 0.004 2.47 0.012 2.48 0.026 2.50 0.044 2.51 

TABLE IV. Values of Zp, Zz, Ys, and E7 for incident energy W,=60me? and scattering angle 6,’= 180°. Ds has been 
evalusted for a foil thickness of 5X 10'* atoms per cm?. Zp is se of Z. 
Dp Z=4 Z=13 Z=28 Z =47 

Wi'/met X105 YeX108 = ZsXK108 LrX10 YeX108 YeX108 ErX10® LeX10 LFsX10 ErxX1i08 LeX105 FsX105 Tr X105 
1.1 3.80 2.27X10* 4.61X10' 2.73X10° 6.38X10® 1.50X10* 6.53X10® 2.88107 3.23105 2.91107 2,78X10" 5.41 X105 2.83 X107 
1.2 3.48 3030 1740 4773 9.42X10' 5660 9.99 X10 6.22105 1.22104 6.34105 1.19X10% 2.04 X10* 1.21 X108 
8 BOR. (aan 256 482 7200 828 8031 5.46 10* 1780 5.64 X10 1.37X10* 3000 1.40 X104 
is 2 Sey 02.5 98.9 1100 206 1309 8950 445 9398 2.66 X10! 747 2.73 X10 
ia 2 7.56 22.5 32.4 251 72.8 326 2160 157 2319 6780 262 7044 
1.7 1.89 0.769 4.31 6.97 25.6 14.0 41.5 227 30.2 259 771 50.7 824 
2.0 1.34 0.750 2.10 2.14 2.48 5.96 19.8 5.32 26.4 76.2 8.92 86.4 
2.5 0.908 0.100 1,01 0,118 0.331 1.36 1,12 0.714 2.74 4.62 1.20 6.73 
3.0 0.640 0.024 0.664 0.014 0.077 0.731 0,140 0.171 0.951 0.594 0.285 1.52 











| 
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much larger than Ys and 2p over most of the range of 
the low-energy spectrum given. 

It is of interest to note that the cross section dog is 
an example of a cross section which increases indefi- 
nitely with increasing incident energy. At first this 
appears rather startling. The reason for this behavior 
is, as we have seen in Sev. II, that each low-energy 
back-scattered electron is associated with a high-energy 
electron scattered into a narrow cone in the forward 
direction. It is only the binding energy which prevents 
the total number of electrons scattered into the forward 


cone from being infinite. Since the binding energy 
becomes relatively less important as the incident energy 
increases, the total number of forward-scattered and, 
hence, the associated back-scattered electrons increases 
with increasing energy. In this connection it should be 
noted that a measurement of deg provides an indirect 
measurement of electron-electron forward scattering, 
which cannot be measured directly. Thus a measure- 
ment of deg may provide information about the quan- 
tum-electrodynamical effects associated with forward 
scattering. 
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Additional Data on the Radioactive Decay of Ho'* (27 hr), Nd"*’, and Sm!*} 


J. M. Corx,* M. K. Brice,f R. G. Hetmer, anp R. M. Woops, Jr. 
Department of Physics, University of Michigan, Ann Arbor, Michigan 
(Received November 18, 1957) 


By using chemically pure Ho! and enriched isotopes of Nd'* and Sm, high-activity samples of Ho!®, 
Nd*7, and Sm!® were made by neutron capture. Studies of the strong sources by both magnetic and scintil- 
lation spectrometers showed the existence of some gamma rays not previously reported, yielded more exact 
energy values for the low-energy gamma rays, and made possible better resolution of the components of 
the beta spectra. In Ho'**, gamma rays occur at 80.25, 970, 1377, 1540, and 1620 kev, and the maximum 
beta energies are 1839, 1756, 869, 412, and 230 kev. Nd!’ yields gamma rays at 91.3, 120.6, 198.2, 277, 321, 
400, 441, 533, and 688 kev, with beta components at 812, 380, and 230 kev. In Sm gamma rays are found 
at 69.8, 103.5, 173.6, and 540 kev and beta components at 813, 710, and 640 kev. A level scheme in agreement 


with the observed data is presented for each nucleus. 





BETA activity with a half-life of 35 hours, 

ascribed to holmium Ho! , was first reported! in 
1935. Holmium exists in nature as a single isotope of 
mass 165; hence the radio-activity following neutron 
capture was assigned to mass 166. The beta emission 
to erbium is accompanied by gamma radiation. A long- 
lived isomer (>30 yr) also exists but is not discussed 
in this report. Earlier investigations of the short-lived 
activity using scintillation spectrometers have revealed? 
four gamma rays, and several reports on the beta 
spectrum have appeared.’ In the present investigation 
a source of high specific activity was studied in both 
magnetic and scintillation spectrometers. 

A resolution of the beta spectrum as currently ob- 
served by the double-focusing magnetic spectrometer 
shows five components. Three of these, with slightly 
altered energies, had been previously reported. The 
component with the highest energy (183945 kev) 
appears to have a large log/t value, namely, 8.2, yet it 
is probably an ordinary first forbidden transition. This 
has recently been discussed theoretically.‘ Another high- 
energy component differs from the first by approxi- 
mately 80 kev, which is the energy of the well-established 
strong gamma transition. This second component has 
the shape of a unique first-forbidden spectrum. Figure 1 
shows the resolution of the lower energy components, 
after the subtraction of the two higher energy transi- 
tions. A summary of the beta energies as previously 
reported’ by Graham, Wolfson, and Clark, together 
with the data presently observed, is presented in 


Table I. 


t This investigation received the joint support of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

* Now deceased. 

t Now at Atomic Energy Division, Phillips Petroleum Com- 
pany, Idaho Falls, Idaho. 

1G. Hevesy and G. Levi, Nature 136, 103 (1935); 137, 185 
(1936). 

2 A. Sunyar, Phys. Rev. 93, 1345 (1954). 

3K. Siegbahn and H. Slatis, Arkiv Fysik 1, 559 (1950); 
Anton’eva, Bashilov, Dzhelepov, and Zolotavin, Doklady Akad. 
Nauk S.S.S.R. 70, 397 (1950); Graham, Wolfson, and Clark, 
Phys. Rev. 98, 1173 (1955); J. Frazer and J. Milton, Phys. Rev. 
98, 1173 (1955). 

4G. Alaga and B. Jaksié, Phys. Rev. 103, 1441 (1956). 


The decay of the irradiated sample was followed 
through ten octaves and the half-life found to be 
26.9+0.1 hr. No indication of any contamination was 
observed. Strong electron conversion lines occur for the 
low-energy gamma ray. K, Le, L;, M, and N lines 
appear at 22.75, 70.94, 71.92, 78.44, and 80.02 kev, 
respectively, indicating an energy of 80.25+-0.05 kev 
for the gamma ray. Corrected microphotometer traces 
of the photographic plates yield the relative intensities 
of the peaks. The values of the intensities for the K, 
lL», L3, M, and N lines, normalized to the K line, 
appear to be 100, 205, 225, 105, and 30, respectively. 
These values are not inconsistent with the predicted 
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Fic. 1. Lower energy Fermi plot and analysis of the 
beta spectrum of Ho!*, 
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Ho'!** (27 HR), 
ratios for an £2 transition, as expected, leading to the 
ground state in an even-even nucleus. 

Several high-energy gamma rays were observed only 
with the scintillation spectrometer. These were observed 
in a “singles” curve and with better resolution in 
coincidence traces. The results are in agreement with 
those reported by Sunyar, except that the energies are 
slightly larger and one unreported gamma ray at 970 
kev is observed. There appeared to be no change in the 
spectrum as the sample decayed. The 80.2-kev gamma 
is in coincidence with one at 1378 and another at about 
1540 kev which is the lower energy component of a 
composite peak in the “singles” curve. The other com- 
ponent then has an energy of 1620 kev. Figure 2 shows 
a level scheme which is in agreement with all ob- 
served data. 


Nd” 


Neodymium enriched in mass 146 up to 96% was 
irradiated in the Argonne CP-5 reactor, yielding a 
strong radioactivity in Nd'’. Following the early 
identification of this emitter with its half-life of 11.1 


TABLE I. Summary of results on the beta spectra of Ho!®. 


Graham et al.* Present 
energy (kev) Energy (kev intensity (%) Logft 
1854 183945 47 8.2 
1771 1756410 37 &.3 
869+ 20 9 7.8 
393 412+20 5 7.2 
230+30 2 6.5 


| 
| 
| 


* See reference 3. 


days, measurements® had been made of the energies of 
its radiations. A spectrometric study® by electron con- 
version using the separated isotope yielded eleven 
gamma rays. A subsequent investigation’ of the coin- 
cidence relationships, without a precise evaluation of 
the gamma energies, has been made with the scintilla- 
tion spectrometer. 

In the present work magnetic spectrometers have 
been used with the stronger sources now available to 
re-evaluate the gamma energies from electron conver- 
sion lines. Also coincidences have been observed with 
the scintillation spectrometer. While the results in 
general are in accord with previous reports, certain 
adjustments appear to be necessary. From electron 
conversion studies, three gamma rays previously re- 
ported® are not found, and one gamma ray at 688 kev 
not observed before is present. 

The energies of the nine gamma rays observed are 
91.3, 120.6, 198.2, 277, 321, 400, 441, 533, and 688 kev, 
all based on conversion electron measurements. As the 


5 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

6 Rutledge, Cork, and Burson, Phys. Rev. 86, 775 (1952). 

7 Hans, Saraf, and Mandeville, Phys. Rev. 97, 1267 (1955). 
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Fic. 2. Decay scheme for Ho**. 


sample decayed there was no noticeable change in the 
scintillation spectrum, indicating that these gammas 
are all in the same isotope. Also, the energy differences 
between the K and L conversion lines were observed 
for the 91.3-, 120.6-, 321-, and 533-kev transitions, 
indicating they are converted in promethium. The 
results of the coincidence observations are only slightly 
different from those shown’ by Mandeville et al. The 
coincidence curve between the 91-kev gamma and all 
others was reported by those authors to show peaks at 
120, 280, 320, 440, and 600 kev. There appears to be 
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Fic. 4. Decay scheme for Sm**. 


an additional peak at 198 kev, and the one reported at 
440 kev could be complex so as to include both the 
400- and 441-kev gammas. These data are in complete 
agreement with the nuclear level scheme proposed in 
Fig. 3, which includes one more level than appears in 
previously reported schemes. 

The beta decay is complex, with the maximum 
energy component at 812+30 kev having a relative 
abundance of 66%. Other components occur at 380+50 
kev and 230+50 kev, with relative abundances of 18 
and 16%, respectively. If other transitions occur at 500 
or 600 kev, they are present to less than 2%. 


HELMER, 


AND WOODS 


Sm!58 


Neutron capture in an enriched sample of Sm'** 
(98%) yields a strong source of radioactive Sm!*, The 
half-life was measured over 7 octaves for four samples, 
with a resulting value of 47.1+0.1 hours. No evidence 
of any short half-life contamination was found. An 
extremely weak long half-life contamination was found 
and identified by conversion electron measurements as 
Eu’, This activity yields both beta and gamma rays, 
and many reports®:*~”” have been made of their energies. 
A gamma ray at 84 kev has been reported. This is 
found, but the energy difference between its K and L 
conversion lines indicates that it is converted in 
gadolinium, so that it follows a decay from either 
europium or terbium rather than samarium. From the 
measurements on conversion electrons the more exact 
values of the low-energy gammas are 69.8, 103.5, and 
173.6 kev. Energy differences between the K and L 
conversion lines indicate that the 69.8 and 103.5 
transitions are in europium. A resolution of the beta 
spectrum on the double-focusing spectrometer yields 
components whose upper energies are 813+20, 710 
+20, and 640+ 20 kev with percentages of 20, 40, and 
40, respectively, and log/t values of 7.3, 6.9, and 6.7, 
respectively. On the scintillation spectrometer another 
gamma ray is observed at 540 kev. The analysis of the 
beta spectrum indicates that the component that feeds 
this garmma ray is probably less than 150 kev. The 
coincidence measurements, similar to those of Mande- 
ville ef al.° confirm the level scheme as shown in Fig. 4. 


5N. Marty, J. phys. radium 16, 458 (1955). 

® Dubey, Mandeville, and Rothman, Bull. Am. Phys. Soc. 
Ser. IT, 1, 164 (1956). 

10R. L. Graham and J. Walker, Phys. Rev. 94, 794(A) (1954). 
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Energy Spectrum of Alpha Particles from Li’+d at E;=1.0 Mev* 


Gustav WEBERT 
Kellogg Radiation Laboratory, California Institute of Technology, Pasadena, California 


(Received December 30, 1957) 


The high-energy part of the alpha spectrum emitted in the bombardment of Li’ with deuterons, was 
measured with a magnetic spectrometer at Eg=1.0 Mev and 6=90°. For the Li’(d,v)He® (ground state) 
reaction, a Q value of 14.11+0.08 Mev is obtained. The spectrum yields level parameters for the ground 
state of He® which are consistent with those known from n-a scattering data. No definite evidence for an 
@ group corresponding to an excited state of He® was found. 





INTRODUCTION 


HEN Li’ is bombarded with deuterons, one of 

the possible nuclear processes! is the formation 
of two a@ particles and a neutron. This transformation 
may either proceed via a (d,a)*~“ or a (d,n)® reaction 
with the formation and subsequent decay of levels in 
He® or Be’, respectively : 


Li’ (d,a)He’; 
Li’ (d,n) Be’; 


He®’—He'+n; (I) 
Be*—>He'+ He‘. (IT) 


The @ particles leading to the ground state of He® 
have been identified by Ciier and Jung?* and by 
Levine, Bender, and McGruer.‘ The Q values obtained 
by both groups of workers were in rough agreement 
with an excitation energy of 0.95 Mev as found from 
other reactions.!* Ciier and Jung,’ using nuclear emul- 
sion technique with partial magnetic separation, also 
report an a group corresponding to an excited state in 
He®, 2.5+0.2 Mev above the ground state. Evidence 
for the He® first excited state had previously been 
obtained in He‘+mn elastic scattering experiments.‘ 
Angular distributions consistent with the shell model 
assignments *P; and *P, for the ground state and the 
first excited state respectively have been observed in 
Li®(n,d) experiments.’ The angular correlations between 
the two alpha particles® are also consistent with a *P; 
assignment for the ground state but do not yield any 
direct information about the He’ excited state. 

The groups from the (d,a) reaction are superimposed 
on a broad continuum, which is composed of the 


* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

t International Cooperation Administration Research Fellow; 
now at CERN, Geneva, Switzerland. 

ens and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

2 P. Ciier and J. J. Jung, Compt. rend. 236, 1252 (1953). 

3 J. J. Jung and P. Ciier, Physica 22, 1159 (1956). 

4 Levine, Bender, and McGruer, Phys. Rev. 97, 1249 (1955). 

5 PD. C. Ralph and F. E. Dunnam, Phys. Rev. 98, 249(A) (1955); 
T. W. Bonner and C. F, Cook, ibid. 96, 122 (1954). 

6 Baskin, Mooring, and Patree, Phys. Rev. 82, 378 (1951); 
H. Staub and H. Tatel, ibid. 58, 820 (1940); H. H. Barshall and 
M. H. Kanner, ibid. 58, 590 (1940); T. Hall and P. G. Koontz, 
ibid. 72, 196 (1947); T. Hall, ibid. 77, 411 (1950). 

7G. M. Frye, Jr., Phys. Rev. 93, 1086 (1954). 

8A. P. French and P. B. Treacy, Proc. Phys. Soc. (London) 
A64, 452 (1951); A. C. Riviere, Nuclear Phys. 2, 81 (1956/57); 
F. J. M. Farley and R. E. White, ibid. 3, 561 (1957). 





contributions from the decay of He® and from reaction 
(II). The direct formation of a particles by three-body 
breakup probably contributes also to the spectrum. 

It seemed worthwhile to try a better separation of 
the groups from the continuum by using a different 
technique. 


EXPERIMENTAL ARRANGEMENT 


The present measurement of the alpha spectrum was 
carried out with a high-resolution magnetic spectrom- 
eter, using sufficiently thin targets to permit easy 
detection of any fine structure. The target was prepared 
by evaporating natural metallic lithium on a thick 
tantalum foil. The lithium was then allowed to react 
with air for several hours in order to form LiOH 
throughout the layer. This target was exposed to the 
electrostatically analyzed deuteron beam of a Van de 
Graaff generator. The spectrometer was set to accept 
particles emitted at a laboratory angle of 90° with 
respect to the direction of the incoming deuterons. A 
CsI crystal at the exit slit of the spectrometer served as 
particle detector, allowing discrimination between a 
particles, deuterons, and protons. A deuteron energy of 
1 Mev with a spread of less than 0.3% was used. A 
target thickness of 24 kev was found for 1-Mev deu- 
terons by observing the shift of the scattering edge 
when the target was replaced by clean tantalum. The 
resolution of the spectrometer was £/6E= 230. 


RESULTS 


The magnetic spectrum of the alpha particles, i.e., 
the number of counts V(J) versus the magnetometer 
setting J/(~1/P) is shown in Fig. 1. Besides the strong 
peak at 21.7 mv, which corresponds to the ground 
state of He®, there is hardly a deviation from a mono- 
tonic decrease with increasing 7. In order to compare 
the results with those from the nuclear emulsion work,’ 
the energy spectrum, i.e., dV(E)/dE~N(1)XJ* versus 
E, is shown in Fig. 2. 

The circles correspond to the experimental points of 
Fig. 1. The peak corresponding to the He® ground state 
occurs at 8.12 Mev, yielding a Q value for the 
Li’(dja)He® (ground state) reaction Q,=14.11+0.08 
Mev. The dashed pattern represents the data of Jung 
and Ciier? measured at E,=0.98 Mev, and @=90°. 
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Fluxmeter - Reading (m v) 


Fic. 1. The magnetic spectrum of alpha particles from Li’+d 
at Ez=1.0 Mev and 6=90°. The fluxmeter reading is inversely 
proportional to the momentum of the alpha particles. The points 
at which groups from the Li’(d,v)He® reaction are expected 
according to the known Q values, are indicated. 


Their Q value, Q;=14.2+0.1 Mev, agrees within the 
limits of error with the present measurement. There is 
also rough agreement with the results of Levine, 
Bender, and McGruer* who find Q;= 14.26+0.09 Mev 
at Ea=14.4 Mev. The solid curve represents the 
theoretical spectrum of the a particles emitted in the 
formation of the He® ground state, corrected for the 
energy loss in the target. This curve is derived as 
follows. If one assumes the (d,a) reaction to proceed 
via a compound state in Be’, the relative probability 
of the a particle to be emitted with an energy £ is 
given by the probability of Be’ for a decay to the He® 
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Fic. 2. The energy spectrum of the alpha particles. The circles 
represent the experimental points of Fig. 1. The solid curve is the 
theoretical a spectrum of the Li’(d,a)He® (ground state) reaction 
given by expression (1). The crosses give the difference between 
the ordinates of the circles and the corresponding ordinates of the 
curve. The dashed pattern represents the data of Jung and 
Ciier? measured at Ez=0.98 Mev and @=90°. 
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ground state times the density of final states, i.e., 


dN(E) I’, (Qe) 
-~1,(Q:)——__--_-— ———-; (i) 
dE (Ey +A4(Q2)—Q2)?+ (AP n(Q2))? 





where 
Qit+Q2= 15.11 Mev; E=(5/9)Qi+(1/3)Ea, 


Q, and Q2 are the Q values for the reactions Li’(d,a)He® 
and He’—He'+n, respectively; I'.(Qi) and I’,,(Q) are 
the corresponding partial widths. F; is the level energy 
of He®, and A;(Q2) the energy dependent level shift. 
I, will depend on the spin J of the compound state 
and its energy dependence will be different for different 
values of the orbital angular momentum /,. In a 
rigorous representation of the spectrum, I, will be 
replaced by a sum of terms, each having a different 
energy dependence. The angular correlation experiment 
at E,=0.93 Mev of French and Treacy* suggests J = } 
and both s and d waves for the emitted a particles. 
Because of the high energy of the a particles (~8 Mev), 
the barrier penetration factors® for /4=0 and /,=2 
vary very little over the energy range of interest. For 
simplicity, the energy dependence of I’, was completely 
neglected in fitting Eq. (1) to the experimental points 
of Fig. 2. The solid curve was obtained with the 
following parameters for the He® ground state: y’ 
=1.76X10~" Mev cm, a=2.9X10~" cm, £y=2.70 
Mev, where the channel radius and the reduced width 
were chosen to agree with the values used by Adair"? 
in the analysis of the n-a and p-a scattering experi- 
ments. The “resonance energy” as given by Qor 
= A;(Qer)+£;=1.09 Mev does not agree with the 
energy value Q»2 corresponding to the experimental 
maximum of the spectrum, because of the strong 
variation of I’, with Qs. From the Q,; of the (d,a) 
reaction as discussed above, one finds Q2=1.0+0.05 
Mev for the He® ground state. The error arises mainly 
from the uncertainty of the contribution to the spectrum 
from the three-body breakup, which has been com- 
pletely neglected in the above analysis. So far, the 
three-body breakup has not been found experimentally, 
but from the large s-wave contribution to the n-a 
scattering,'® it seems possible that the contribution from 
this process amounts to about 10% of the peak counting 
rate. 

There is definite disagreement of the data near 
E=7 Mev, where a peak occurs in the dashed curve, 
but none is indicated by the circles. The continuum, 
i.e., the experimental points with the corresponding 
ordinates of the solid curve subtracted, is represented 
by crosses in Fig. 2. There is no direct indication of a 
group in the region of 6.5 Mev. However, the possibility 
of a weak @ group of an experimental width of the 
order of 1-2 Mev centered around 6.5 Mev cannot be 

® Bloch, Hull, Broyles, Bouricius, Freeman, and Breit, Revs. 


Modern Phys. 23, 147 (1951). 
1 R. K. Adair, Phys. Rev. 82, 750 (1951). 











ENERGY SPECTRUM OF a PARTICLES FROM Li*?+d 


excluded. The possibility that a relatively sharp group 
has been smeared out experimentally can be discarded, 
because of the small thickness of the target and the 
high resolution of the spectrometer. The reactions 
Li’(d,a)He* and Li*(d,He*)He® do not yield @ particles 
which could contribute to the spectrum in the energy 
range observed. Delayed a particles from the decay of 
Be* levels formed via Li’ (d,p)Li*—3-—>Be® would have 
been easily identified, but none were observed. 

The shape of the alpha spectrum at 6= 90° has been 
studied at several other deuteron energies up to a= 2.2 
Mev. No group, except the one belonging to the He® 
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ground state was found; i.e., the spectra had essentially 
the shape given in Fig. 1. 
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Measurements of (n,a) Cross Sections at 14 Mev 
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(Received December 16, 1957) 


Results of activation measurements of the (n,a) cross section of nine isotopes ranging in mass number from 
59 to 133 are reported. The measurements were made at a neutron energy of 14+0.5 Mev using neutrons 
from the D(¢,m) Het reaction. The cross sections show a markedly different dependence on mass number from 


that reported in a previous survey. 


INTRODUCTION 


N a previous paper’ (hereinafter referred to as 
BGHR), results of activation measurements of the 
(n,x) cross sections of the isotopes Zn*, Zr®®, Zr™, and 
In'!® were reported. The cross-section values obtained 
in BGHR differed widely from the trend reported in a 
previous survey’ (hereinafter referred to as PC), but 
since only four cross sections were measured, it was not 
possible to state conclusively whether the values ob- 
tained represented a new and different general pattern 
for (#,a) reactions, or whether they represented simply 
unusually large statistical fluctuations about the trend 
reported in PC. In the present paper, results of five 
additional (,a) cross-section measurements are pre- 
sented; these, together with the four measurements 
previously reported, indicate a trend substantially 
different from that reported in PC, Cross-section values 
obtained are typically about a factor of two lower than 
in PC at A=60, and the factor gradually increases 
to about twenty at A ~ 135. 


EXPERIMENTAL TECHNIQUE 


As in BGHR, cross-section measurements were of a 
relative character, the actual measured quantity being 
the ratio of the (,a) cross sections to the Fe**(n,p) 


* Operated for the U. S. Atomic Energy Commission by Union 
Carbide Corporation. 

1 Blosser, Goodman, Handley, and Randolph, Phys. Rev. 100, 
429 (1955). 
2 E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 


cross section. From these cross-section ratios absolute 
values are derived assuming a value of 110 mb for the 
Fe**(n,p) cross section at 14 Mev. This value for the 
Fe**(n,p) cross section is an established mean value® 
based on measurements by PC (96.7 mb+12%) and 
by Forbes‘ (124 mb+10%). Subsequent to the estab- 
lishment of the value given by reference 3, a measure- 
ment by Yasumi® (144+ 19 mb) has been reported. On 
the basis of reported measurements, the assumed value 
of 110 mb could be in error by +50% or by —20%, 
yielding a corresponding possible error in the absolute 
value of the cross sections reported herein. Errors given 
in the results are errors in the relative values only; any 
subsequent measurements of Fe**(,p) leading to the 
firm establishment of a value different from 110 mb 
would require an appropriate change in the scale factor 
of all the cross sections herein reported. The relative 
relationships of the cross sections would, of course, be 
unaffected. 

The substantial uncertainty in the absolute value of 
the calibration cross section is unfortunate; on the 
other hand, the detailed studies by Terrell and Holm® 


3 Neutron Cross Sections, U. S. Atomic Energy Commission 
Report AECU-2040 (Technical Information Division, Depart- 
ment of Commerce, Washington, D. C., 1952), Suppl. 2. 

4S. G. Forbes, Phys. Rev. 88, 1309 (1952). 

§ Shinjiro Yasumi, J. Phys. Soc. Japan 12, 443 (1957). 

6 J. Terrell and D. M. Holm, Phys. Rev. 95, 650(A) (1954); 
Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-324 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955), Supp]. 1; and private communication, 
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Fic. 1. Experimental arrangement showing the target and sample 
geometry. A detailed description is given in the text. 


of the energy dependence of this cross section make it 
particularly suitable for use with a relatively inhomo- 
geneous beam since effects of the inhomogeneities can 
then be corrected for. The half-life of the Mn* activity 
is, moreover, ideal from the standpoint of experimental 
convenience and the decay mode and energy is very 
similar to that of a typical resulting (m,a) activity, 
thereby minimizing possible counting errors. These 
particular attributes of the Fe®*(n,p) reaction from the 
standpoint of obtaining good relative cross-section 
measurements were deemed to outweigh the disadvan- 
tages incurred by the uncertainty in the absolute value 
of the cross section. 

The details of the arrangement for activating samples 
are shown in Fig. 1. Deuterons of 200-kev energy from 
Cockcroft Walton Accelerator impinge on a “thick” 
zirconium tritide target producing neutrons via the 
D(t,n)He* reaction. Neutron yields were typically 10'° 
neutrons/second. The target is cooled from the rear 
by a thin water layer of thickness 0.020 in. and is 
housed inside a 0.020-in. thick brass sphere which forms 
the vacuum barrier for the accelerator. Samples con- 
sisted of a sandwich of the particular material being 
studied pressed between two pieces of 1-mil iron foil. 
Target materials were generally of a powdered form to 
facilitate dissolving; the complete sandwich was held 
together by a wrapping consisting of two layers of 1-mil 
aluminum foil. Target sandwiches (or samples) were 
? in.X1} in. in cross section, and were typically from 
0.5 to 1.0 g/cm? in thickness. During activation, samples 
were centered on the equatorial plane defined by the 
incident beam and the zirconium tritide surface and at 
a radius of 1 in. The samples hence subtended a con- 
siderable range of colatitude in the laboratory system; 
correction for the center-of-mass motion and for the 
variation of total cross section with energy in the 
neutron-producing D(,m)He* reaction’ gives an ef- 
fective neutron energy variation over the sample from 


7J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28, 
103 (1956). 
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AND HANDLEY 

13.5 to 14.6 Mev. Possible further spread in the incident 
energy could be obtained from scattering of neutrons 
in the water layer cooling the target or from the brass 
sphere or from nearby equipment and shielding. To 
check on such possible degradation of the neutron 
spectrum, a photographic plate was exposed at a well 
defined colatitude angle and track lengths of elastically 
scattered recoil protons were measured in the emulsion. 
Approximately 25 tracks were followed in the plate; 
results displayed no detectable energy degradation due 
to scattering phenomena—hence, the source can 
effectively be considered as uniform in intensity over 
the 13.5 to 14.6 Mev range, and all cross-section values 
are averages over this energy interval. 

After activation, target sandwiches were disassem- 
bled and the subject material was radiochemically 
processed to remove activities from elements other than 
that of the particular radioisotope being studied; 
chemical yields were determined by the addition of a 
known amount of carrier material before chemical 
processing. This then also resulted in samples after 
chemistry of approximately the same mass thickness 
as the 1-mil iron foils. Activation of the iron foils led 
to a pure 2.56-hour activity of considerable strength, 
so that it was necessary to count the iron only for a 
short period of time to determine its activity. Iron foils 
were counted during the chemical processing of the 
sample so that the sample could then be placed in 
ideatical geometry under the same counter and its 
decay followed for as long as desired. Decay curves from 
the chemically processed samples were most often a 
composite of a single activity plus background; the 
complexity of decay curves never exceeded two activi- 
ties plus background. 

From the observed relative activities, and knowing 
the number of atoms in both the iron foils and the 
original sample, the cross-section ratio can be straight- 
forwardly determined. Counting corrections were made 
in the manner described by Blosser and Handley*; in 


TABLE I. Observed values of the cross section for production of 
the isotope or isomer with indicated half-life by the (n,«) reaction 
at 14.05+0.55 Mev from the specified target nucleus. All values 
are relative to an assumed value of 110 mb for Fe'*(m,p) at 14 
Mev; stated errors, as indicated in the text, correspond to the 
uncertainty in the relative value of the cross section with respect 
to that of Fe**(n,p). 











Resultant half-life o(n,a) 
Target nucleus hr mb 
Co* 2.59 31 +3.0 
Zn 2.56 7.640.8* 
Br® 26.8 10 +1.8 
Zr® 2.80 3.3+0.6* 
Nb* 61 9.042.2 
Zr™ 9.7 3.6+0.5* 
Pd 4.5 2.340.4 
Ins 3.2 2.5+0.4* 
C188 12.6 1.0+0.3 


* Previously reported in reference 1. 


8H. G. Blosser and T. H. Handley, Phys. Rev. 100, 1340 (1955). 




















MEASUREMENTS OF 
addition, all sample materials were spectroscopically 
checked for impurities to insure that no possibility 
existed for a large cross-section reaction on an impurity 
giving a spurious activity. 


RESULTS 


The measured values of the (n,a) cross sections of 
the isotopes Co”, Br”, Nb”, Pd!®, and Cs are given 
in Table I, along with the previously reported results 
from BGHR. The measurement errors quoted in Table 
I reflect the combined irreproducibility of results due 
to errors in the determination of chemical yields, 
counting statistics, errors in decay-curve analysis, etc., 
and, in addition, an allowance has been made for 
possible systematic errors arising in the counting 
corrections. As stated in an earlier paragraph, the 
quoted errors do not include any allowance for error 
in the assumed value of the Fe**(n,p) cross section; 
such an error would correspond to a shift in scale of the 
complete table; the indicated variation of the (n,a) 
cross section with mass number would be unaffected 
by such an error. These results are compared in Fig. 2 
with results from PC. The marked difference between 
our results and those of PC is clearly indicated. 

The chemical separation used in the present work 
avoids errors due to counting other reaction products 
along with the (n,a) product. PC used no chemical 
separation and their cross sections might, therefore, 
include contributions from other reaction products 
which in many cases have half-lives nearly the same as 
the (n,a) products. As mentioned in BGHR, two of the 
values reported therein are in good agreement with 
results obtained by Brolley ef al. 

The two solid lines in Fig. 2 are empirical fits to our 
results for odd- and even-mass target nuclei, respec- 
tively. The (#,a) reaction on an even-even nucleus leads 
to an even-odd residual nucleus, while (#,@) on an 
odd-even nucleus leads to an odd-odd residual nucleus. 
The difference between the two solid lines is hence a 


® Brolley, Bunker, Cochran, Henkel, Mize, and Starner, Phys. 
Rev. 99, 330 (1955). 
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Fic. 2. Measured (n,a) cross sections plotted against mass 
number. @—results from Table I for odd-mass target nuclei, 
a—results from Table I for even-mass target nuclei, @—results 
from reference 2 for the mass region shown. Cross sections denoted 
by a prime indicate the measurement to be the cross section for 
production of only one of several known isomeric states of the 
residual nucleus. 


crude measure of the difference in level density of 
odd-odd and even-odd nuclei, and is approximately a 
factor of two from these results. 
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Nuclear Spin of Gallium-687 


J. C. Husss, R. Marrus, AND J. L. WorcEsTER* 
Radiation Laboratory, University of California, Berkeley, California 
(Received December 9, 1957) 


The atomic-beam magnetic resonance method has been used to measure the nuclear angular momentum 


of 68-minute gallium-68. It is found that /=1. 





INTRODUCTION 


HIS paper presents the results of measurements 
performed to determine the ground-state nuclear 
angular momentum of gallium-68. These measurements 
are a portion of a program to determine the nuclear 
properties of the long-lived radioactive gallium isotopes 
(half-life>30 minutes). Prior work on the nuclear 
properties of gallium-66 and gallium-67 has been 
reported elsewhere.” 


ISOTOPE PRODUCTION 


Production of gallium-68 is via the reaction 
Cu®(a,n)Ga® and takes place in the Berkeley 60-inch 
cyclotron. Ordinary 10-mil commercial sheet copper is 
used as a target in the bombardment. It is impossible 
to entirely suppress the simultaneous production of 
Ga®™, Ga®, Ga®, and Ga*’. However, use of a }- or 
1-hour bombardment enhances the ratio of Ga® to the 
longer-lived Ga*®* and Ga*’. Enhancement over tie 
15-minute Ga® component is accomplished partially 
by using 20-Mev alpha particles and partially by the 
fact that there is about a 1-hour delay from the time of 
removal of the target from the cyclotron to the time of 
insertion of the gallium into the atomic-beam apparatus. 
For this latter reason, no measurable Ga component 
is present in the beam. 


GALLIUM SEPARATION AND BEAM PRODUCTION 


In order to produce a satisfactory beam of gallium, 
it is first necessary to separate the gallium from the 
copper target. Chemistry is performed conveniently by 
using diethyl ether to extract the radioactive gallium 
from the copper target in a 6N solution of HCl. The 
gallium chloride is extracted from the ether with H,O 
and the gallium is then precipitated as Ga(OH); by 
adding NaOH until the pH is about 5.5. The precipitate 
is then dissolved in the smallest possible amount of 
NaOH and the gallium is electroplated out of this 
solution onto a 4-mil platinum wire. In this way it is 
found that essentially 100% separation is obtainable, 
with recovery of approximately 50% of the available 


¢ This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

* Now at Occidental College, Los Angeles, California. 

1 Hubbs, Nierenberg, Shugart, and Worcester, Phys. Rev. 105, 
1928 (1957). 

2 John L. Worcester, thesis, University of California Radiation 
Laboratory Report UCRL-3868, July 1957 (unpublished). 


gallium. A higher recovery would be made possible by 
use of an electroplating period longer than the 15 
minutes used in this work. This technique is a modifi- 
cation of a method first developed by Swift in 1924.* 

The first attempt to produce a beam of gallium was 
by distillation of the material directly from the copper 
target. This failed, for the activity coefficient of Ga in 
copper is about 10~*, making a vapor-pressure sepa- 
ration, such as that used for thallium,‘ impossible. 
Similar results were obtained in a subsequent attempt 
to distill the gallium from a platinum foil onto which 
the material had been electroplated. A usable beam 
was obtained only when the chemistry procedure 
described above was used, and when the electroplated 
gallium was placed in a carbon oven. Ovens made of 
iron and tantalum were found to be unsatisfactory 
owing to interaction with the gallium at beam temper- 
atures. This effect has been observed also by Renzetti 
in work on the stable gallium isotopes.° 

The oven is introduced into the apparatus with 
negligible disturbance to the apparatus vacuum by 
means of an oven loader. The typical beam tempera- 
tures of 1100-1300°C are reached by using electron 
bombardment. Heating the oven is most efficiently 
accomplished if tantalum foil is placed around the 
carbon oven, so as to minimize heat losses due to 
radiation. 
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Fic. 1. Observed transitions in the */y level of Ga® 
in a field of 0.709 gauss. 


3E. A. Swift, J. Am. Chem. Soc. 46, 2375 (1924). 

‘Brink, Hubbs, Nierenberg, and Worcester, Phys. Rev. 107, 
189 (1957). 

5N. A. Renzetti, Phys. Rev. 57, 753 (1940). 


534 











NUCLEAR SPIN OF Ga‘ 


atl. | 985 Me 


a4} 


% DIRECT BEAM 


Ot 








2.000 2100 3200 
RF FREQUENCY (Mc) 


(a) 


“Fr #2. 1.985 Me 


% OIRECT BEAM 


osr 
oar 
or 


° 4. A. 4 = 1. 4 4 4 
1.900 1600 1700 1.800 1.900 2.000 2.100 2.200 


RF FREQUENCY (Mc) 


(b) 








Fic. 2. (a) F=§ resonance in the *Py level of Ga® at a C field 
of 1.418 gauss. (b) F=§ resonance in the 7/5 level of Ga® at a 
C field of 1.418 gauss. 


EXPERIMENTAL METHOD AND OBSERVATIONS 


For a given electronic state, the possible Zeeman 
frequencies are, in general, unique functions of the 
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nuclear spin. Hence a determination of the nuclear spin 
involves observation of the transition frequencies for 
an atom in a known electronic state. The electronic 
ground-state term of gallium is *P, with a fine-structure 
separation of 826 cm™. Both the ?P; and *P, levels are 
therefore appreciably populated at the normal beam 
temperature of 1200°C. Observations on atoms in the 
*P, level were made at a C field of 0.709 gauss. Reso- 
nances were observed (Fig. 1) at frequencies corre- 
sponding to the transitions in the hyperfine-structure 
levels F=3 and F=$, with a nuclear spin of 1. These 
transitions have been verified at higher fields (Fig. 2). 
However, a frequency shift is observed at these fields, 
which is characteristic of a low hyperfine structure. 
Further experiments are being conducted to more 
precisely determine the hyperfine-structure separations. 
Isotope identification is performed by following the 
decay of a resonance button. The observed half-life 
(67+15 min) is in good agreement’ with published 
values for Ga®.® 


DISCUSSION 


On the simple shell-model picture,’ the odd proton 
in gallium-68 is in a p, level, and the odd neutron is in 
an f; level. According to Nordheim’s strong rule,*® these 
particles couple to a ground-state angular momentum 
of 1. 

The measured spin is in agreement with an assign- 
ment made from beta-ray spectroscopy.’ 


*L. N. Ridenour and W. J. Henderson, Phys. Rev. 52, 889 
(1937); M. L. Perlman and G. Friedlander, Phys. Rev. 74, 442 
(1948). 

7M. Mayer and J. Jensen, Elementary Theory of Nuclear Shell 
Structure (John Wiley and Sons, Inc., New York, 1955), p. 53. 

§L. A. Nordheim, Revs. Modern Phys. 23, 322 (1951). 

9 A. Mukerji and P. Preiswerk, Helv. Phys. Acta 25, 387 (1952). 








PHYSICAL REVIEW VOLUME 


110, 





NUMBER 2 APRIL 15, 1958 


Spin and Quadrupole Moment of I'®> and the Magnetic Moment of I!*!} 


P. C. FLetcHer* anp E. AMBLet 
Physics Department, Columbia University, New York, New York 
(Received October 7, 1957) 


The spin and quadrupole moment of I'** have been determined by observations on the microwave ab- 
sorption spectrum of CH;I"*5. Five absorption lines have been observed which fit the quadrupole hyperfine 
pattern of the J/=2 + 1 rotational spectrum. The measurements indicate a spin of 5/2 and a quadrupole 
coupling constant of —2179+1 Mc/sec. Using this and other known properties of the CH;I molecule, the 
quadrupole moment of I'** is calculated to be —0.66X 10~* cm*. This spin and quadrupole moment suggest 
a nuclear configuration for I'** similar to that of stable I’, i.e., predominantly ds;2. The magnetic moment 
of T'! has been measured by observation of the Zeeman splitting of the F=9/2 — 9/2(K =1) hyperfine line 
of the J=2 <1 rotational spectrum of CH;I"!. The magnetic moment is found to be 2.56+0.12 nuclear 
magnetons. The observations also confirm the previous results of Gordy et al. for the spin of I! of } and 
quadrupole coupling constant, eg(?=—974+1 Mc/sec. The magnetic moment measurement suggests a 
ground-state configuration similar to that of I’ which is predominantly g;/2 in nature but with large ad- 
mixture of other states. The significance of these results are discussed. 


INTRODUCTION 


LLOWING the microwave investigations on 

nuclear moments of the isotopic series of selenium! 
and chlorine,? work on the nuclear moments of iodine 
was begun. Besides the stable isotope, I'*’, there are 
five radioactive isotopes with half-lives sufficiently long 
to be amenable to microwave spectroscopy; I' with a 
half-life of four days, I'** with a half-life of sixty days, 
16 with a half-life of thirteen days, I’ with a half-life 
of 10’ years, and I with a half life of eight days. Of 
these, the spin and quadrupole moments of I'”’,’ and 
I’ 4 and I'*!,> and the magnetic moments of I'”’ ® and 
T'® 6 have been measured. In addition, the spin of I'’* 
has been inferred from f radiations.’ The magnetic 
moment of I'*' has been determined here to give addi- 
tional information about its ground state and to com- 
pare its value with I’ and other neighboring nuclei. 
The value measured, 2.56+0.12 nuclear magnetons, is 
only slightly smaller than that of I, indicating further 
that the ground state of I'* is similar to that of I’. 
Because of the difference of configuration between I'” 
and I'*! and the stable I'”’, there is some interest in the 
spin and configuration of I’. The results of this in- 
vestigation, which gives the I* nucleus a spin of § and 
a quadrupole moment of —0.66X10-* cm* (somewhat 


7 This work was done under the auspices of the U. S. Atomic 
Energy Commission, and was supported in part jointly by the 
Signal Corps, the Office of Naval Research, and the Air Force 
Office of Scientific Research. Submitted in partial fulfillment of 
the requirements for the degree of, Doctor of Philosophy in the 
Faculty of Pure Science, Columbia University, May, 1957. 

* Now at Hughes Aircraft Company, Culver City, California. 

t Now at the University of Oslo, Oslo, Norway. 

1L. C. Aamodt and P. C. Fletcher, Phys. Rev. 98, 1224 (1955), 
and references 1—4 of that article. 

*L. C. Aamodt and P. C. Fletcher, Phys. Rev. 98, 1317 (1955), 
and reference 1 of that article. 

3 Gordy, Simmons, and Smith, Phys. Rev. 74, 243 (1948). 

4 Livingston, Gilliam, and Gordy, Phys. Rev. 76, 149 (1949). 

5 Livingston, Benjamin, Cox, and Gordy, Phys. Rev. 92, 1271 
(1953). 

6 Walchi, Livingston, and Herbert, Phys. Rev. 82, 79 (1951). 

? Koerts, Macklin, Farrelly, van Lieshout, and Wu, Phys. Rev. 
98, 1230 (1955). 
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larger than that of I'*’), indicates a predominantly dj 
configuration for the I> ground state. 


SAMPLES 


The I'*' sample was obtained as a fission product from 
Oak Ridge National Laboratory. It was thus free from 
large amounts of stable iodine and amenable to micro- 
wave spectroscopy. Its chemical form was Nal in a 
basic NaOH solution. In the final measurements, 500 
millicuries of i*'—about four micrograms—were used. 
Because of the high radioactivity of the source, pre- 
cautions had to be taken throughout the experiment 
against overexposure of harmful radiation. 

The I'** sample was obtained by deuteron bombard- 
ment on tellurium at the Brookhaven National Labo- 
ratory. The nuclear reactions were Te'(d,n)I' and 
Te'®(d,2n)l'*, Approximately 1000 microampere hours 
of cyclotron bombardment were necessary to give a 
one-microgram yield of I’. Some difficulties were 
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Fic. 1. Apparatus used for the separation of I'*° from tellurium. 

















SPIN AND QUADRUPOLE 


encountered in the construction of a tellurium target 
for bombardment, as solid Te is very brittle and difficult 
to machine and molten Te alloys very rapidly with most 
metals. A good Te target was constructed by coating 
one surface of the target holder, a 1 in.X1 in.X6 in. 
water-cooled copper block, with silver solder and 
grinding flat. Tellurium was then melted on top of the 
flat silver solder surface. The tellurium was sufficiently 
“soldered” to the target holder that it could be ground 
to any desired thickness. It was found that, owing to 
the poor thermal conductivity of the Te, target thick- 
nesses greater than 0.020 inch would melt and spatter 
under the cyclotron beam, doing considerable damage 
to the cyclotron window and causing loss of I'** sample. 
When sufficient time had elapsed after the bombard- 
ment to allow short-lived radiation to die out, the 
tellurium was then chipped from the target holder with 
a hammer and chisel. 


CHEMISTRY 


The chemical synthesis of I'** and I into CHI was 
the same. However, the I'*® had to be first separated 
from the tellurium of the target before CH;I synthesis 
could begin. This separation® and synthesis of CH;I'** 
will first be described in detail and adaptations of this 
procedure for the CH,I'" synthesis will only be 
mentioned. 

The I enriched tellurium chips, obtained as de- 
scribed above, were placed in a sulfuric and chromic 
acid solution, 20 cc of 18N sulfuric acid and 4-g an- 
hydrous chromic acid for each gram of tellurium chips. 
Fifty micrograms of I'*? were then added as carrier 
since the subsequent chemistry could not be done in 
one microgram quantities. The solution was then 
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Fic. 2. Apparatus used for the concentration of iodine to 1.0 cc. 

5 The separation of I, from Te follows partly a method described 
by x. Tangbgl and U. Blix, Jeher Report No. 18, 1953 (unpub- 
lished). 
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heated by means of three 150-watt floodlights and 
stirred by means of a magnetic stirrer as shown in Fig. 
1. In the figure, the water-cooling is initially going and 
the nitrogen is turned off. Both the tellurium and the 
iodine were thus brought to soluble oxidized states. 
When the tellurium was completely dissolved, the 
solution was cooled and anhydrous oxalic acid added, 
2.36 g for each gram of tellurium chips used initially. 
The solution was again heated very slowly. The heat of 
reaction of the oxalic acid with the chromic and sulfuric 
acids was sufficient to keep the reaction going after it 
was once started and would even cause the solution to 
boil over if extreme care was not taken. Much CO, was 
given off in this step and would carry substantial 
amounts of radioactive iodine away with it. Therefore 
the CO, was washed with a 0.05N solution of Na,SO; 
and NaOH. When the reaction with oxalic acid had 
gone to completion, the iodine was partially in a gaseous 
state. The cooling water was then turned off and N2 
flowed slowly over the solution. The gaseous iodine was 
thus carried over to the sodium sulfite solution. When 
no further iodine seemed to come over, the solution was 
cooled and 50 micrograms of I'*? were again added and 
the heating and nitrogen flow repeated. Approximately 
99%, of the original amount of the radioactive iodine 
could be obtained in the sodium sulfite solution by this 
method. 

Since some H,SO, fumes and other gaseous impurities 
came over with the iodine, and since it was necessary to 
concentrate the iodine into a 0.05-cc solution in order 
to achieve a quantitative precipitation of I, as PdIs, a 
second distillation was performed with the apparatus 
as shown in Fig. 2. The sodium sulfite solution obtained 
from the first step above was oxidized with 4-cc con- 
centrated nitric acid and the whole solution heated with 
a hot plate. The iodine came off as a gas, was swept 
through the system with the No, and washed twice with 
1 cc of methyl alcohol. A slight yellow coloring was seen 
in the first solution due to the iodine in the alcohol. 
(The cooling water is left on during the complete 
process.) The sulfite and nitric acid solution is cooled 
and 50 micrograms on I?’ are added again. The process 
is repeated until 90-95% of the iodine is in the alcohol 
solutions, 70-90% in the first alcohol solution de- 
pending upon the length of time and speed of the flow 
of the nitrogen. The efficiency of this step can be 
somewhat increased by the addition of 0.2N SeO, 
solution but this also increases the danger of impurities. 
The iodine is again reduced to Nal by the addition of 
0.2 cc of 0.01N NaHSOs;, removing the yellow iodine 
color. Further concentration was then accomplished by 
the use of the apparatus in Fig. 3. The alcohol solution 
is heated at its surface by a nichrome filament which is 
manually moved down the glass tube as water is 
vaporized and the surface of the solution goes down. 
A thin capillary is inserted down the glass tube, the 
other end of which is attached to an aspirator, to carry 
away the vaporized water. As the"surface level of the 
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Fic. 3. Apparatus used for the concentration of NaI to 0.05 cc. 


solution moves down the tube, the aspirator is peri- 
odically turned off so that the vaporized solution will 
condense into droplets on the sides of the glass tube 
and run back into the solution, thereby washing the 
sides of the glass tube. The tube is rotated by a clock 
motor at 5 rpm so that all sides of the tube are washed 
equally well. This process is continued until there is 
roughly 0.05 cc of solution left in the tube. The iodine 
is then precipitated by the addition of palladium 
chloride, PdCl2. The precipitated PdI, was warmed to 
form large particles, centrifuged, and washed twice with 
0.2 cc of distilled water to remove any excess PdClo, 
the liquid being removed each time with a long, thin 
eye dropper. About 5% of the iodine is left in the 
solution and is lost. The precipitate was then dried in 
an oven at 100°C for several hours, and attached to the 
apparatus in Fig. 4(a) by breaking the tube in Fig. 3 
at the point A and fusing it to the glass T-tube of Fig. 
4(a) at point B. White phosphorus and methy] alcohol 
were then added in roughly stoichiometric amounts (see 
subsections below) and the system was then pumped 
out to 10-* mm of mercury. The tube was then sealed 
with an oxygen flame at point C of Fig. 4(a) while still 
pumping, the alcohol and-phosphorus being frozen by 
liquid nitrogen to keep them in the capillary. The Pdl, 
was then decomposed by heating to 350°C, the iodine 
thus released being transferred to the capillary. How- 
ever about 5% remains behind at this stage due to 
impurities. The capillary was then sealed off at point 
D of Fig. 4(a) with an oxygen torch. The iodine is then 
reacted by vaporizing the white phosphorus with a 
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gentle flame (about 150°C) to make methy] iodide. The 
methyl iodide is admitted to the wave guide by means 
of the breaking tube of Fig. 4(b). The capillary tube 
of Fig. 4(a) is completely detached with an oxygen 
torch and placed in the T-tube of Fig. 4(b), with the 
fine tip towards the bottom. This T-tube is attached 
to the wave guide and pumped out. A current of 10-20 
amperes is sent through the coil, thus breaking the tip 
of the capillary and admitting the methyl iodide to the 
wave guide. 

(a) Alcohol was admitted after the vessels in Fig. 
4(a) were pumped out by admitting a given volume at 
a known pressure, say 1 cc at 17 mm pressure to give 
one micromole. 

(b) The phosphorus was added by filling capillary 
tubing with the white phosphorus and then cutting the 
tubing to the desired length. Capillary tubing of 0.05 
mm can easily be drawn from 0.5 mm commercial 
capillary tubing. The capillary tubes can be filled by 
use of the T-tube in Fig. 4(c). Red phosphorus is placed 
at one end of the T-tube as shown and the T-tube is 
then evacuated. When the red phosphorus is heated 
droplets of white phosphorus are formed along the sides 
of the horizontal tube. These are driven across the tube 
with a flame until a large enough droplet is formed in 
the boss below the capillary to be filled. This then fills 
by capillary action. The capillary is then removed and 
the ends may be sealed until used. Two micromoles of 
phosphorus were added to the iodine to insure a com- 
plete reaction. 

The I'*' chemistry is identical with that above, 
omitting the initial separation with tellurium. In addi- 
tion, the selenium buffer solution of the second dis- 
tillation was used only with the I> chemistry. 

The radioactive iodine was easily followed with the 
aid of survey meters. All efficiencies were obtained by 
placing the survey meters at judicious points in each 
process and reading them before and after the process 
had been completed. The efficiencies are defined as the 
yield of radioactivity after the process, divided by 
radioactivity before the process began under similar 
conditions. The over-all efficiency of the process was 
better than 80%. 


EXPERIMENTAL APPARATUS 


Since only small amounts of samples were available, 
a high-sensitivity spectrometer was necessary. A con- 
ventional Stark spectrometer’ with microwave fre- 
quencies being swept at about one Mc/sec per minute. 
This slow sweep-speed allows an increase in sensitivity.” 
The sensitivity was measured by observations on 
CH;I"”’ vibrational lines,’ which were quite abundant 
throughout the region where the I'** and I'*' lines were 
expected. From these observations, the minimum 
observable absorption was about 7X10~" cm“. 

9 W. K. Hardy and G. Silvey, Phys. Rev. 95, 385 (1954). 


10°C, H. Townes and H. L. Schawlow, Microwave Spectroscopy 
(McGraw-Hill Book Company, Inc., New York, 1955), p. 424. 
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Fic. 4. Some additional apparatus. (a) Reaction vessel and allied apparatus, (b) breaking vessel, and 
(c) phosphorus capillary loading vessel. 


The magnetic moment measurements were made 
with a circularly cross-sectioned wave guide to permit 
circularly polarized radiation, and hence, to permit the 
determination of the sign of the magnetic moment. The 
magnet was constructed of ;‘;-in. copper tubing, insu- 
lated with Fiberglas tubing and wound on a 1,)5-in. 
core. Fifty-foot lengths were wound so as to give 71 
turns in a 2}-in. length. Sixty-five of these coils were 
connected in series to give about two ohms resistance. 
The power for the magnet was obtained from a 240-volt 
dc line with a grounded centertap. Each of the sixty-five 
coils was water cooled separately so that with 130 
amperes flowing through the magnet, no temperature 
rise was observed. The magnetic field resulting from 
these coils was 1700-1800 gauss, depending upon the 
line voltage which was monitored by a voltmeter. The 
design of the magnet and wave guide which were used 
were similar to that used by Aamodt and Fletcher! and 
described in detail by Aamodt." The large difference 
between the apparatus of Aamodt and that used here 
was that our wave guide and associated apparatus were 
thirteen feet in length as compared to three feet for 
Aamodt, thus giving an increase of four in sensitivity. 

Circularly polarized radiation was obtained by 
slightly squeezing a circularly cross-sectioned length of 
wave guide at a 45° angle to the electric field vector 
inside the wave guide. This has the same effect that a 
quarter-wave section has in optical systems. If this 
“squeezed” section is placed before the absorption cell, 


1 L. C. Aamodt (to be published). 





an attenuator at the other end can then remove one 
component of the circularly polarized radiation. 


ENERGY LEVELS 
The Hamiltonian, H, for a rotation molecule with 
one nucleus possessing a quadrupole moment in an 
external magnetic field may be written 


H=Hot+HetHy, (1) 


where Hy is the Hamiltonian for the rotational and 
vibrational motion, Hg is the interaction Hamiltonian 
between the electric fields within the molecule and the 
nuclear quadrupole moment, and Hy is the interaction 
energy between the external applied magnetic field and 
the molecular and nuclear magnetic moments. The 
energy levels for the rotating-vibrating symmetric top 
molecule and the first and second-order interaction 
energies of the electric field with the nuclear quadrupole 
moment are well known.” If J is the nuclear spin, J is 
the molecular angular momentum, K is the component 
of J along the molecular axis, and F=/+-J, then the 
first order energies in the JJ) KFM, representation are 
h* 
Eq + Eq! =——J (J +1) 


4°*T 


he 8 3K? 
“aed elaoen 
4e? NIco Ip J(J+1) 

ae eee 


21 (21—1)(27—1)(2F-+3) 


a See, for instance, reference 10, Chap. 3. 
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TaBLeE I. Observed and calculated frequencies and intensities 
for J=2 — 1 rotational transition of CH;I'* assuming a spin of 
5/2, egqQ= 2179.2 Mc/sec and »p=30 053.91 Mc/sec. 











Rel, intensities 





Transition Frequencies, Mc/sec 

=2 — Observed Calculated Observed Calculated 
3/2 3/2 30293.140.1 30293.1 3 2.8 
9/2 7/2 30188.2+0.1 30 188.2 10 10 
9/2 7/2 30100.0+1.0 30100.9 9 10 
5/2 5/2 29803.241.0 29804.1 3 a. 
7/2 5/2 29751.240.1 29751.2 5 3.6 








where C=F(F+1)—J(J+1)—J(J+1), Je and Jc are 
the moments of inertia perpendicular and parallel to 
the molecular axis, respectively, e is the electronic 
charge, Q is the quadrupole moment of the nucleus, 
and gq is the derivative of the electric field along the 
axis, or 0°V/dz*. Assuming an angular momentum 
transition J=2<—1, quadrupole patterns for spins at 
3, 3, 4, and 9/2 have been calculated. These are shown, 
together with the observed lines of I'** in Fig. 5. Second- 
order quadrupole interaction corrections have not been 
included but are not sufficiently large to change the 
figure greatly. 

In an JJKFM, representation the magnetic inter- 
action Hamiltonian has off-diagonal element connecting 
states of the same My but F changes by 1. Coester™ 
gives the interaction energy of a symmetric top with 
hyperfine structure in an external magnetic field to 
second order as 





I(I+1)-—J(J+1)+F(F+1) 
2F(F+1) ) 
(ea) | 
2F(F+1) ; 

(uo) (gr—gu)° R(F)(F-—M rr’) 
eg) {3K?/[J(J+1)]—-1} | —1) 


Ey ntl | r( 





> 9 





G(F)—G(F—1) 
——| 
G({F)—G(F+1) 





where 


LP — F—- JPL +I +iy—F*) 
~ 4F*(2F—1)(2F +1) 
$C(C+1)—1(I+1)J (J +1) 
~ (27-43) (2I— 1)(22)(27—1)’ 





R(F) 





C is the same as in Eq. (1), wo is the nuclear magneton, 
H is the magnetic field, and gy and gy are the nuclear 
and molecular g factors, respectively. Exact diagonali- 
zation of the H, and Hy energy matrix, similar to that 
done by Aamodt and Fletcher,’ indicates that, to the 
accuracy of this experiment, the above second-order 
corrections are sufficient. 


3 F, Coester, Phys. Rev. 77, 454 (1950). 
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OBSERVED LINES OF CH,I'® 


Five lines of the J=2<—1 hyperfine pattern of 
CH,I* have been seen and are plotted in Fig. 5. Un- 
fortunately, accurate measurements were obtained on 
only three of these lines. The measured and calculated 
frequencies together with the observed and calculated 
intensities are given in Table I. The calculated fre- 
quencies were obtained by assuming a spin of 3, a 
quadrupole coupling constant of 2179.2 Mc/sec and a 
rotational frequency, vo, equal to 30053.91 Mc/sec. 
Using the value of the quadrupole moment of I'?’ given 
by Jaccarino, King, Satten, and Stroke," together with 
its quadrupole coupling constant,’ the quadrupole 
moment of I is found to be —0.66X10~* cm*, This 
spin and quadrupole moment would indicate a pre- 
dominantly ds; ground state configuration for I, 
Rough measurements on the Zeeman splitting of the 
F=9/2< }, J=2<—1 hyperfine line give u(I'**) =3.0 
+1.0 nm and would tend to indicate that I’ has a 
ground state similar to that of I'*’, 


ZEEMAN SPLITTING IN CH,I'*! 


The Zeeman components of the F=9/2+—9/2 
hyperfine line of the J = 2 <— 1 rotational transition are 
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Fic. 5. Comparison of the quadrupole patterns of the J=2 <1 
rotational transition for spins of 3/2, 5/2, 7/2, and 9/2. The ob- 
served lines are included for comparison. 


I*7/2 | 





I+9/2 





44 Jaccarino, King, Satten, and Stroke, Phys. Rev. 94, 1798 
(1954). 
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shown in Fig. 6. Second-order corrections are included 
in the frequencies but not in the intensities, since this 
would not alter the picture appreciably. Also, measure- 
ments on CH;I"’ indicate that the molecular g factor, 
gy, equals zero to the accuracy of these measurements. 
Since the lowest mode in a circular wave guide is a TE 
mode, and the magnetic field is axial along the wave 
guide, the electric and magnetic fields should be per- 
pendicular and only AMr=+1 should be excited. 
However, because of reflections and imperfections in 
the wave guide, the next highest mode, a TM mode, is 
excited. The electric and magnetic vectors are no longer 
perpendicular and the AMy=O transitions are per- 
mitted, their intensity being dependent upon the 
reflections in the wave guide. Change in polarization 
due to changes in the “quarter-wave” section of wave 
guide gives a change in the relative amplitude of 
AMr=+1 and AMy=—1 components. Three dif- 
ferent ratios of relative amplitudes of AMr=+1: 
AM p=—1: AMr=0 are used to compute line intensi- 
ties. These are given in Fig. 7 together with their 
envelope and the experimentally observed traces. A 
value for yogrH of 0.96+0.05 Mc/sec was used through- 
out the theoretical calculations, the resulting envelopes 
fitting quantitatively all three peaks (AMr=+1, 0). 
From similar tests on I'*’, the sign of the magnetic 
moment was determined to be the same as the magnetic 
moment of 17, 

The magnetic field was determined by measurements 
of the Zeeman splitting of the hyperfine lines of the 
J=2<1 rotational pattern of CH;I'*’. The average 
of the results of splitting of three lines, the F=9/2 <— §, 
the F=$< § and the F=}+<—} gave a value for 
wogrH for I’? of 1.48+0.01 Mc/sec (normalized to the 
same value of magnet current for which the value of 
wogrH is quoted above for I). Using the ratio of g 
factors thus obtained, remembering the difference of 
spins and using the value of the magnetic moment of 
I? given by Walchi, Livingston, and Herbert*® of 
u (17) = 2.8090+0.0004 nuclear magnetons, we find a 
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Fic. 6. Magnetic hyperfine components for the F=9/2 — 9/2, 
J=2 <1 rotational transition assuming yog;H = 1.00 Mc/sec. 
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Fic. 7. Calculated and observed Zeeman splitting of 
F=9/2 — 9/2, J=2 — 1 hyperfine line of CH;I™. 


value for the magnetic moment of I" of w= 2.56+0.12 
nuclear magnetons. This would indicate that I has a 
ground state similar to that of I’ which has a magnetic 
moment of »(I'™) = +:2.61 nuclear magnetons. 
Comparative data for T'**, I’, I’, and I'* are listed 
in Table II. 
DISCUSSION 


According to the single-particle model proposed by 
Mayer" and by Haxel e? al.,’* the spin and magnetic 
moment of a nucleus is determined by the last unpaired 
nucleons, the quadrupole moment by the nucleons in 
unfilled shells. It is well known that the single-particle 
shell model gives quadrupole moments much smaller 
than observed experimentally, and that distortion of 
the closed shells actually contributes importantly to 
the large size of nuclear quadrupole moments. Bohr 
and Mottelson’? use a model in which the nuclear 
particles of the core, i.e., all particles excluding the 
unpaired ones, undergo a collective type of vibration. 
The quadrupole moments calculated on the basis of this 
model agree qualitatively with measured values. Fol- 
lowing the Bohr-Mottelson model, Nilsson'* calculated 
the energy levels and wave functions by adopting a 
simple single-particle Hamiltonian of the form 
H Vv” a 2/2 2,,/2 2,/2 

wo cates Vaz —{wrr “rw W,°S * 

ae bes, +w,*y"+w,72"} 


+Cl-s+DP, (4) 


18 M. Goeppert-Mayer, Phys. Rev. 78, 16 (1950). 

16 Haxel, Jensen, and Suess, Phys. Rev. 75, 1766 (1949). 

17 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, 16 (1953). 

18S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, 16 (1955). 
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TABLE II. Comparative data for I'5, [2’, !, and ['™!, 
p13 ya ps pa 
Spin 5/2 5/2 Bb y e-sitsi 7/2 
Quadrupole coupling constant, Mc/sec 2179 1934 1422 973 
Quadrupole moment, cm*X 10*4 —0.66 —0.59 —0.43 —0.29 
Magnetic moment, nm 3.0+1.0 2.8990+0.0004 2.6173 4.0.0003 2.56+0.13 








where x’, y’, and z’ refer to the coordinates of the 
particle in a coordinate system fixed in the nucleus. 
This has the form of a spherical harmonic oscillator 
potential with spin-orbit coupling. Nilsson then con- 
fines himself to cylindrical symmetry of the core such 
that 

w=, =wo?(1+ 98), 

w=w¢?(1— $6), 


where 6 is a measure of the deformation of the core. In 
terms of this deformation parameter, the quadrupole 
moment may be written, 

I(2I—1) 


= 0.82Rz*5(1+45)—____, (6 
e \ Darts) , 


(5) 


where Rz is the average radius of the core given approxi- 
mately by 1.2X10-"4! cm. 

Deformation parameters for the iodine nuclei have 
been calculated on the basis of Eq. (6) and plotted in 
Fig. 8. It is evident from this figure that as the closed 
neutron shell of 82 is approached, the deformation of 
the nucleus decreases. The deformation parameter of 
Pr'*, with a completely closed shell of 82 neutrons, is 
plotted on the same diagram and shows a further 
marked decrease over values for the unfilled neutron 
shell. Such a result is expected qualitatively because 
of the high stability of the spherical closed shell of 
neutrons. 

The fourth shell closes with 50 nucleons and levels 
within the fifth shell should occur, in the absence of 
any interaction with the core, in the order g7/2, dsy2, dy2, 
Sy2, and Ayy2. Thus iodine, with 53 protons, three 
outside the closed shell, should have a g7/2 configuration 
for its ground state. With the introduction of the 
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Fic. 8. Deformation parameter vs neutron number for 
iodine and Pr™, 


deformation of the core and coupling of the single 
particle to this deformed core, considerable deviation 
from the above ordering may be obtained. Nilsson 
tabulates the energy levels as a function of the defor- 
mation parameter. Unfortunately, he has chosen his 
constants C and D of Eq. (4) so that the dsy2 level falls 
below the gz/2 level for a spherical core, i.e., for 6=0. 
Figure 8 indicates the opposite to be true—that as the 
core approaches sphericity, the g7j2 level becomes more 
stable. Pr“ has a spin $, even though it had a nearly 
spherical core, because the gz/2 level for protons has 
been filled. Furthermore, Nilsson’s calculation indicates 
that with increasing deformation in the direction of 
negative quadrupole moments, the energy of the gz/2 
level decreases with respect to that of the ds level. 
This is just the reverse of what is observed. However, it 
must be realized that the nuclei measured differ from 
each other not only in the amount of deformation, but 
to a small extent in the nuclear size and in the neutron- 
proton ratio. Thus the greater stability of the gz/2 level 
with the addition of neutrons may not be due to the 
change in deformation alone, which is the only variation 
allowed in Nilsson’s calculation, but to the increased 
nuclear size as neutron-proton ratio. 

It is interesting to note that the change of spin from 
§ to } as a closed neutron shell is approached is not 
peculiar to iodine. Table ITI lists the spins and magnetic 
moments for other nuclei in this region. Both Sb and 
Cs show the same behavior. The change of spins is 
indicated by the dashed line in the table. The arrows 
in the table indicate the stable isotopes of the element. 
The change of spin from } to $ seems to occur charac- 
teristically near the isotope of maximum stability. One 
might predict empirically on the basis of the table that 
the spin of La’? is §. 

It is also seen from Table III that the magnetic 
moments of nuclei with the same spin but cores of 
different neutrons, protons, and quadrupole moments, 
are nearly equal. Thus, nuclei with spins } have mag- 
netic moments about 3.2 nm and nuclei with spins 3 
have magnetic moments about 2.7 nm. This is in 
qualitative agreement with the Bohr-Mottelson model 
since the effect of the core on the magnetic moment 
comes in only through the coupling of the core to the 
unpaired particles which are primarily responsible for 
the magnetic moments. The magnetic moment of Pr“, 
which has only weak coupling from the core to the 
unpaired particle, of 3.8 nm approaches more closely 
than the other cases to the single-particle (Schmidt) 
limit of [4.8 nm. 
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TABLE III. Comparison of magnetic moment in nm and spin for elements with neutrons near closed shell V (82) and unfilled gziz 


proton subshell. All values are found from nuclear magnetic resonance methods except where errors are indicated.*” 

















atts 51 (Sb) 53 (1) 55 (Cs) 57 (La) 59 (Pr) 
a I “ I “ I “ I rm I u 

70 »5/2 3.34 

72 +7/2 253 |! 5/2 3.0 +10 

74 ;—> 5/2 281 

ee a ee Te j 

76 7/2 2.61 5s Ae 3.48 

78 7/2 2.5640.12 —+7/2 2.56 | 

80 We! agers 

82 7/2 2.82 7/2 2.76 ,—+5/2 3.8 











* Arrows indicate the abundant stable nuclei. 
» Dashed line indicates transition from spin 5/2 to spin 7/2. 


CONCLUSIONS 


It is seen from the foregoing that the general features 
of the nuclear moments of iodine and iodine-like nuclei 
are in agreement with the single-particle model and its 
modifications. However, there is lack of detailed agree- 
ment with the fairly comprehensive treatment of 
Nilsson of deformed nuclei. Furthermore, more accurate 
measurements are needed to test empirical rules such 
as that of Bohr” concerning the relationship of the 
change of the magnetic moment and the quadrupole 


19 A. Bohr, Phys. Rev. 81, 134 (1951). 


moment with the addition of two neutrons to nuclei 
with identical spins. A quite systematic change from 
spins of } to spins of § can be seen at the point of the 
most stable nucleus of the isotopic series of iodine and 
other neighboring elements. 
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Incoherent Electron Scattering from the Nucleons in Beryllium and 
Carbon and the Magnetic Size of the Neutron*t+ 
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Department of Physics and High-Energy Physics Laboratory, Stanford University, Stanford, California 
(Received December 26, 1957) 


The electron scattering at high momentum transfer has been measured from the nucleons in Be, in C, 
and from the free proton. The data yield the cross section of the average nucleon and of the neutron in 
relation to that of the proton. o,/a»(@) is found to be 1.16+0.3 at 500 Mev and 135°; it decreases, as expected, 
for smaller angles and lower energies. If the assumption is made that meson-exchange effects and interactions 
in the final state are not important, the form factors obtained indicate an apparent root-mean-square 
radius of the neutron’s magnetic-moment distribution of (0.53+-0.15)X10~" cm. It is possible that the 
apparent small size of the neutron in Be and C is due to the neglect of meson-exchange effects and inter- 
actions in the final state. The present result is smaller than a neutron size, given by Yearian and Hofstadter, 
who compared the cross sections of deuteron and proton and found equal sizes for neutron and proton. 
If one accepts the latter result, the present experiment can be used to yield a measure of the above neglected 


effects. 





I, INTRODUCTION 


LECTRON scattering from free protons has been 
studied previously.-* From the measured cross 
sections, the electric and magnetic structure of the 
proton have been determined.’ It is now of interest to 
investigate the scattering cross section of the neutron. 
Since free neutrons are unavailable in sufficiently large 
densities, it is necessary to use neutrons bound in a 
light nucleus. 

In elastic scattering (from which nuclear sizes may 
be determined) and in inelastic scattering, in which a 
nuclear level is excited, the electron is scattered 
coherently by the nucleus as a whole. In the incoherent 
scattering to be discussed in this paper, the incident 
electron is scattered primarily from a single nucleon 
which recoils and is emitted from the nucleus. Electrons 
scattered in this process appear in the energy spectrum 
near the free-proton peak which occurs, for not too 
small incident energies and scattering angles, at a 
distinctly smaller energy than the electrons scattered 
from the whole nucleus. Thus they may easily be 
distinguished from the latter. Owing to the internal 
motion of the nucleons, the incoherently scattered 
electrons have a wide energy distribution, reflecting 
the momentum distribution of the nucleons. The center 
of this wide peak is shifted to lower energies with 
respect to the free-proton peak by an amount corre- 
sponding in order of magnitude to the root-mean-square 
momentum of the various nucleons in the nucleus. 


*The research reported here was supported jointly by the 
Office of Naval Research and the U. S. Atomic Energy Commis- 
sion, and by the U. S. Air Force, through the Office of Scientific 
Research of the Air Research and Development Command. 

+ Presented at the Heidelberg Meeting of the German Physical 
Society, September, 1957 (unpublished). 

{On leave of absence from Physikalisches Institut der Uni- 
versitat Bonn. 

1R. Hofstadter and R. W. McAllister, Phys. Rev. 98, 217 
(1955). 

2R. W. McAllister and R. Hofstadter, Phys. Rev. 102, 851 
(1956). 

3E. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956). 


For further details, we may refer to a review article‘ 
on electron scattering (especially to its Secs. IIIb2, 
IIIc, and VI), where references to several preliminary 
measurements of incoherent scattering in deuterium, 
helium, and beryllium’ are also reported. We may also 
call attention to a study of deuterium similar to ours.*® 

At high energies and large angles, that is, for large 
momentum transfers (q), the incoherent scattering is 
much larger than the combined elastic and inelastic 
level-scattering from the nucleus because the latter 
are greatly reduced by finite-size effects.‘ Furthermore, 
the scattering from individual protons and neutrons at 
high values of g is due almost exclusively to their 
magnetic moments, and the charge scattering from the 
protons contributes only a small amount. As pointed 
our previously,‘ the scattering from the neutron would 
be expected to be about half as large as that of the 
proton, if the neutron and proton have similar distri- 
butions of the density of their magnetic moments. 
This follows because the scattering is proportional to 
the square of the magnetic moment at large q values. 
On the other hand, a larger neutron cross section would 
imply either (1) that the magnetic cloud of the neutron 
is smaller than that of the proton, or (2) that in the 
special range of g values studied, because of an unknown 
complicated structure in the neutron, its form factor 
has variations leading to larger values than that of the 
proton. The latter type of behavior could occur if the 
density distribution goes through a value of zero at a 
distance at which the experiments have a high sensi- 
tivity. 

It was the purpose of this work to study the inco- 
herent electron scattering from beryllium in order to 
determine the cross section of the neutron. Some time 


*R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

5E. E. Chambers and R. Hofstadter (unpublished); see also 
reference 4 and Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957). 

®M. R. Yearian and R. Hofstadter, Phys. Rev. 110, 552 
(1958) this issue. 
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Fic. 1. Energy spec- 
trum of the incoherently- 
scattered electrons of 
500-Mev incident energy 
at 135° from the nu- 
cleons in Be and C. 
Both targets have equal 
numbers of nucleons per 
cm*, The ordinate gives 
counts per 1,065 10* 
nucleons/cm*, per 3.75 
X 10'* incident electrons 
(=600 microcoulombs), 
per solid angle 4.95 
X10 and per 1% 
energy interval. The 
second peak on the low- 
energy side is caused by 
electrons which have 
produced pions in their 
scattering process. The 
polyethylene peak is 
given in a scale corre- 
sponding to the same 
carbon content as in the 
carbon target. | 
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ago, Chambers and Hofstadter® made a preliminary 
examination of that nucleus, which shows that the 
method is feasible with beryllium, where there is a 
well-known loosely-bound neutron. The cross section 
corresponding to this neutron might be expected to 
show up at the peak of the incoherent continuum. The 
idea was then to determine the scattering cross section 
of the neutron as the difference between the values for 
Be® and “Be’*.” If the scattering is truly incoherent, 
“Be®” can be considered to be } of the C® nucleus. 

In the foregoing we have implicitly made the assump- 
tion that meson-exchange effects do not contribute 
appreciably to the area under the inelastic Be and C 
peaks. While real meson production is observed in the 
left-hand peak of Fig. 1, virtual meson production and 
meson exchange may add to the area under the right- 
hand peak. We will discuss this problem later (Sec. IV). 


II. APPARATUS AND EXPERIMENTAL METHOD 


This experiment has been performed with the Stanford 
linear accelerator as the source of electrons, by using 
the standard arrangement described in reference 4, 
Sec. IVb. The incident electron beam was analyzed 
magnetically so that the energy band was 1% wide. 
The electron current was measured by a large Faraday 
cup placed behind the target and integrated by a 
vibrating-reed electrometer with a feedback arrange- 
ment. Beam currents up to a maximum value of 4X 10" 
electrons per pulse (=4X10~’ amp) were used (60 
pulses per second). 

The targets of Be and C (graphite) were plates of 
equal weight/cm’, namely, 683 mg/cm*=408X 10”! 
nucleons/cm?, The comparison proton peak was meas- 
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ured in a polyethylene plate. A CsBr crystal was used 
as before to adjust the position and shape of the beam 
spot. The targets could easily be replaced by each 
other with the beam spot remaining fixed. In all cases 
the target angle was set at half the scattering angle. 

The scattered electrons were analyzed by the 36-in. 
double-focusing magnetic spectrometer** and_ counted 
in a standard manner with a fluorocarbon Cerenkov 
counter (index of refraction= 1.27). The energy accept- 
ance slit was made 1% wide and the angular aperture 
was approximately 2° in the plane of the beam and 8° 
in the perpendicular plane. As has already been dis- 
cussed in reference 4, the use of this Cerenkov counter, 
in connection with the discriminator setting high enough, 
eliminates meson counting, and a confirmation of this 
fact comes from the absence of counts when the 
spectrometer current is reversed. In the latter case, 
positive mesons would have been detected in approxi- 
mately equal numbers compared to the negative 
mesons accompanying the scattered electrons. 

In order to increase the accuracy of comparison, the 
data from Be and C were taken alternately at each 
spectrometer setting. In almost every run at least one 
free-proton peak from the polyethylene target was 
taken, and the carbon background could easily be 
subtracted by using the measured data in carbon. We 
made no special attempt to determine absolute values 
of the cross sections, since we related all our results to 
the proton cross section. The relative cross sections, 
obtained for the free proton at different angles and 
energies, are in good agreement with Chambers and 
Hofstadter.* The absolute value is somewhat less than 
that calculated in their work. The reason for this has 
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4 Fic. 2. Differential cross 
section for the Be nucleus, 
for 8/12 of the C nucleus, 
and for the free proton. The 
units of do(@)/dE are 1.96 
“™ 10-7 cm*/Mev ss sterad. 
The area between the Be 
and the C curve represents 
the cross section of one 
neutron in Be. o,n/op is 
found to be 1.16. 
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not been investigated, but is probably connected with 
the high bias setting of the discrimination mentioned 
above. 

Ill. RESULTS 


(a) 500 Mev, 135° 


Figure 1 shows the energy distribution of the 500-Mev 
electrons scattered at 135°. These data form the main 
object of the experiment. The peak on the right repre- 
sents the electrons scattered incoherently from the 
nucleons, while the peak to the left represents those 
electrons that have scattered while producing mesons 
and consequently have lower energy.‘ 

The incoherent peak to the right is the one that will 
interest us in these experiments. This peak has been 
measured on several occasions with good statistics. The 
absolute counting rates were reproducible to within 
6%, and the relative values between Be, C, and CH: 
agreed with each other to better than 2%. 

In this figure we see clearly the shift of the maximum 
in relation to the free-proton peak. The shift is some- 
what larger for C than for Be. Furthermore, one 
notices that the momentum distribution of the nucleons 
in C is slightly broader than in Be. These features are 
also observed in the measurements taken at smaller 
angles and lower energies. 

The data in Fig. 1 were converted into counts per 
constant-enerky interval by use of the spectrometer 
calibration and its dispersion characteristic. This cor- 
rection is the familiar 1/E correction. In the curves 
thus corrected, the area under each peak (Be, C, p) 
represents the corresponding cross section, and from 
comparison of the areas we may obtain the cross section 


per nucleon (averaged over protons and neutrons) in 
Be and C, in relation to the cross section of the free 
proton. Unfortunately, there is superposed on the 
incoherent peak the tail of the meson-producing electron 
peak. Thus the left-hand side of the incoherent peak is 
not accurately known. Because of the spatial symmetry 
of the momentum distributions of the nucleons, half of 
the nucleons contribute to each half of the peak. We 
may take the area to the right of the center line and 
relate it to one-half of all nucleons in the target. 
The result obtained is (¢jne.)a=1.08+0.1, in Be and 
(Cine) w= 1.17+0.1, in C. 

The relative cross section for ¢, is taken to be 15.8% 
larger than the area shown in the right-hand side of 
Fig. 2. This correction accounts for the number of 
electrons not counted in the proton peak due to the 
radiative losses (Schwinger correction and straggling 
effects). The amount lost in the proton peak due to 
these causes is 25%, and the amount lost in the Be 
and C peaks is 8% in each case. 

Since this determination of the area depends sensi- 
tively upon where one places the center line, we also 
took the area after shifting the center line far over to 
the right (actually to the position where the maximum 
appears when we omit the 1/£Z correction), and we 
obtained values of 0.82 and 0.96 for (¢inei)w in Be 
and C, respectively. We believe that this is even less 
than a lowest possible limit, when we allow for quite a 
large distortion of the incoherent peak by the meson- 
production peak and for other effects, which might 
tend to falsify the true position of the center of the 
incoherent peak. 

By relating the measured incoherent-scattering cross 
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sections of Be and C nuclei to the average nucleon, we 
have not made any special assumption about the 
particular nucleons in the nucleus. If we now make the 
assumption that the momentum transfer is high enough 
so that the nucleons may be treated as free and inde- 
pendent particles, we can interpret these results in 
terms of individual proton and neutron cross sections. 
This will be done in the discussion in the next section. 

Under this assumption we can now make a second 
and independent evaluation of the data, which follows 
the procedure outlined in the introduction, and deter- 
mine the cross section of the neutron in a differential 
method between Be and C. This means that we shall 
take the difference between Be and 3 of C”. Figure 2 
shows this comparison between the experimental Be 
and C data after the spectrometer correction has been 
made and after the C data have been multiplied by 8/9. 
This factor corresponds to 8/12 in the number of atoms. 
The area between both curves gives the cross section 
of one neutron in Be. By comparison with the free- 
proton peak, we obtain 


o,/o,=1.16+0.1, 


We may emphasize that this method is less affected 
by distortion from the meson-production peak than is 
the determination of the whole area for Be and C 
separately. Also the need for systematic corrections is 
greatly reduced. 

Still another variation may be used as a third method, 
wherein we obtain the difference between the Be curve 
and the unreduced C curve (i.e., for equal numbers of 
nucleons) and calculate in this way 


on—Gp= (0.0040.1)o,; thus ¢,=(1.00+0.1)¢,. 


Each of the three methods described gives a somewhat 
different value for ¢,/¢, because of the different ways 
in which the differences in shape and position between 
the Be and C curves influence the results. As a weighted 
average, we will take the value 


¢,/¢,=1.17+0.3 for 500 Mev and 135°, 


with a limit of error that we consider safe with respect 
to most kinds of possible systematic errors resulting 
from distortion by the meson-production peak and to 
the differences in the momentum distribution. The 
limits of errors also include the corrections which ought 
to be made for theoretical reasons (see below). The 
latter fortunately are not large, at high g values, and 
some of them tend to cancel each other. 

The main effects of the corrections of the cross section 
are: (1) the center of the incoherent peak occurs at a 
lower energy than the free-proton peak, because the 
nucleon is bound and has a slightly lower “effective 
mass” in the kinematics of the scattering process, and 
(2) the moving nucleons with different momentum 
directions contribute differently to the total cross 
section, since energy and scattering angle in the center- 
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of-mass system of each collision are different, depending 
upon the momentum of the nucleon. 

Since magnetic scattering from point nucleons is 
nearly independent of energy and angle, and since the 
charge scattering is small for high g at large angles, 
the main part of the correction in each case comes from 
the change of the form factor with g. The q value for 
the center of the Be peak is 3% smaller than for the 
free proton; thus the form factor F* and the cross 
section are about 6% larger. Since in our calculations 
we used only the nucleons on the high-energy side of 
the center-of-peak, which is closer to the proton peak, 
we have already implicitly accounted for a large part 
of this correction. Regarding the effect of the moving 
nucleons, we may note that all nucleons on the right- 
hand side of the center line have a momentum compo- 
nent towards the electron. Therefore, their cross sections 
are slightly smaller than for nucleons at rest. In this 
sense our cross section is too small by a few percent. 
An accurate consideration of all these effects could be 
done by superposing the differential cross sections 
calculated for each moving nucleon in the corresponding 
center-of-momentum frame. Because of larger experi- 
mental uncertainties, it is not worth while to make 
those corrections in our data. For the differential 
Be—%C method, these corrections are even smaller, 
since the area corresponding to the single neutron is 
located at a position very close to the proton peak. 


(b) Other Energies and Angles 


As a check of the above-described- work, we may 
employ a kind of counter-example which should be 
useful in understanding the results. At lower energies 
and smaller angles, the charge scattering becomes much 
larger than the magnetic scattering. Hence, at such 
values of g, the scattering cross section should be 
dominated by the scattering from the protons alone. 
Unfortunately, the test cannot be made uniquely, since, 
at the small g values, the incoherent scattering disap- 
pears because the different nucleons cannot be treated 
as independent. Moreover, there is the experimental 
difficulty that the elastic- and inelastic-level scattering 
peaks are also very large in comparison to the remaining 
small incoherent peak. However, it is possible to carry 
out some experiments in the intermediate region, where 
the magnetic scattering still contributes a fair amount, 
but less than at 500 Mev and 135°. 

For example, in Fig. 3, we show curves for 400 Mev 
and 90°, The meson-production peak decreases quite 
noticeably as one goes to smaller angles. This is one 
favorable aspect of these experiments. The results of 
this, as well as of a set of later measurements under 
different conditions, are shown in Fig. 4. The evaluation 
of the data was made in the manner described for 500 
Mev and 135°. The cross section of the average nucleon 
shows the expected decrease of the neutron’s contri- 
bution as we go towards lower energies and smaller 
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Fic. 3. Energy spectrum of the incoherent electron scattering 


at 400 Mev, 90°. Compared to Fig. 1, the decrease of the meson- 
production peak may be noticed. 


angles, where it approaches the value given by the 
protons alone. The accuracy of the smaller-angle meas- 
urements is, in general, not good enough to make 
effective use of the differential Be—?C method, al- 
though in a few cases the agreement is satisfactory. 

In the following discussion we shall tentatively make 
the assumption that meson-exchange effects add only 
very small amounts to the inelastic peaks. We shall 
later discuss what happens if this assumption is not 
made. 


IV. DISCUSSION AND CONCLUSIONS 


The cross section of the proton (mass M, Dirac 
moment 1, Pauli moment x) and likewise of the neutron, 
for scattering of electrons of the incident energy F at 
the angle 6 (in the laboratory frame), is given by 
Rosenbluth’s’ formula, which we may write here in the 
following form: 








e ) 1 1 
-(— [1+(2E/Mc’) sin?(6/2) Pi [2 tan(@/2) P 


2Mc\? 
x{(5-) retere|+ sLFitkF2F , 


where 
[2(E/c) sin(6/2) P 


71+ (QE/M2) sin®(0/2) 





means the square of the momentum transfer of the 
electron in the scattering process. The form factors F; 
and F., both functions of g’, take into account the 
finite size of both the Dirac and the Pauli magnetic- 
moment distributions. (As regards the exact meaning 
of F, and Fz, and their relation to the electric and 
magnetic density of the nucleon’s structure, see Yennie, 
Lévy, and Ravenhall.*) 


7M. Rosenbluth, Phys. Rev. 79, 615 (1950). 
8 Yennie, Lévy, and Ravenhall, Revs. Modern Phys. 29, 144 
(1957). 
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In the static limit, i.e., for g=0, when proton and 
neutron can be considered as point particles, the form 
factors have the values F,(0) = F2,(0) = F2,(0)=1 and 
F,(0)=0. (Here and in the following equations the 
indices p and mn refer to proton and neutron, respec- 
tively.) Thus the ratio of the cross sections for point 
proton and point neutron is 


kn'L1+}4 cot?(6/2) ] 


(: ‘) point } cot?(0/2)[(2Mc/hg)?-+n,"]}+ (1-+4,)" 
=A (6,9). 


on 


For the interpretation of the experiments, we shall 
introduce, as usual, “total form factors,’ defined by 
Op, n= (Fp, n)*X (¢p, n) point SO that 


0,/op= (F,2/F 7) XA (6,q). 


From the measured cross section ¢,/o,=1.17+0.3, 
we may calculate F,?/F,*?=2.6+0.6 at 500 Mev, 135°. 
Using the known proton form factor,‘ we obtain for 
the neutron 


F,?=0.3940.1 at g?=11.5X10"* cm 


We may now turn back to Fig. 4, where the cross 
section of the average nucleon is plotted as a function 
of A. Under the assumption that the nucleons scatter 
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Fic, 4. Experimental cross section per nucleon in Be and in C, 
in units of the free-proton cross section for several experimental 
conditions. The data are arranged along an abscissa which is 
chosen for convenience and contains the experimental conditions 
6 and q in such a way that A (6,q) is the ratio of o,/o, for point 
particles. The heavy lines indicate the cross section of the average 
nucleon as a function of A in the case that the neutron has the 
same magnetic form factor as the proton. (This coincides with the 
case of point particles and shows that, for A=0, the average 
nucleon cross section is 4/9 for Be and 6/12 for C.) The dotted 
lines through the experimental points correspond to a (form 
factor)? of the neutron=2.4 (in Be) and 3.0 (in C) times that 
of the proton. The errors in this figure refer to the observational 
accuracy of the measurements. 
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as independent particles, we obtain 


Tw nucleon 1 F,? 
2 (445"xa) in Be 
9 v2 


Tp F, 
1 Pa 
a (+6 x) in C. 
12 F,? 


The heavily-drawn straight line in each part of the 
figure refers to the case F,=F,. The experimental 
points at large A clearly fall above this line, thus 
indicating F,>F,. The slope of the dotted line corre- 
sponds to F,?/F,?=2.4 in Be and =3.0 in C. (The 
dotted lines do not, of course, imply that we believe 
that F,,/F, is constant at all A values.) 

The (form factors)? obtained for the neutron are 
shown in Fig. 5 as functions of g*. The F, for low g 
cannot be given with any accuracy, since the experi- 
ments at small A are very insensitive to the cross 
section of the neutron. However, the large values of the 
form factor are very persistent, and this may be some 
indication that the magnetic form factor at low g is in 
the neighborhood of unity or slightly higher, as might 
be given by a density distribution which changes sign 
as a function of radial distance. We may note that an 
analysis of the preliminary data of Chambers and 
Hofstadter® at 600 Mev and 135° gives a value of 
o,,/0,=1.0+0.3. 

The present data are certainly not sufficient to make 
a structural analysis of the neutron as has been made 
in the case of the proton.’ There, F,,(q) and F2,(q) 
were evaluated separately from the experimental “total 
form factor’ and turned out to be nearly identical. 
The root-mean-square radius was found to be 0.77 
<10-" cm for each of the two distributions. 

For the neutron not only is F;,(¢=0)=0 (zero total 
charge), but from the experiments on scattering of 
neutrons by atoms? it is known that the coefficient of q’, 
in an expansion of F;,,(qg’) in powers of q’, is also close 
to zero. That makes it most probable that the “total 
form factor” F,, obtained in our experiments, is the 
F,,, in the Rosenbluth formula and that we can thus 
place F;,=0. (A large coefficient of g* in F1, would 
involve quite a complicated charge distribution in the 
neutron. ) 

With the above assumptions, we can state that the 
magnetic distribution in the neutron is apparently more 
confined than in the proton but not so confined as to 
be a point (see Fig. 5). For the rms radius of a bound 
neutron we obtain 


(ron) = (0.5340.15) X 10-8 cm. 


This result is nearly independent of the special struc- 
tural model chosen for transforming the form factor 


® See references 11 and 12 in reference 8. 
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Fic. 5. Experimental (form factor)? of the neutron as a function 
of the square of the momentum transfer. At large g values, the 
form factor of the neutron is 2.6 times larger than that of the 
proton. The limits of error given include all possible systematic 
errors in the experiments. At low g values, the experiments are 
not able, for essential reasons, to yield information on the neutron 
cross section with any accuracy. The root-mean-square radius of 
the magnetic-moment distribution of the neutron is about 
(0.534+0.15)X10-" cm, if the density distribution is monotonic. 


into (r2,); as long as we assume that the distribution is 
monotonic. There appears to be little doubt that the 
bound neutron and proton are different in size or shape 
if the simple assumptions we have made, such as neglect- 
ing meson exchange, prove to be justified. 

However, since we have compared the cross sections 
of bound nucleons with that of the free proton, we are, 
of course, making the special assumption that the 
internal structures of neutron and proton’ are not 
affected by the fact that they are bound in a nucleus 
and thus are under the influence of the nuclear forces. 
Moreover, we have made the assumption that’ meson- 
exchange effects are unimportant. We may judge how 
well this assumption holds by the comparison of these 
results with those in the deuteron,® where the neutron 
and proton are under the influence of the strong nuclear 
force only a small fraction of the time and where the 
neutron size is essentially equal to that of a free proton. 

It may thus be pointed out that the real use of 
experiments such as this one will probably be to tell 
what happens to the neutron when it is bound within a 
nucleus as compared with its free behavior. When 
related to the deuteron results, we may say that there 
are probably meson-exchange effects in Be and C and 
that these account for the apparently smaller neutron 
size. 
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Method for Determining the K.,.°— K_° Mass Difference* 


Myron L. Goop 
Radiation Laboratory, University of California, Berkeley, California 
(Received October 28, 1957) 


The equations of motion for the amplitudes of short-lived (K,°) and long-lived (K_°) neutral K mesons 
in an absorber are simplified for the case of dominance of the decay term. For the case of a thick absorber, 
a simple relation between the intensities of scattered and unscattered regenerated K,°, at zero degrees, 
results; the relation is sensitive to the K,°—K_° mass difference. 


HE phenomenon of regeneration of the short- 
lived neutral K meson in a beam of long-lived 
neutral K’s is a crucial test of the particle-mixture 
hypothesis of Gell-Mann and Pais'; what we wish to 
show here is that it also permits a rather direct deter- 
mination of the difference in mass of the two particles. 
The process has been studied theoretically**; pre- 
liminary experimental verification of the basic ideas 
involved has been obtained by Lederman et al.‘ and by 
Fowler, Lander, and Powell,® and others. 

The theory of the process is independent of the 
questions of whether or not charge conjugation (C), 
parity (P), or time reversal (7) are valid symmetry 
operations.*®* 

For the short-lived and long-lived particles, respec- 
tively, we adopt, following Lee and Yang, the names 
K.,° and K_®. Otherwise the notation used is that of 
reference 3. 

First, we observe that, in most, if not all, circum- 
stances K,° decay predominates over absorption 
processes, so that it is a good approximation to set 


n—n' | 1 
<x —. 
2y74. 





Bck 


(This is precisely what makes the regeneration so 
small.?) With this approximation, the solutions for the 
amplitudes (a,,a_) of K,°, K_° in the absorber simplify 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

2K. Case, Phys. Rev. 103, 1449 (1956). 

3M. L. Good, Phys. Rev. 106, 591 (1957). 

‘ mn Lederman, and Chinowsky, Phys. Rev. 105, 1925 
(1957). 

5 Fowler, Lander, and Powell, Bull. Am. Phys. Soc. Ser. II, 2, 
236 (1957). 

® Lee, Yang, and Oehme, Phys. Rev. 106, 340 (1957). 
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where 
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2[ (1/274) +i(w,°—w_") } 

The initial conditions have been taken as a,(0)=0, 
a_(0)=1, and 1/r_ has been neglected in comparison 
with 1/7,. If we now confine ourselves to thicknesses 
(L) large compared with the. K,° decay distance, we 
can drop the first term, and we have, for the K,° 
intensity emerging from the absorber, 


las (L)\2~! Rite eto DL, (2) 


This refers to the unscattered regenerated K,°. The 
K,° intensity regenerated by scattering through an 
angle ¢ at depth x is, in the same spirit (evaluated at 
¢=0), 
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| /dl, 
(—) ava ~—— |n—n! |*dxdQ eX ete", (3) 
| \dx ‘ 167°N 
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To evaluate the scattered K,° intensity emerging from 
the absorber at ¢=0, we must multiply Eq. (3) by the 
probability of escape of the regenerated K,° without 
decay or further scattering, and must integrate with 
respect to x. (This gives the contribution of single 
scattering. The particles scattered as K_° can of course, 
rescatter into K,°, and so on. Thus double and higher- 
order scatters can contribute also. For the time being, 
we consider only single scattering.) The scattered K.,°, 
being incoherent with the incident beam, decays with 
essentially the exponent of the first term of Eq. (1), 
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so that we have 
L dl, ; 
[Ted nae f ed -(x)e ~(L—2)/Byet+e— 4 N(o+0’)(L— Ddx. 


0 dx 


The absorption terms combine, and we have simply 
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Putting By=hk/Mc, we obtain 
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where M is the mass of the K°. In the same terms, the 
unscattered regenerated intensity is 
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and the ratio of unscattered to scattered K,° intensity, 
at ¢=0 and at momentum 2h, is 
2 
| pee (4 


|a,(L) |? 16r°hr,N w4°—w_| 
ee - +e] 
The factors depending on the cross sections cancel, and 


I, Mk 1/2r, | 

the result is sensitive to the mass difference. The 
cancellation reflects the fact that the two groups of 
particles represent different aspects of the same phe- 
nomenon. However, in the unscattered group the 
regenerated wave is fed by the incident wave over a 
time ~7,, and is sensitive to the difference in natural 
frequency of the two waves; whereas in the scattered 
group the regeneration takes place in a single event, 
and does not depend on the mass difference. 

The rather similar result obtained in an earlier 
communication® was for absorber thicknesses small 
compared with the distance the particle travels in one 
period of the mass-difference oscillation, and hence did 
not depend on the mass difference. 
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The terms neglected are of order |R|? throughout, 
therefore the fractional error in Eq. (6) should be of 
the same order as the fraction of K_° regenerated (for 
reasonable guesses, the latter is 1% or less).? It would 
seem, then, that a measurement of |a,|*/J, behind a 
fairly thick absorber (several decay lengths), coupled 
with a knowledge of the momentum of each event, 
could be used to determine the mass difference. 

Some qualifications need to be made, however; for 
one thing, one should, in principle, use an absorber 
that is an isot®pically pure element of spin zero (or 
possibly 4). In practice, the scattering is probably well 
described by the optical model, and, if so, the nucleus is 
characterized, for our purposes, entirely by its size. 
Thus any element would do, but compounds would 
still be unsatisfactory, in general. 

The derivation concerned only single scattering; in a 
thick absorber, higher-order scattering will take place. 
These will, in general, smear out the angular distribution 
for both |a,|* and J,, and thus lower the apparent 
ratio of a,|* to J,. (The main point probably is that 
if an unscattered peak shows up at all, then the mass 
difference is not large compared with 1/2r,.) 

First-order corrections can be made for higher-order 
scattering in any particular geometry. The effect of 
higher-order scattering vanishes, for instance, as the 
geometrical width of the absorber is made small in 
comparison with its thickness, since then the scattered 
particles leave, via the sides, without rescattering. 

Finally, only elastic scatterings were considered. 
Inelastic ones could probably be ruled out on the basis 
of angular distribution, if not by other means. 

As a numerical example, Eq. (6) says that for 100- 
Mev K_*’s in Pb, with a 1° angular resolution, and for 
mass difference zero, one has 


a, |*/(1,62)—40. 


The mass-difference measurement here proposed differs 
from that pointed out by Treiman and Sachs,’ in that 
no parameters of the weak interactions other than the 
mass difference, are involved. 


TS, Treiman and R. Sachs, Phys. Rev. 103, 1545 (1956). 
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Magnetic Form Factor of the Neutron* 
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Electron scattering from the bound neutron and proton in the deuteron has been studied at various 
scattering angles between 75° and 135° for 500-Mev and 600-Mev electrons. A comparison of these scat 
tering cross sections with those of the free proton permits a determination of the density distribution of the 
magnetic cloud around the neutron. By using theories developed by Jankus and Blankenbecler, the root- 
mean-square radius of the neutron is shown to lie between the limits 0.80 10™" cm and 0.90 10"" cm. 
The choice between these radii depends on whether the deuteron total cross sections or differential (peak) 
cross sections are compared with the protonic scattering cross section. Since presently available theory has 
not yet developed sufficiently to decide definitely between these possibilities, the root-mean-square size may 
be taken to be (0.85+0.10)X 10~ cm with small error. The neutron’s magnetic cloud clearly does not have 
the small size obtained by measurement of its charge cloud from experiments on the neutron-electron inter- 
action, and this anomaly challenges the present concepts of nucleon size. 





I. INTRODUCTION 


HIS paper is concerned with the internal magnetic 
structure of the neutron. Among many reasons 
why it is desirable to learn about this structure, we 
shall point to two aspects of the problem which are of 
current interest. The first concerns the intrinsically 
interesting problem of determining the neutron’s 
internal electromagnetic features. These features are 
correlated with the details of the mesonic cloud in the 
neutron and with the question of whether there exists 
within it a dense core and “‘soft” outer cloud. Connected 
with this problem is the corresponding determination 
of the structure of the proton’ and the question of 
charge independence. In most present theoretical 
discussions, it is usually assumed that the outer parts 
of the proton and neutron are identical except for the 
sign of the charge. This assumption is consistent with 
the nearly symmetrical anomalous magnetic moments 
of both particles. Thus it is of interest to see whether 
this supposition can really withstand a searching test 
afforded by electron-scattering methods. 

A second reason for studying the neutron concerns 
the question of whether the deviations from point 
scattering, observed in the case of the proton,'* are 
really structure effects or whether the deviations can be 
explained by a breakdown of electrodynamics.** In the 
latter case, all electromagnetic structures would appear 
to possess a similar limiting “size” at sufficiently small 
distances within which such breakdown has occurred. 
On the other hand, if differences in the “structures” of 


* The research reported here was supported jointly by the Office 
of Naval Research and the U. S. Atomic Energy Commission, and 
by the U. S. Air Force, through the Office of Scientific Research of 
the Air Research and Development Command. 

1R. Hofstadter and R. W. McAllister, Phys. Rev. 98, 217 
(1955). 

2R. W. McAllister and R. Hofstadter, Phys. Rev. 102, 851 
(1956). 

3E. E. Chambers and R. Hofstadter, Phys. Rev. 105, 1454 
(1956). 

*Yennie, Lévy, and Ravenhall, Revs. Modern Phys. 29, 144 
(1957), 

® R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 





the neutron and proton can be detected, this obser- 
vation would imply that not all of the structure or 
finite size effects can be ascribed to a breakdown of 
electrodynamics, although, of course, apparent finite 
size effects might still arise partially from such a break- 
down. That the breakdown would be partial would 
appear to be unlikely, however. 

For the above reasons, it appears that a direct com- 
parison between the electron-scattering cross sections 
of the neutron and proton might resolve some of these 
questions. In the experiment to be described below, we 
have attempted to probe within the meson clouds of 
neutron and proton with electrons to examine the 
differences, if any, in the angular distributions of the 
corresponding scattered electrons. It is to be understood 
that we are dealing with the magnetic clouds in the two 
nucleons, as will appear more clearly below. 

In order to make this direct comparison between 
neutron and proton, it is desirable to have a very large 
concentration of neutrons at rest in a small volume, 
like the protons in a corresponding gaseous target of 
hydrogen. Free neutrons are not available in sufficiently 
large numbers to form such a target. The next best 
solution is to use the neutron within the deuteron. The 
deuteron is, in fact, a very favorable nucleus for this 
purpose, since within it the neutron and proton are 
quite loosely bound. Although the nucleons are almost 
free, they are also in rapid motion, and this is a com- 
plication which must be taken into account. Thus the 
experiment we have carried out is based on incoherent 
scattering from the quasi-free neutron and proton of 
the deuteron, and the two nucleons involved have 
components of momentum along and opposite to the 
initial momentum of the incident electrons. The scat- 
tering can also be termed inelastic, since the deuteron 
is disintegrated in the process, the struck nucleon 
recoiling and shooting out of the deuteron. 

The basic idea involved in the comparison has been 
described previously,® but it will be repeated here for 





® See reference 5, Sec. VI. 
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reasons of convenience: for high momentum transfers 
and large scattering angles, say greater than 90°, the 
cross section for electron scattering from a nucleon’s 
magnetic moment is much larger than the scattering 
from the specific charge of the nucleon, and the charge 
scattering may be neglected. Under such ideal condi- 
tions, the neutron should scatter electrons with a cross 
section which depends only on its magnetic moment, 
and, since the value of the latter is well established, a 
comparison with the proton can readily be made. In 
fact, the scattering from the proton has been studied 
in some detail,'~* so that the distribution of magnetic 
density is known, at least approximately. Now if the 
neutron and proton have similar structures, the 
electron-scattering cross section of the neutron ought 
to be approximately one half that of the proton. This 
figure is obtained from the ratio of squares of the cor- 
responding magnetic moments, (1.91)?/(2.79)?=0.45, 
as follows from the Rosenbluth formula for magnetic 
scattering.’ This implies that, for high momentum 
transfers and large angles, the cross-section ratio ought 
to be everywhere 0.45. On the other hand, if the neutron 
should have a point-structure, or a dense core, or smaller 
dimensions than the proton, the “cross section ratio 
ought to exceed 0.45 by a detectable amount. Indeed, 
if the neutron is actually a point and the proton’s size 
is given by the quoted experiments, namely, 0.77 X 10- 
cm, the cross-section ratio should be much larger than 
0.45. In fact, the ratio should be 3.0 at 500 Mev and 
135°. Such a large ratio can easily be measured and 
distinguished from 0.45. This was the basic motivation 
of the experiment. 

As noted above, because the momentum transfer is 
high and because the deuteron’s binding energy is low 
(2.223 Mev), the two nucleons may be considered to be 
free in first approximation. (This will call for further 
comment below.) However, as we have also pointed out, 
the nucleons are in motion in the deuteron. Hence we 
have a close analogy between our present problem and 
the scattering of x-rays from bound electrons in atoms 
when the binding energy is low. In atoms, such a process 
gives rise to the modified (Compton) line. The mo- 
mentum distribution of the scattered electrons in the 
deuteron problem will appear correspondingly as a 
continuum with a maximum lying near the sharp 
scattering peak observed from a free proton. Figure 51, 
of reference 5, shows the type of incoherent scattering 
now under discussion. We may note also that the elastic 
scattering from the whole deuteron, i.e., the coherent 
scattering with respect to the two nucleons, is extremely 
small and not measurable under the conditions of large 
momentum transfer and large angles used in the present 
experiments. 

By summing the area under the inelastic continuum 
of the deuteron, the cross section for the combined 
magnetic scattering of both the neutron and the proton 


7™M. N. Rosenbluth, Phys. Rev. 79, 615 (1950). 
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can be found. An associated measurement of the area 
under the free proton peak provides the comparative 
datum. The difference between the area of the con- 
tinuum and the free proton peak area yields the cross 
section of the neutron at a given angle. This procedure 
may be carried out for several different angles of scat- 
tering, and the magnetic form factor of the neutron 
can thus be determined. Corrections to this simple 
procedure will be discussed below. A second and im- 
portant method relating to the peak height of the 
inelastic continuum will be discussed in Sec. V(b). 


II. THEORY 


It may be stated at the beginning that a complete, 
relativistic treatment of incoherent electron scattering 
from the deuteron does not exist. However, certain good 
approximations have been worked out by Jankus* and 
by Blankenbecler.’ Jankus developed a partially rela- 
tivistic approximate result for the incoherent cross 
section at a given angle @ and incident energy Eo, as 
follows: 
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where fz is the deuteron’s form factor, M, the mass of 
a nucleon, and the y’s refer to the magnetic moments of 
neutron and proton. Other symbols have their well- 
known meanings.® Equation (1) is valid when the 
momentum transfer g>a, where 1/a is the usual size 


of the deuteron (1/a=4X10-" cm). Now, for large 
values of g, fa is extremely small, and Eq. (1) becomes 
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8 V. Z. Jankus, Phys. Rev. 102, 1586 (1956); also Ph.D. thesis, 
Stanford University, 1956 (unpublished). 

9R. Blankenbecler, Bull. Am. Phys. Soc. Ser. II, 2, 389 (1957). 

1 See reference 11, footnote 3, p. 266. 
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and this is essentially identical with the formulation 
o4"= TptOn, (4) 


where o, and o, are new symbols standing for the 
differential cross sections of a point proton and a point 
neutron. 

Now, if the proton and neutron have structures, our 
expectation might be that the same formula [ Eq. (4) ] 
would hold, except that each point cross section would 
have an appropriate (form factor)? multiplied into it. 
Blankenbecler® has examined this question, allowing 
for the presence of structure in the nucleons, as well as 
for an interaction in the final state. Moreover, he used 
a closure rule and has avoided making some of the 
approximations used by Jankus.* Without giving 
Blankenbecler’s detailed result at this point, it may be 
stated that Eq. (4) still holds for the conditions used 
in this experiment, with the added modification of 
introducing form factors described above, except for a 
correction term of the order of a few percent. A dis- 
cussion of Jankus’ approximations and Blankenbecler’s 
improvements will be found in Secs. 8 and 9 of a review 
article by Hofstadter." We shall ignore the Blanken- 
becler correction in our first calculations, since it is 
small and presently within our experimental errors. 
Though small, the correction turns out to be most 
important in comparing the neutron size with the 
proton size. Hence we shall return to this important 
matter in Secs. IV and V. For the moment, ignoring the 
correction, we shall write 


on=Td—OT7p, (S) 


and this implies that a simple subtraction should pro- 
vide the neutron’s scattering cross section. 

Expressions for ¢, and o, may be obtained from 
Rosenbluth’s work.’ We may further put 7,0 for 
the neutron,‘ because the static charge and second 
moment of the charge are both zero. We therefore write 
for the two cross sections: 


hg 


¢ 
On=On SF o5°k,?>——{2 tan*(6/2)+1}, (6) 
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where 1+x,=u,. The subscripts VS refer to a particle 


1R, Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1957), Vol. 7. 
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with no spin. The ratio R=o,/o, then becomes 
F2,2 


; 2 
F, 





R= 


3 (k.2h2q?/4M?c2)[2 tan?(0/2) +1] 
1+ (f2g?/4Mc)[2(1+-«,)? tan?(9/2)+«,?]. 





(8) 


from which we may extract values of the quantity F2,’, 
since F,? is known. The ratio R will be taken from the 
experimental data reported in this article. F2,? may 
then be plotted as a function of angle, and it is the 
quantity of interest in this experiment: i.e., /2, is the 
neutron’s magnetic form factor. 

It must be pointed out that mesonic exchange cor- 
rections may affect the above conclusions. For example, 
if an electron produces a virtual meson on one of the 
nucleons in the deuteron, and if it is reabsorbed by the 
second nucleon, an additional channel of interaction is 
possible, thus increasing the deuteron’s inelastic cross 
section. We believe this effect is not a large one, but we 
shall return to this question later in Secs. IV and V. 


Ill. EXPERIMENTAL RESULTS 


The experimental results may be divided into four 
principal groups: (a) the earliest data taken with solid 
targets of light and heavy polyethylene (CH: and CD.) ; 
(b) later data of the same sort taken with similar 
targets, but with more intense incident electron beams; 
(c) data taken with gas targets; (d) final data taken 
with liquid H» and Dy, targets. 

(a) Eight independent sets of data were taken at an 
incident energy of 500 Mev and 135° with the poly- 
ethylene targets. The targets were matched so that 
they had the same numbers of protons and deuterons, 
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Fic. 1. Early results (six different runs) on the inelastic con- 
tinuum in deuterium, obtained with solid targets of deuterated 
polyethylene. The abscissa is proportional to the energy of the 
scattered electron. The data were taken at 135° for an incident 
electron energy of 500 Mev. 
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and this was checked with density measurements. For 
example, the data reported in Fig. 51, of reference 5, 
were taken with these targets. Figure 1 shows a sum- 
mary of the final results obtained from some of these 
runs and indicates the wide spread in the heights and 
shapes of the inelastic continua in deuterium. The 
combination of statistical errors, the CH,—C, CD,—C 
differences, and a 15% nonreproducibility of the 
absolute results, led to the rather large spread in the 
data. Similar variable results were obtained with the 
sharper proton peaks. 

Although we shall report improved data below, we 
have analyzed the solid target data as indicated in 
Table I. This table presents the ratio of the maximum 
height of the free proton peak to the height of the 
deuterium continuum at the maximum of the latter. 
The half-widths of the inelastic continua were always 
fairly constant and averaged about 44 Mev. Although 
the extreme spread in this ratio varies from 7.4 to 3.2, 
the remaining fluctuations about the mean, 4.8, are 
not great. The half-widths of the proton peaks averaged 
3.8 Mev for the 1% slits used in these experiments. The 
approximate ratio (¢,'"/o,) of areas can be found by 
assuming triangular shapes for the peaks, as follows: 


1X 44/(4.8X 3.8) =2.4+0.7. 


Thus we may solve for ¢,, which is (1.4+0.7)¢, for 500 
Mev at 135°. A more careful estimate, using average 
curves and numerical integration of the areas including 
the tail of the proton peak, yields the result 
o,= (1.1+0.5)¢, for 500 Mev and 135° and is about 
the same as the triangular mean value within the rather 
large error of the measurements. We shall return to the 
interpretation of these results later, although we may 
note in passing that the ratio appears to be larger than 
0.45, 

(b) The second set of experiments was also carried 
out with solid targets. These targets were cut from 
different sheets of CD, and CHy. At the time, operating 
conditions of the linear accelerator produced very large 
beam currents; accordingly we used currents as high 
as 8X10" electrons per pulse (60 pulses per second). 
To further increase the counting rate, we used targets 
twice as thick as those described in the previous para- 
graphs. Unfortunately, the validity of the results 


TaBLE I. Early experimental ratios of the maximum height of 
the free proton peak to the height of the deuterium continuum at 
the maximum of the latter, for solid targets at 500 Mev, 135°. 














Run No Peak ratio 
1 74 
2 3.2 
3 4.3 
4 4.4 
5 4.6 
6 3.7, 4.9 
7 5.2 
Mean 4.8 
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Fic. 2. Schematic diagram of the scattering arrangement and 
the liquid hydrogen and deuterium target. 


obtained with these targets is highly questionable, since 
the beam currents were so intense that parts of the CD, 
targets were boiled away. This boiling occurred gradu- 
ally over the period of several runs. Density measure- 
ments of samples taken at the conclusion of the runs 
indicated that, in the areas where the beam was con- 
centrated most heavily, about half the deuterium atoms 
were missing. Now the CH, targets were in the beam 
for much less time than the CD,» targets, because the 
former are used for comparison purposes and also 
because the counting rate in the peak is much higher. 
In view of the loss of deuterium, it is not surprising 
that the value of ¢,/a, at 135° fell from 1.1 to as low 
as 0.5 and even 0.3 for the runs during this phase of the 
experiment. We feel that the data from these runs are 
unreliable and hence these results will not be considered 
in the remainder of this paper. One of the curves, 
taken under these conditions, is shown in the Proceed- 
ings of the Seventh Annual Rochester Conference.” 

(c) The advantages to be gained from using a target 
that has no carbon background are obvious. We there- 
fore took one check run (at 500 Mev and 135°), using 
deuterium and hydrogen gases at 2000 psi as targets. 
The gas-target system used has ‘been described in 
previous papers.”* Since only one run with gas targets 
has been carried out and since the counting rates are 
necessarily lower than they are for solid targets, the 
statistics are not too good ; however, the absence of the 
carbon background makes up for this. The value for 
¢,/@», obtained from this run, is 1.00.3 at 500 Mev 
and 135°. 

(d) The most reliable data were obtained with the 
liquid-deuterium and liquid-hydrogen targets. The data 
are more reliable because the difficulty with the carbon 
background is eliminated without loss of counting rate. 
In Fig. 2 we have shown the essential details of the 
liquid target in a schematic fashion. This target was 
designed by J. A. McIntyre. The diagrams are roughly 
to scale, and the walls are made of stainless steel of 





12 Proceedings of the Seventh Annual Rochester Conference on 
High-Energy Nuclear Physics, 1957 (Interscience Publishers, Inc., 
New York, 1957), ; 
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Fic. 3. The inelastic continuum at 500 Mev at a scattering angle of 75°. The large peak to the right corresponds to 
inelastic scattering from the moving neutron and proton in the deuteron. A negative pion contamination is indicated (“x~ 
mesons” in the figure). This contamination is eliminated by measurement of the positive pion yield, shown by crosses and 
a knowledge of the x~/x* ratio. The peak, labeled ““e—z,” corresponds to electrons scattered after producing pions and 


consists also of a background of other low-energy electrons. The free proton 


ak is also shown. The solid circles, triangles, 


and squares refer to three runs. The deuteron curve should be multiplied by 0.87 to allow for the different densities of 


liquid deuterium and liquid hydrogen. 


thickness 4 mils. In Figs. 3 and 4, we have shown two 
typical runs taken with the liquid target ; the corrections 
indicated there, are discussed in the next section. 

In all, ten runs have been taken with the liquid 
target, and the data are superior to the solid- and gas- 
target data. The remainder of this paper will be devoted 
almost entirely to the results from these liquid-target 
runs. 

Before proceeding to a discussion of the various 
corrections applied to the data, we wish to report 
briefly our observations on the angular distribution of 
electrons scattered from free protons. In the original 
work on the structure of the proton at 500 Mev, 
Chambers and Hofstadter’ report for the ratio of 
o,(500 Mev, 75°) to o,(500 Mev, 135°) a value of 
10.0+1.0. Our observations with the liquid targets 
yield a value of about 13.0+1.0 for the same ratio. The 
geometry of the liquid targets is less favorable than that 
of the solid targets, since the former constitute quite 
broad sources of scattered electrons, and multiple- 
scattering losses become appreciable. To explain this 
discrepancy we have carried out experiments with a 
liquid target of hydrogen, placing a radiator in the path 


of the scattered electrons to simulate conditions in the 
actual target. We have shown that the above difference 
is due to multiple-scattering losses at the edges of the 
region seen by the spectrometer window. This type of 
loss does not occur with a source of small dimensions, 
such as a solid target of Chambers and Hofstadter. The 
multiple-scattering losses are larger at 135° than they 
are at 75°, because the scattered energy in the former 
case is 260 Mev, while it is 360 Mev for the latter 
scattering angle. The discrepancy has thus been ex- 
plained satisfactorily and quantitatively, and the proton 
data for the liquid target can be corrected by using the 
more accurate values of Chambers and Hofstadter.’ 
The discrepancy between liquid- and solid-target data 
does not affect our results on the neutron, which we shall 
report, since we always measure the ratio of the deuteron 
to proton cross sections and the discrepancy noted 
above cancels out. Any small residual error from this 
cause, not quite canceling out, would be well within 
our present experimental limits of error. This type of 
discrepancy may be of interest to future investigators 
who employ liquid targets and scattering geometry of 
the kinds used in this experiment. 
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Fic. 4. A comparison of the inelastic scattering from the moving proton and neutron in the deuteron (C) and the elastic scattering of 
electrons from free protons (A). The data were observed at 500 Mev at a laboratory scattering angle of 135°. (D) represents the electron- 
pion peak and other low-energy electrons. The x~ contamination at 135° is negligible. The cross section for the neutron’s magnetic 
scattering can be found from a comparison of the areas under the deuteron and proton peaks. The deuteron curve should be multiplied 
by 0.87 to allow for the different densities of liquid deuterium and liquid hydrogen. 


IV. HANDLING OF THE DATA 


Most early data were taken at 500 Mev and a scat- 
tering angle of 135°. With the liquid target, we have 
been able to take an angular distribution during a single 
run. At present we have investigated in detail one 
bombarding energy—namely, 500 Mev. We have 
studied the inelastic deuterium spectrum at five angles 
and the corresponding elastic proton spectrum at three 
angles at the same energy. It is not necessary to take 
the proton peak at all angles, since the proton’s angular 
distribution is known.’ We have also made one run at a 
higher energy, 600 Mev, and at scattering angle, 135°. 

On inspection of the deuterium data, we discovered 
that the width of the inelastic deuterium peak at half- 
maximum is very nearly constant at different scattering 
angles. The width is approximately 44-48 Mev. This 
can be most easily seen by sliding the peaks (Fig. 5, 
taken at various angles) along the energy abscissa until 
the peak in question corresponds to the one at, say, 75°, 
and normalizing the ordinates to the same value at the 
maximum of the peak. It is then seen that the curves 


at all five angles nearly superimpose (Fig. 5) upon each 
other. 

The similarity of the deuterium curves at different 
values of the momentum transfer can be of value in 
making the analysis of the data simpler. The simplifi- 
cation depends on the fact that we may now use a 
“standard” shape of the curve which can apply at any 
scattering angle. This is useful, because at different 
scattering angles different physical processes contribute 
to the background. For example, in addition to a direct 
pion yield coming through the spectrometer,'*-“ there is 
a contribution to the background from electrons that are 
scattered at the angle @ after having made a pion. The 
peak due to this process occurs at lower energies than 
the inelastic deuterium peak because of the energy 
required to produce a pion. In general, the cross section 
for inelastic deuteron scattering without pion produc- 
tion falls essentially to zero before the above process 


13 See reference 5, Sec. IV-c and Fig. 23. 

“R. Hofstadter, Proceedings of the CERN Symposium on High- 
Energy Accelerators and Pion Physics, Geneva, 1956 (European 
Organization of Nuclear Research, Geneva, 1956), Vol. 2, p. 75. 
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Fic. 5. The experi- 
mental spectra at five 
angles at 500 Mev and 
at 135° and 600 Mev. 














Within present experi- 
mental error, all curves 
are very similar and 
have equal half-widths 
approximating 45 Mev. 
Theory indicates that 
this behavior is to be 
expected. (See Fig. 7.) 
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becomes important, but at high values of q, say, at 135°, 
the two peaks begin to overlap. This can be seen in 
Figs. 3 and 4. (See also Fig. 12.) On the other hand, the 
direct negative pion background coming through the 
spectrometer magnet is important only at the lower g 
values. Thus, since the correct shape of the deuterium 
spectrum is known, both effects can be subtracted out, 
at least approximately. 

These expectations have been confirmed at several 
scattering angles by examining the positive pion yield. 
Since the x+/z~ ratio is known from the work of Sands 
et al.° and Watson ef al.,!® it is possible to find the 
negative pion yield from the measurement of the 
positive pion yield. The negative pion yield can then 
be subtracted from the inelastic spectrum. When this 
is done, good agreement is obtained between the re- 
sulting curve and the shape deduced from scattering 
angles where the pions do not contribute. The presence 
of the pions is indicated in Fig. 3. 

We have had little hesitation in making these sub- 
tractions except in the vicinity of the extreme low- 
energy region of the spectrum, where the counting rates 
are low and the competing processes are most important. 
But, even in this region, the detailed shape of the curve 
can be found by another technique (see below). 

In addition to the above subtractions, a standard 
instrumental correction is made. All curves must be 
corrected for the dispersion of the spectrometer. That 
is, since the width of the slits of the magnet is held 
fixed, the ordinates of the curves must be multiplied 
by a factor proportional to 1/E. 





15 Sands, Teasdale, and Walker, Phys. Rev. 95, 592 (1954). 
16 Watson, Keck, Tollestrup, and Walker, Phys. Rev. 101, 1159 
(1956). 
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A normalization has been made to allow for the differ- 
ent atomic densities of liquid deuterium and liquid 
hydrogen in the target. 

Finally, a standard geometrical allowance has been 
made whenever cross sections, taken at different 6, have 
been compared because of varying target length in the 
beam. This amounts simply to multiplying the cross 
sections by sin@. 

In addition to the care involved in measuring the 
deuteron peak, considerable care is also required in 
handling the low-energy tail of the proton peak. The 
tail comes down rapidly at first, then falls to zero very 
slowly. Because the tail falls off so slowly, it comprises 
about 25° of the total area under the curve. Thus it 
is important to know the area under the tail as ac- 
curately as possible. If the tail were due entirely to 
bremsstrahlung, then it should be fairly simple to 
analyze. That is, we would expect it to decrease ap- 
proximately as 1/(E— Epo’), where Ep’ is the energy at 
the peak. However, this seems not to be the case, 
presumably because of a small background. Since the 
counting rates are very low in the tail, the statistics are 
poor, and hence the tail is difficult to determine experi- 
mentally. There is undoubtedly some contribution from 
background effects such as wide-angle bremsstrahlung, 
pair-production, etc. 

By using the radiative and straggling corrections,*:!” 
we may estimate how much of the tail we are missing 
in measuring down to a certain energy from the peak. 
It is then not necessary to measure the tail at energies 
where the background is almost the whole effect we 
desire to know. If we cut off the measured curve (500 


17 J. Schwinger, Phys. Rev. 75, 898 (1949). 
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Mev and 135°) at, say, 4.5% of the value at the peak, 
the part we are missing is calculated to be approximately 
12.5% for the Schwinger correction and 12.5% for the 
radiative straggling in the target. Similar corrections 
can be applied to the inelastic deuteron peak. In this 
case, the curve can be measured rather well down to 
33% of the peak, so that the amount missed is much 
smaller. In this case, we calculate the amount missed 
to be 8.0%. Corrections for other scattering angles are 
approximately the same. 

We have extended the measurements in the proton 
tail as far as 50 Mev from the peak and have extra- 
polated this curve to zero counting rate. We have 
compared the area so obtained with the calculated 
missing part. In most cases the calculated values agree 
with the measured areas within 5%. Occasionally we 
have observed as much as a 10% difference. The calcu- 
lated values are always less than the measured values, 
thus indicating a small background, probably due to 
wide-angle pairs, etc. We consider the proton peaks to 
be reasonably well measured. 

In the case of the deuteron peak, we have approached 
the problem of the empirical shape of the peak in the 
following way: we shall think of the deuteron spectrum 
as consisting of the scattering from many little displaced 
proton (or neutron) peaks folded together, since the 
proton (or neutron) is moving in the deuteron. We have 
taken our most reliable proton curve (75°) and divided 
it into 20 small, similar proton curves; then we have 
folded the small peaks together again in an “empirical 
distribution,” to see if we could reproduce the shape of 
the deuterium spectrum. Using this procedure, we have 
been successful in finding a distribution that will fit 
the entire curve except for the extreme low-energy end 
of the spectrum. Since this is exactly the place where 
we have experienced difficulties in subtracting out the 
background, we believe that our folded distribution 
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Fic. 6. The theoretical shape of the electrodisintegration spec- 
trum at 75° and 500 Mev, according to the point-nucleon, three- 
momentum transfer, theory of Jankus. The experimental (un- 
folded) curve is also shown for comparison. The experimental 
curve is shifted to lower energy by 8 Mev to make the peak 
positions coincide. 
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Fic. 7. This figure shows a comparison between the Jankus 
three-momentum, point-nucleon curves for 75° and 135° at 500 
Mev. The two curves are very similar and have nearly equal 
half-widths. 


gives us the exact shape of the lowest energy part of 
the actual deuteron curve. Upon comparing these 
results with the corresponding part of the experimental 
curve previously corrected for background, we find 
that the areas under the two curves are exactly the 
same. This procedure serves to convince us that (for 
instance) our method of subtracting mesons is sub- 
stantially correct. Thus the shape of the entire spectrum 
(at any of the five angles) is known fairly well. 

The above procedure was carried out and gave us an 
“empirical distribution” shape for the inelastic electron 
spectrum in the deuteron. We shall refer to this as the 
“unfolded” deuteron spectrum, since radiative effects 
have been removed (unfolded) by our calculations. 
This procedure resulted in a standard (for various 
scattering angles) deuteron spectrum yielded by our 
measurements. 

The unfolded curve was prepared at a time before a 
comparison was made with theory. We shall now see 
that the result is in good agreement with theory. It is 
clear that because bremsstrahlung has been removed 
the unfolded spectrum is the shape to be compared with 
theory. Fortunately, a theory for the inelastic spectrum 
exists and has been given by Jankus.* It was worked 
out, of course, for a deuteron composed of point- 
nucleons. 

The results of the Jankus* theory are given in his 
Eqs. (9), (10), and (11). For finite nucleons the same 
equations were also used (see below), but appropriate 
values of the nucleons’ form factors were inserted in 
the proper places. We have computed the Jankus cross 
section at 75° and 135° at 500 Mev. Figures 6 and 7 


‘show the spectra so obtained. It may be seen in Fig. 7 


that, just as indicated by experiment, the shapes are 
very closely the same at these widely different angles. 
Furthermore, Fig. 6 shows the comparison between the 
unfolded curve, derived from our measurements at 75°, 
and the theoretical distribution of Jankus. The agree- 
ment is really very good. The width at half maximum 
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Fic. 8. The Jankus four-momentum, point-nucleon spectrum 
for 75° at 500 Mev in comparison with the experimental unfolded 
curve, i.e., the experimental spectrum with the effect of brems- 
strahlung removed. The peak of the theoretical curve occurs at 
exactly the same energy as the peak of the experimental curve. 


and shape are just as we have found experimentally. 
The good agreement between experiment and theory at 
all angles in the complicated matter of the shape of the 
inelastic spectrum convinces us that the Jankus theory 
is basically correct at the large momentum transfers 
even though it was designed for smaller values of g. 
The circumstances that the Jankus theory applies to 
point-nucleons, whereas the deuteron is really made of 
nucleons of finite size, is discussed in detail in Sec. V. 

The shape of the inelastic spectrum, given in Figs. 
6 and 7, thus is merely a reflection, or a transform of the 
momentum distribution within the deuteron. The in- 
fluence of the final-state interaction has been considered 
by Jankus,* but, at the large momentum transfer con- 
sidered in these experiments, its effect is very small. 

A close inspection of the positions of the peaks in 
Figs. 6 and 7 shows that they are shifted in the direction 
of lower energies by 8 and 17 Mev with respect to the 
actual measured peak positions at 75° and 135°, 
respectively. Although these shifts are not large (~ 5%), 
they lie outside experimental error. We have therefore 
sought an explanation of these shifts. 

It may be observed that Jankus’ results do not reduce 
exactly to Rosenbluth’s formulas at high energy, 
because Jankus uses the three-momentum transfer in 
his theory, whereas the Rosenbluth calculation employs 
the relativistically correct four-momentum transfer 4,. 
[The three- and four-momentum magnitudes are called 
s and q, respectively, in reference 11, Eqs. (1) and (8). ] 
By substituting the four-momentum transfer in Jankus’ 
Eq. (10), as suggested in reference 11, the Jankus result 
will then reduce to the Rosenbluth formula, with 
almost negligible differences. The calculations involved 
in Jankus’ Eq. (10) were also carried out with the four- 
momentum transfer q, instead of the space-momentum 
transfer. The results were gratifying since they yielded 
peaks in exactly the correct positions found by experi- 
ment. The curves are shown in Figs. 8 and 9. Although 
the positions of the peaks are now correct, the shapes 
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of the curves are changed slightly compared with the 
three-momentum curves. At 75° the change is very 
small, but at 135° the four-momentum transfer curve 
becomes narrower by approximately 23%. Thus by 
changing to the four-momentum transfer, the kine- 
matical fit is certainly improved, and the fit of the shape 
factor is made slightly poorer, but still quite good, 
considering how little is now known about the rela- 
tivistic deuteron problem. It is to be noted that the 
135° experimental curve is a little broader on the low- 
energy side than the Jankus curve with the four- 
momentum substitution. 

We have also compared the area under Jankus’ four- 
momentum curves, Figs. 8 and 9, with the more exact 
closure calculations of Blankenbecler.’ The results for 
the integrated cross sections, without final-state inter- 
action, may be expressed as follows: 


oa"=(1+A)(o,+0,), (9) 


where o, and o,, are given in Eqs. (6) and (7). For point 
nucleons in the Jankus theory, with four-momentum 
transfer, A is found to be +0.02 for 75° and —0.04 for 
135°. On the other hand, Blankenbecler finds 

= —0,006 for 135° and 0,000 for 75° for point nu- 
cleons. This agreement is considered to be very satis- 
factory, since the corrections are so small. 

Now the effect of the finite-size form factors and the 
interaction in the final state must be allowed for. These 
corrections are given for the total cross section by 
Blankenbecler as A= +0.03 for 135° and A= +-0.004 for 
75° with corresponding values in between these extreme 
angles. Thus we may use the corrected formula (9) 
instead of the simpler, but less exact, formula given in 
Eq. (4). We note, however, that no correction has been 
made for the meson exchange effects in the inelastic 
spectrum. These have been described at the end of Sec. 
2 and were considered by Jankus* at lower gq values, 
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Fic. 9. The Jankus four-momentum, point-nucleon spectrum 
for 135° at 500 Mev in comparison with the experimental curve 
with bremsstrahlung included. The dotted curve, labeled M, 
indicates the experimental curve when corrected for the slight 
contribution of (e—7) electrons. (See text and Fig. 12.) 
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Blankenbecler'* are now working out a more accurate 
estimate of this correction, but, from the good agree- 
ment between our results and the Jankus theory, the 
resulting correction is expected to be small. 

On carrying out the integration under the experi- 
mental deuteron inelastic and proton elastic peaks and 
applying the various corrections that we have described 
above, we have found the experimental o,i" and ¢, 
points shown in Fig. 10. These points are the ones found 
directly from the liquid target data. As we have seen, 
the liquid target points fall off a little too rapidly at the 
large angles because of the multiple scattering errors. 
For this reason we have labeled the ordinate in Fig. 10 
“approximate differential cross section.’’ As remarked 
before, the ratio o,'"/o, is independent of such errors. 
Table II shows the measured values. Figure 11 now 
presents the o,'" and o, values when normalized to the 
Chambers-Hofstadter results for o,. The differences 
between Figs. 10 and 11 are seen to be slight. 

Finally we wish to show in Fig. 12 the relation 
between the inelastic electron-pion peak and the tail 
of the ordinary deuteron electrodisintegration con- 
tinuum. The electron-pion peak has been calculated” 
at 500 Mev and 135° from the results of the Dalitz- 
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Fic. 10. The total cross section, og'" and @», are shown as ob- 
tained in this experiment. The triangles are interpolated. The 
cross sections are considered to be approximate on an absolute 
scale because multiple scattering corrections have not yet been 
applied. (See Fig. 11.) The deuteron cross sections should be multi- 
plied by 0.87 to allow for the different densities of liquid deuterium 
and liquid hydrogen. 
18S. Drell and R. Blankenbecler (private communication). 

1% We wish to thank Professor R. H. Dalitz for making the calcu- 
lations for the proton at our experimental conditions. 
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Fic. 11. This figure is similar to Fig. 10 except that the proton 
cross sections are corrected for multiple scattering and fit the 
earlier results of Chambers and Hofstadter.’ Since the ratios are 
not affected by multiple scattering, the ratios o1/o, in Figs. 10 
and 11 are identical, except that the density factor has been 
included here. 


Yennie*® theory with the proton form factor inserted 
from the results of Chambers and Hofstadter.’ We have 
used the same form factor for the neutron and have 
folded the deuteron momentum spectrum into the 
electron-pion results. Since the deuteron spectrum is 
narrow compared to the electron-pion peak, the effect 
of the folding does not differ much from the original 
electron-pion peak. In any event, it can be seen that 
there is fortunately only a small effect (of the order of 
a few percent, in the worst case of 135°) of the electron- 
pion peak on the narrow deuteron peak we have 
investigated (135°), and that the effect at all other 
angles is smaller. The actual experimental overlapping 
is a little larger than calculated in the above way, and 
this is attributable to wide-angle pairs, Dalitz pairs, 
pairs from neutral pions, etc. The fortunate circum- 
stance that the overlapping is small makes experiments 
of this type possible. 


V. ANALYSIS OF THE DATA 
(a) Total Cross Sections 


Using the known theoretical treatment of the 
deuteron problem (Jankus, Blankenbecler), we shall 
express our results in the form of Eq. (9). If we use the 
calculated values of A due to Blankenbecler, we may 
solve for o,,/a, as follows: 


on oa@s 1 
ete, 
Fp Cy \1+A 


* R. H. Dalitz and D. R. Yennie, Phys. Rev. 105, 1598 (1957). 


(10) 
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TABLE IT. Cross-section ratios. 

E (Mev) 6 adi®/op (on/op)A-o (on/op) Ano 
500 75° 1.22+0.12 0.2240.12 0.21+0.11 
500 90° 1.40+0.24 0.40+0.24 0.39+0.23 
500 105° 1.64+0.34 0.64+0.34 0.61+0.30 
500 120° 1.57+0.36 0.57+0.36 0.5340.34 
500 135° 1.83+-0.30 0.83+40.30 0.80+0.25 
600 135° 1.55+0.30 0.55+0.30 





and o4" and o, are measured experimentally as shown 
in Fig. 11. As remarked before, the ratio oai"/o, in Eq. 
(10) is independent of the slight error introduced by 
the thick liquid target. The experimental values of 
oai"/o, are given in Table II, as well as values deduced 
for ¢,,/¢, from Eq. (10) with the appropriate values of 
A. The choice A=0 is also made in the table and cor- 
responds to a simple addition of the cross sections 
[ Eq. (4) ] without any corrections. Because of the small 
values of the A corrections, the A=0 results for ¢,,/o, 
are a good approximation to the final result obtained 
with better values of A, calculated by Blankenbecler. 
Values of ¢,,/c, from Table II may now be inserted 
in Eq. (8), and thus values of F2,”/F,? may be found 
for the choices A=0 and the Blankenbecler values of 
A. In Fig. 13 the choice A=0 is taken and the values 
of F 2,” are computed as shown. In this figure the results 
are presented for F2,”? and F,? when the proton form 
factors are modified slightly, as explained above, to fit 
the Chambers-Hofstadter data. Figure 13 also shows 
the values of F 2,” (open circles) when the Blankenbecler 
values of A are inserted. It may be seen that the changes 
introduced by A~0 are not large and within the present 
experimental errors. In both cases, (A=0, A¥0), the 
values of F2,” lie: (a) on the average, a trifle above the. 
proton form-factor curve, and (b) below the point 
charge values (F?= 1.0) by large amounts. We may con- 
clude immediately, therefore, that (I) the neutron’s 
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Fic. 12. This figure shows how little the electron-pion peak 
overlaps the deuteron inelastic continuum, under conditions of 
greatest overlap in these experiments. The electron-pion spectrum 
was calculated, using a theory of Dalitz and Yennie” and folding 
their results into the deuteron spectrum. 
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magnetic radius is not zero or very small (~210~-™ 
cm), i.e., the neutron is not a point. An equivalent phe- 
nomenological statement of this fact is that the neu- 
tron’s form factor is not unity at the above values of ¢’. 

The exact root-mean-square size of the magnetic 
cloud in the neutron now becomes a matter of prime 
interest, since we should like to decide whether the 
cloud has the same dimensions as those of the proton. 
Phenomenologically speaking, we may state the ques- 
tion in this way : how closely similar are the form factors 
F,,? and F 2? Both choices, A=0, and the Blankenbecler 
A values, show that F2,"F,”. However, the assumption 
implicit in this statement is that the mesonic exchange 
contributions to the deuteron electrodisintegration 
cross section are smaller than about 10%. Because of 
the good fit of the shapes of the inelastic continua with 
the Jankus theory (see below), we feel the mesonic 
effects are rather small. However, if the mesonic cor- 
rections prove to be as large as approximately 10% at 
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Fic. 13. The dashed line in this figure shows the proton (form 
factor)? curve, and the solid circles (with experimental limits) 
show the neutron results of this experiment assuming simple 
additivity [Eq. (4) or Eq. (10) with A=0]. The open circles 
represent the same data when corrected by the more exact 
Blankenbecler closure calculations. The changes are slight. 


all angles, it can easily be shown that the points in Fig. 
13 will fall slightly below the proton curve, and the 
neutron and proton form factors will not be identical 
within the errors of this experiment. Thus we may state 
our second conclusion: (II) If mesonic corrections to 
deuteron electrodisintegration cross sections are less 
than approximately 10%, at the g values considered in 
this experiment, then the neutron’s magnetic form fac- 
tor does not differ from that of the proton, but if the 
mesonic corrections amount to approximately 10%, the 
neutron and proton have slightly different magnetic 
clouds. 

If we continue to make the assumption that mesonic 
effects are small, we may make a determination of the 
rms size of the neutron. A curved line (exponential 
model) drawn through unity at g?=0 and the experi- 
mental points of Fig. 13 may easily be analyzed to give 
an rms size of (0.80+-0.10)10-" cm. Thus our third 
conclusion is as follows: (III) Subject to the assumption 
that mesonic effects are essentially small, the rms size of 
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the neutron’s magnetic cloud is (0.80+-0.10) X 10-% cm. 
It is not possible presently to distinguish a shape factor 
for the neutron’s magnetic cloud, since e.g., within 
experimental error, both exponential or Gaussian den- 
sity functions, for a radius of 0.80X10~" cm, can be 
made to fit the experimental data. 


(b) Differential Cross Sections 


We shall now give some semi-independent evidence 
concerning the magnitude of the neutron’s form factor. 
We may use the total cross-section results derived so 
far as a first approximation to the neutron’s form factor, 
and now we shall consider a potentially more sensitive 
means of determining the form factor. It has been 
pointed out by Drell*' that if the comparison between 
the neutron and the proton is carried out by employing 
the peak of the deuteron inelastic continuum and the 
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Fic. 14. This figure shows the Jankus four-momentum, finite- 
nucleon theory at 500 Mev and 135°. Also shown is the experi- 
mental! spectrum. Bremsstrahlung has been folded into the Jankus 
theory so that the two curves may be compared directly. The 
Jankus curve has been adjusted so that its peak value agrees with 
the experimental curve to facilitate comparison of shape. The 
wider experimental curve may indicate evidence of small mesonic 
exchange corrections. 


proton’s cross section, there is practically no influence 
on the results due to the previously troublesome 
mesonic exchange corrections. The reason for this is 
that in the center-of-mass system there is too little 
momentum transfer at the deuteron peak to excite the 
p-wave resonance in the pion-nucleon problem, Con- 
sequently, we can test and perhaps improve our previous 
results by comparing the peak of the deuteron con- 
tinuum, rather than its area, with the value of the 
proton’s total cross section. 

This test can readily be made by using the experi- 
mental curves such as those given in Figs. 3 and 4. The 
comparison with theory can be accomplished by 
employing the Jankus result [his Eqs. (9), (10), (11) ] 
with the four-momentum inserted in the equation, in 
addition to the proton and neutron form factors. The 
proton form factors are taken from Chambers and 


§. Drell (private communication). 
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Hofstadter® and the neutron form factors. We may try 
to use form factors for the neutron chosen to be equal 
to those of the proton. In this way, we obtain the 
new result shown in Fig. 14 at 135° and 500 Mev. 
The Jankus curve given in that figure represents the 
improved formulation in which the four-momentum 
and the form factors are employed and thus repre- 
sents a deuteron built of finite nucleons. The effects 
of introducing the form factors are (a) to reduce the 
ordinate of the point-nucleon curves for the deuteron, 
as expected from simple considerations, and (b) to 
widen the theoretical spectrum, because the low- 
momentum transfers are associated with scattered 
electrons having energies lower than the peak, where 
the form factors are higher numerically. The broadening 
results in improving the agreement of the new curves 
with experiment, although the experimental curve at 
135° is still slightly wider than indicated by theory. 
The residual width at 135° may represent the effect 
of mesonic exchange, and, if this is so, we shall have a 
new way of measuring this correction. In any case, we 
may compare the actual magnitude of the peak-ordinate 
of the experimental curve with the peak of the Jankus 
curve (form factors included). The result is gratifying, 
for the neutron radius required to give agreement with 
experiment lies between 0.80X 10—" cm and 0.90 10-" 
cm and is closer to the latter value. For 135° the experi- 
mental peak value is 1.51X10-* cm?/sterad Mev, 
while the theoretical results are 1.90 10-* cm?/sterad 
Mev for 0.61X10-" cm and 1.49X10-* cm*/sterad 
Mev for 0.80X 10~" cm. The corresponding set of figures 
for 75° follows: the experimental cross section at the 
peak is 0.86X10-* cm?*/sterad Mev, while the theo- 
retical results are 1.24X10~* cm*/sterad Mev for 
0.61X10-* cm and 1.07X10~-* cm?*/sterad Mev for 
0.80 10-" cm. The experimental value at 75° agrees 
almost exactly with 1.0X10~-" cm. At 75° the form- 
factor curve is similar in shape to the point-nucleon 
shape except, of course, for the ordinate, which is re- 
duced by the appropriate amount. In view of experi- 
mental error, the results show that the peak-comparison- 
method also gives neutron form factors rather close to 
those of the proton. Further, the 600 Mev, 135° data 
are also consistent with size 0.8 10-" cm. 

Thus the two methods agree in finding that the 
neutron’s form factors are quite close to those of the 
proton. The total cross section method favors a slightly 
smaller size (0.80X10-" cm) and slightly larger form 
factors, while the method of differential cross sections 
favors a larger size (0.90 10-" cm) and smaller form 
factors. We do not know exactly how to weigh these 
results at the present time. Historically, more effort 
was devoted to the total cross-section method, although 
future analyses will also concentrate on the peak- 
comparison method. If we weigh the two methods 
equally, the result is (0.85+0.10)X10~" cm for the 
neutron’s magnetic radius, which is equal to the 
proton’s magnetic radius (0.80X10~" cm) within 
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experimental error (0.10 10~" cm). If the peak-cross- 
section method is weighed more heavily, the two 
nucleons have slightly different sizes. 

Further work will be devoted to making a sensitive 
comparison of the neutron and proton by the differential 
cross-section method. We believe it will be possible, in 
this way, to test equality of form factors to within a 
few percent. In addition, the mesonic exchange effects 
may be investigated by the total cross-section method 
and by examining the shapes of the inelastic continua. 


VI. CONCLUSIONS 


We may now summarize the various conclusions 
which this experiment demonstrates : 


(I) The neutron’s magnetic cloud is not a point’ 
This result is essentially independent of the various 
theories which apply to the electrodisintegration 
process. 

(II) The neutron’s magnetic form factor is similar to 
that of the proton. The possible difference between the 
two form factors is probably not larger than can be 
represented by the rms sizes of 0.90 10-" cm (neutron) 
and 0.80X 10-* cm (proton). 

(III) If mesonic exchange corrections to electro- 
disintegration are less than 5% or so, the smaller size 
(0.80) in (II) is suggested for the neutron. If mesonic 
exchange effects are of the order of 10%, the neutron 
and proton have slightly different magnetic structures. 
The results are obtained from the total cross-section 
method (see text). 

(IV) A comparison between neutron and proton 
made by the differential cross-section method (see text) 
also indicates that the two nucleons have nearly iden- 
tical magnetic form factors and identical sizes. By 
identical, we mean in this context the same to within 
10%. This result is consistent with Conclusion ITI. 

(V) The Jankus theory of electrodisintegration of the 
deuteron appears to be valid beyond the limits within 
which it was originally developed, provided one uses 
the four-momentum transfer in its formulas, rather 
than the three-momentum transfer. Substitution of 
form factors in the Jankus formulas gives results 
agreeing remarkably well with experiment. Possible 
small deviations from theory may be due to mesonic 
exchange effects. 

(VI) Crudely speaking, the results of this experiment 
are consistent with charge independence. If the results 
are taken at face value, there is a small difference 
between the neutron and proton. However, the differ- 
ence lies within experimental error. 
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(VII) The question of whether the finite dimensions 
of the proton’ can be ascribed to real structural effects, 
or whether these dimensions indicate the limits below 
which quantum electrodynamics may break down, 
cannot at present be decided uniquely from this 
experiment. The fact that the Dirac form factor of 
the proton, the magnetic form factor of the proton, 
and the magnetic form factor of the neutron all have 
the same size is suggestive of a common origin, perhaps 
indicating some limitation of electrodynamics. On the 
other hand, the small difference that may exist between 
neutron and proton would suggest structural differences. 
A more accurate experiment is needed and this is one 
object of future studies of this type. 

(VIII) It is possible that a charge form factor in the 
neutron could affect the values of F2,”, but, since the 
first and second moments of this distribution vanish, 
it is unlikely that the above results could be affected 
in an important manner. Because so little is known 
about the charge form factor of the neutron, it seems 
unprofitable to pursue this subject with our present 
data. On the other hand, Schiff” has considered this 
question from a phenomenological point of view. 

(IX) In view of the uncertainty in deciding between 
the total cross-section and differential cross-section 
methods, the neutron’s rms radius may be given as 
(0.85+0.10)X10-" cm. This radius is consistent with 
all the conclusions within present experimental error. 
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Dispersion relations for K-meson scattering are considered, particularly for the theoretical difficulties of 
contributions from a continuum in the unphysical region. Some general results relating to threshold values 
of matrix elements for creation processes in K~+-N collisions are proved. 


1. INTRODUCTION 


ISPERSION relations for K-meson—nucleon 
(K—N) scattering have recently been written 
down by Sakurai and by Amati and Vitali.’ Like the 
m—N relations,’ these provide important clues for the 
interpretation of K-meson data. In this paper we wish 
to consider some of the peculiar theoretical difficulties 
which arise from the unphysical ranges in these rela- 
tions, while in the accompanying paper we make a 
first attempt from the existing experimental data 
towards fixing the parity of the K-meson and the 
K-coupling constants. No rigorous derivation of the re- 
lations is attempted in these papers. 


2. DISPERSION RELATIONS 
Write 7,*, T,*, T,~, T.~ for the elastic scattering 
amplitudes for K*—p, K*—n, —p, and K-—n 
scattering. The initial meson and nucleon 4-momenta 
are k, p, respectively, and final momenta k’, p’. On the 
energy shell,’ 


ko, ko’, po, po’ >9, (1) 
2 ‘an K? P= = p?=N N?, (2) 
k+p=k'+p’. (3) 


Combining (2) and (3), one obtains 


k- (p—p')=p-p’—N?. (4) 
If one writes 
T(k,p,p’) = (p')LL+RM ju(p), 


then on the energy shell Z and M are functions of the 
two independent covariants (p+ ’)-k and p-p’. 
In complete analogy with the x-meson case, we define 





1J. J. Sakurai, Bull. Am. Phys. Soc. Ser. II, 2, 177 (1957); 
D. Amati and B. Vitali (to be published). 

2A. Salam, Proceedings of the CERN Symposium on High- 
Energy Accelerators and Pion Physics, Geneva, 1956 (European 
Organization of Nuclear Research, Geneva, 1956), Vol. 2, p. 176; 
Low, Chew, Goldberger, and Nambu, Phys. Rev. 186, 1337 (1957) 

3 The notation throughout this paper corresponds closely with 
that used for the x- ad case in reference 2 by Salam. We use the 
metric p-q=pogo—p:q, R=iyk, where the y are Hermitian, 
(y=1). Thus Kp + phe = 2k: p. All masses are written with their 
particle symbol. Thus V and A stand for the nucleon and K 
masses. 


the retarded causal amplitudes 


M+(k,p,p’) = i dx (— x)(p’ | [j*+(0), 7** (x) ]| p)e~** 


=i f aso (aad(p [j+(0),bx**(x)]! p)e**. (5) 


The second term in (5) appears only if the K-interaction 
Lagrangian contains $x*(x) or @x*(x) terms explicitly. 
In this paper only 3-field interactions are considered 
so that this term is consistently disregarded. On account 
of the mass relations, e.g., A°>V’+ A", the retarded 
amplitude M* equals T*, so long as k-p’20. This 
includes the entire physical region. 

Before writing the dispersion relations, some proper- 
ties of M* may be noted: 


) M+*(k,p,p’)= M*(—k, p’, p). (6) 
This follows from the Bose-character of the K meson. 


(b) ImM 
=4(2m)* > nL Cp’ | 7(0)| a) (| 7*(0) | p)d*(p+k—n) 
—(p’| 7*(0)|n)(n| 7(0)| p)6(p’ —k—n) }. 


Set 
M+=n(p’)[F*+kG* ju(p), (8) 
=k: (pt+p’), y=p-p'. (9) 


Upon using (6), the dispersion relations are 


”ImF *(x’, y) 
ReF* (x =f ————dx’ 


a’ —x 


1 ¢* ImF- (x 59) 
-f —_——dz’, (10) 
T~9 rey 
P r* ImG*(x’,y) 
ReG* (x9) =— f ——-— ——dy 
rq —x 
iy" ImG (x 9) 
+ f = dx’, (11) 
ry x ee 
with similar relations for Ref#~ and ReG~. 
For forward scattering, p=p’; y=.N*. If w is the 


K-meson energy in the laboratory system [w=k 
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-(p+p’)/2N], Eqs. (10) and (11) givet 


P r® ImM+(o’) 
ReM*(w)=— f oat Williaa 
T+H“o wo—-W 


J ImM* (w’) 
0 w+w 


dw’. (12) 


Tv 


For w>K, the “optical theorem” takes the form 


ImM (w) = (w*— K*)!o7(a), (13) 


where or is the total cross section. 


3. UNPHYSICAL RANGE 


In order to make practical use of relation (12), 
one must have information about ImM(w) below 
the physical threshold w=K. In this region, p=’; 
ko, po>0; = K’; p?=N*. However, k- p< KN; that is 
to say, the 3-momenta k, p can be complex in such a 
way that the scalar products k’, p’, k-p are still real. 
(For the nonforward scattering case p’, k’ are also 
complex with k- p’, k’- p, etc., all real.) We now consider 
the case of forward scattering. 

(1) From Eq. (7), we have 


ImM*+(w)=0, O<w<K. 


This is because there is no physical state |m) with 
strangeness +1 and rest mass n?= (p+k)?<(K+N)’. 

(2) Like the r—N case, ImM,~ has bound state 
contributions. These arise when 


n?=(p+k)?=A* or wa=(1/2N)(A°—N*—K?), (14) 
and 
n=(pt+k)?=>? or we=(1/2N)(2?—N*—K?). (15) 


For M,,, only the = state contributes. If we assign 
(by convention) parity’ (+) to A, then ImM,~(wa) 
and ImM,~(wz) depend on the parities of the K meson 
and the 2 particles. For the general nonforward 


We would like to restress the important role in dispersion 
theory of the use of covariant variables like k-p and p-p’. The 
commonly used center-of-mass quantities (c.m. momentum |p‘| or 
c.m. angle 6°) have fairly awkward expressions in terms of k- p, 
p-p’. It has come to be recognized commonly, that momentum 
transfer 2|p‘| sin(@*/2) (or better still its square) is the more 
significant variable for plotting experimental results. This is a 
recognition of the fact that momentum transfer (and not cos@°) 
is simply related to the covariant variable p-p’; [p-p’—N? 
=|p*|? sin?(@¢/2)]. We wish to point out that, likewise, for 
exhibiting the energy-dependence of total cross sections, the 
theoretically significant variable in the present context is p-k 
(= Nw, where w is the meson laboratory energy) or equivalently 
(p+k)?=(E*)? (where E* is the c.m. energy), and not the vari- 
able |p*|. A simple relation between lab momentum |p| and | p*| 
may be noted in passing; 


C(p-k)*—K*N?}}=N|p'| =|p*| Ee. 
5 P. T. Matthews, Nuovo cimento 5, 642 (1957). 
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case these so-called bound-state contributions are® 


ImM ,~(k,p,’) 


2 
i —72ata(p UR N+AJu(p)al (p-+e)?—A", 


(K pseudoscalar), (16) 
gn" 
= — N—A Ju(p)o[(p+k)?—A?], 
: (K scalar), (17) 
and 
ImM ,~(k,p,p’) 
gz 
= ANA NTE OT 2) 
(K pseudoscalar, A, same parity), (18) 
gz 
= a OR ee ne 
(K scalar, A,Z opposite parity). (19) 


(3) Unlike the r—N case, ImM,~ has contributions 
below the physical threshold, from the continuum of 
(w,A), (x,2), and (2x,A) states—more precisely, when’ 

n= (p+k)> (A+I1), 
n?=(p+k)?> (2+I1)’, 
n? = (p+k)?> (A+ 211)’. 
As an example, consider the A, II contribution, to 


ImM-~. If g and s are the A and 7 momenta in the real 
physical intermediate state, then for scalar K, one has 


1 
ImM 4,~(p,p'k --—_ fa \TX+RY liysl q—A 
m bp’ ,R) 40)? a(p’)L Jivslg—A] 


Xiys[X*+RY* ]Ju(p)0(g)0(s)8(g?—A2)5(s?— IP) 
X5(p+k—gq—s)d'gd's, (20) 


where iy; is replaced by 1 if K is pseudoscalar. X and 
Y in the first square bracket depend on p’-q and p’:s; 
in the second on p-g and p:s. 

Specializing to forward scattering, we have 


1 
ImM4,~(«)=———— 
25(2m)2N 
XLX*+RY*]}5(g?—A2)5(s*—II2)6(p+-k—g—s) 


<6 (p)0(q)0(s)d'gd's. 


Tr{ (p—N)[X+RY ](g+) 


(21) 
The expression in the integrand in curly brackets 


6 This is a simple illustration of the general result stated by 
A. Salam [Nuclear Phys. 5, 687 (1958) ], that matrix elements for 
a pseudoscalar meson theory can be obtained from those for a 
scalar meson theory by changing A—>—A. 

7 Here II stands for the x-meson mass. 
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equals*® 


4F (p-q, p-k, k-g)=4{XX*(p-gF NA) 
—(XV*+X*Y)(Nq-kFAp-k) 
+VY*(2(p-k)(q-k)—#(p-gtAN)]}, 


where the upper signs are for scalar K mesons and the 
lower signs are for pseudoscalar K mesons. Insofar as 
ImM (w)~> | (p| 7|m)|*, one may naively expect that 
ImM (w)20 both in the physical and the unphysical 
region. If this were so, the sign of the right-hand side 
in relation (12) (the relation for ReM*) would be fully 
determinate and the repulsive or attractive character 
of the K*-N “potential” could be unambiguously 
stated. Unfortunately it turns out that although 
ImM,,~ 20 for the physical region, its continuation 
below physical energies can become negative. It is 
perhaps instructive to reconstruct the proof for positive 
definiteness of ImM,4,~ above physical threshold. 

Consider (22) as a quadratic form. Since p-g2AN 
above threshold, the coefficient of XX* is positive. 
Thus it is sufficient to prove that 


[(Ng#Ap)- RPS (p-gFAN)[2(p-k)(q-h) 
—k(p-qAN)], 


(22) 


(23) 
or 


KL p¢— (p-9)*]—[o(q-k)—g(p-k) P20. (24) 


In the laboratory frame [ p= (V0) ], Eq. (24) reduces to 
k’q’— (k-q)?20. (25) 


For real k and q, (25) is obviously true. No statement, 
however, can be made in the unphysical region. In the 
next section, by considering a special example, we shall 
show that ImM,,~ can indeed be negative in the 
unphysical region. 


4. UNPHYSICAL CONTINUUM 
Rewrite (21) as 


1 
ImM.-(p- -—— fac Lk, p-q)8(q?—A 
mM 4 ae pk, p-q)6(g?—A*) 


Xa (p+k)?-+A2—I?—29-(p+k)] 


X0(qo)O(potko—qo)d'g. (26) 


To perform the (covariant) integration in (26), it is 
convenient to specialize to the c.m. frame. If p* and q¢ 
be the initial and final c.m. momenta (both | p*| and | q°| 


) me comenediling 2x, A contribution to ImM (k,p,p’) equals 


us Wey fap LX +h +52 Ig FATLXt+kY*+582*Iu(p) 


X0(q)0(s)0(r)5 (g?—A?)6 (s?—I1*)5 (7? — II?) 
Xd (p+k—q—s—r)d'gd'‘sd'r, 


with the same convention for the signs. Here g is the A momentum 
and r and s are r momenta. 
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are functions of p-k®) the integration in (26) yields 


(| p*1 1g*1)2" 
2n+1! 


Iq*| 
8(2r)4E* n=o 





ImM 4,7 (p-k) = 


b:(p+ 
on(p-4 (pt+k)?+A?— rr)), (27) 
pk 20 cele ) J 


where 
G*"= 0°"G/9(p-q)*". 


By using (27), it is possible to draw genera! conclusions 

regarding the behavior of the matrix elements at 

(physical or unphysical) creation thresholds (q*—0). 
(1) In the physical region 


ImM ,,~ = 


(w*— K*) oxi noes A 


=(|p*|E*/N)oxine+r+a. (28) 


Thus oxin+r4a~({q*|/|p*|)G for small p*. This is 
the well-known 1/v law for exothermic reactions near 
physical threshold. 

(2) For g*— 0, only the first term in the summation 
in (27) survives, so that statements about ImM,,~ can 
be made simply by considering the integrand in (26). 
Thus 


lim ImM,,-—0. (29) 
qe? 
Also 
a 1 
lim ———— ImM,,-(p-k)=—limG=+. (30) 


qc0 a(p: k) Ge 


For endothermic reactions, as shown in (25), G is 
always positive so that in (30) the limit is +. Thus 
matrix-elements for endothermic processes start from zero 
at creation-thresholds with a positive infinite slope. This 
has been noted previously by Wigner and Breit.”° 

For exothermic reactions ImM,,~ can approach zero 
at the unphysical creation threshold with + or —« 
slope depending on the theory. As an example, consider 
a scalar K meson and a 4-field Lagrangian Paiysyorox. 
In the lowest order perturbation calculation, 


G(p-k, p-q)= (positive constant) X (p-qg—AN). 





p= —k=p'; pect ho B= [A+ (a) + [0+ }. 


Covariantly, 


(p-k)?— a oteoy 
a5, 
- pret Ot e+ (N+K)*JC(p+4)?— (N+K)*J, 
ete, (9°52 — ABN? 
(q°)? +h 
=A Oth (A+M)* J (p+)?— (A—I)?]. 


FE. P. Wigner, Phys. Rev. 73, 1002 (1948) ; C. Breit, Phys. Rev- 
107, 1612 (1957). Also see R. J. Eden, Proc. Roy. Soc. (London) 
A210, 388 (1952). 








568 Po. 
By using (27), it is easy to see that 


0 ImM 4. (p-k) 


In this case ImM,,~ starts from a positive value at the 
scattering threshold, (p+k)?=(K+N)*. As p-k de- 
creases, it goes through a (spurious) zero and approaches 
zero again infinitely fast from negative values when the 
beginning of the unphysical continuum is reached. 
This behavior of ImM,,~ makes it difficult to make 
precise numerical predictions from dispersion relations. 
One possible way out of the difficulty presents itself 
provided XX*, XY*+X*Y, and YY* in Eq. (22) are 
slowly varying functions of p-k, etc. In this case 
ON+K-+x+a at three energies near threshold would deter- 
mine these three parameters, giving G in the unphysical 
region. Another possible means to extrapolate G into 
the unphysical region is provided by measurement of 
polarization near threshold, since the polarization 
function involves these same functions X X*, etc. 


5. CONVERGENCE OF DISPERSION RELATIONS 


The integrals on the right in relations (12) and (13) 
as they stand do not converge, unless o(w) falls faster 
than w~*. To secure better convergence one can do two 
things: 

(1) Consider each relation at two energies: 


Re[M+(w:)—M*(w:)]  P 


ImM+(w) 


-dw 
a! (w—w)(w—we) 


f ImM* (w) 
TT (wtw) (wwe) 


W1—We 


dw. (31) 
(2) Alternatively subtract the relations for M*+ and M 


— dw’. (32) 


cay 8 
w*—w 


Re[M+(w)—M-(w)] 2P joe! 


w T 
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Either of these subtractions would remove the extra 
terms from $x” or $x‘ interactions, referred to after 
Eq. (5). That a subtraction of the type (31) or (32) 
above is necessary is also shown if we consider the 
lowest order perturbation approximation to M* and 
M-. As a theoretical example, consider the case g,~0 
with scalar K mesons, while all other coupling constants 
vanish. Then to this order, 


ga" 2r gop N-A 

ReM ,*+=— (~) nae (33) 
4n\ NJ wtwa 
gy f2r\otNt+Aa 

ReM ,- = = (=)-—. (34) 
4n\ NJ w-wa 


To this order, the only contributions to the right-hand 
side of (11) and (12) come from the bound-state terms. 
From (16) and (17), using (33) and (34), these are 


ga” 2r 
Reat,t+—(- ), 
4n\ N 


ga" 2r 
ReM ,-+ ~(- ) 
4n\ N 


Thus the relations (11) and (12) do not check in the 
lowest order perturbation calculation."' One may take 
the attitude that either a perturbation calculation is 
not valid, or the failure of (11) and (12) may be 
ascribed to the lack of convergence of the integrals 
involved on the right-hand side. Notice that relations 
(31) and (32) both check in the perturbation calcula- 
tion. In the accompanying paper we shall use (32). 


(35) 


and 


(36) 
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The same is true of the -N dispersion relations. See R. 
Arnowitt and G. Feldman, Phys. Rev. 108, 144 (1957). 
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The present experimental data on K* and K~ scattering on protons are used in the dispersion relations 
of the previous paper. The A and © parities are assumed to be both positive and the K*-p potential is taken 
to be repulsive. The dispersion relations then indicate that an attractive K~-p potential implies pseudoscalar 
K mesons, and a repulsive K~-p potential implies scalar K mesons. In both cases the coupling constants 
are of the order of unity. If data on K-n scattering were available it would not be necessary to assume the 
relative parity for A and © hyperons, but this could also be determined from the dispersion relations. 


1. INTRODUCTION 


E consider here what physical information may 
be obtained from the dispersion relations, whose 
theoretical aspects have been discussed in the previous 
paper.' i 
At present only a limited amount of experimental 
data is available, mostly on the proton interactions, 
and the only useful equation is the proton equation in 
the form (1.31). Evaluated at threshold, this relates the 
S-wave scattering lengths to integrals over total cross 
sections and to the bound-state terms. We adopt the 
convention that A has positive parity and assume that 
> has the same parity.’ We also accept the conclusion 
that the K*-p potential is repulsive.* The equation then 
indicates that the parity of the K meson is determined 
by the sign of the K~-p potential, being pseudoscalar 
for an attractive potential, and scalar for repulsive. 
Present experiments suggest the former to be the case.‘ 
Provided. the integrand is reasonably smooth, the 
unphysical continuum makes an almost negligible 
contribution. The qualitative conclusion about K parity 
is also rather insensitive to the values of the total cross 
sections. However, knowledge of these cross sections up 
to about 1 Bev would give a simple relation between 
the K-meson coupling constants gq” and gs*. With the 
present rough data this relation merely shows that 
these constants are of the order of unity both for the 
pseudoscalar and for the scalar case. 


2. DISPERSION RELATIONS 


The two dispersion relations for K mesons and 
protons, written in the form (1.12), are 


1 P, T. Matthews and Abdus Salam, Phys. Rev. 110, 565 (1958), 
preceding paper to be referred to as I. 

2 This assumption would not be necessary if data were available 
on the K-neutron interaction. See Sec. 6. 

3 Many different groups agree on this. The most thorough 
calculation is by Igo, Ravenhall, Tiemann, Lanutti, Goldhaber, 
Goldhaber, and Thaler, Proceedings of the Padua-V enice Conference 
on Fundamental Particles, 1957 (Suppl. Nuovo cimento, to be 
yublished). See also G. Costa and G. Patergnani, Nuovo cimento 
4 448 (1957). R. Sternheimer, Phys. Rev. 106, 1027 (1957). 

4 Allex, Biswas, Ceccarelli, and Crussard, Nuovo cimento 6, 
511 (1957). The conclusion is also supported by the calculations 
of Igo et al., Proceedings of the Padua-V enice Conference on Funda- 
mental Particles, 1957 (Suppl. Nuovo cimento, to be published). 
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Here® k’, w’, and w are momentum and energies in the 
laboratory system; o,.* is the total cross section for 
scattering K*+ or K~ mesons on protons, including 
change exchange, but not absorption; ¢,,~ is the ab- 
sorption cross section for K~ on protons; C is a constant 
which is eliminated when the equations are combined 
into their usable forms (1.31) or (1.32); Ko is the lower 
limit of the unphysical continuum and is approximately 
K/2. The plus (minus) sign must be taken in the 
“bound state” terms if K and A (or K and 2) have the 
same (opposite) parity. Further 


My’=Y?— N’— R’, (3) 


where Y =A or = and each symbol denotes the mass of 
the corresponding particle. (VV here denotes nucleon.) 
There are two other relations for neutrons and K 
5h#=c=1. Scattering lengths are expressed in terms of 1/K 
=(0.4X 10-" cm and cross sections in terms of 1/K?~1,6 mb, 
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mesons which are exactly similar except that protons 
are replaced by neutrons throughout, the term in ga is 
put equal to zero, and gs’ is replaced by 2gs*. These 
equations may alternatively be expressed in terms of 
isotopic spin and strangeness by means of the relations: 


M,*=M;*, M,-=M,_, 


4 
M,=}(Mc+Mr), M,t=}(Mit—Mor), ed 


where, on the right-hand side, the upper and lower 
suffixes denote strangeness and isotopic spin respec- 
tively. (Expressed in these terms, the relations also 
refer to the K® and K° processes, though these do not 
appear to have much practical value at the moment.) 


3. PHYSICAL INTERPRETATION 


The only possible equation which can be used with 
the present very poor experimental data is that obtained 
by taking the difference of the two relations (1) and 
(2), (1.32), at threshold. Before considering any experi- 
mental numbers a few preliminary relations are intro- 
duced. 

For M,* near threshold there are no _ inelastic 
processes and thus 


ReM ,*(K)=+49(E./N)a, (5) 


where a defines the s-wave scattering length. 
For M,~, where there are competing inelastic 
processes, we have the general relation 


(4rE./N)?oa°(6)=[ReM (6) +[ImM (6). (6) 


By use of the optical theorem, (1.13), the real part of 
the forward scattering amplitude is 


[ReM,-}=(4rE./N)?ou°(0=0) — Kor? 
= (4nE,/N)B. (7) 


The final equality defines b. 
The bound-state terms are 


(*) (M42/2N)+N4A eS -2]//7 
viene -es{ — |}-——___[—]} (8) 
N/ (M.2/2N)4K 13/7 147 —, , 


(=) (Mx?/2N)+N+2 (=) —( 7 

~- of — ———| — J. (9) 
N/ (M3#/2N)4K 137) 247 = 

The alternative values given in square brackets depend 


on whether the K parity is the same as, or opposite to 
that of the hyperon involved. 








4. EVALUATION 


The difference between Eqs. (2) and (1) at threshold 
may now be written 
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Here the + or — signs on the left-hand side depend on 
whether the potential is attractive or repulsive, respec- 
tivelyf; os. is the total elastic scattering, including 
charge exchange, and [ BS] denotes the “bound-state” 
terms. 

We estimate the first integral by taking o,,* to be 
constant in the energy range K—2K and neglecting the 
rest of the integral. This is certainly a rather rough 
approximation. Its implications are considered below. 

The second integral includes the unphysical region. 
It has been shown in I that the integrand may become 
negative in this region. However, the value of koy,~ at 
the physical threshold can be obtained by experiment, 
and is expected to be slowly varying in this neighbor- 
hood. Also || o,,»)~ must go to zero at the lower limit. 
The indications from the four-field model perturbation- 
theory calculation of I. Sec. 5 are that in the scalar 
case this expression passes through zero at an energy of 
about $K, but that for pseudoscalar K mesons, it 
remains positive. This behavior appears rather natural, 
when combined with the known signs of the contribu- 
tions from the bound state in the two cases. We estimate 
this integral by taking |k’!o,)~ constant in the region 
$K—2K. This probably overestimates the contribution 
from the unphysical region, which in any case turns 
out to be negligible. 

With these approximations Eq. (10) becomes 


(+b) — (4a) —[onc-— Ose ]/25—[| k| oan ]/120 
= (ga?/4r)[—3, By J+ (gs*/4e)[—2, 4). (11) 


The alternative values in the bound-state terms are 
explained after Eq. (9). As stated in the Introduction, 
we adopt the convention that A has positive parity® 
and assume that ¥ also has positive parity in accordance 
with the ideas of global symmetry.’ It is then to be 
noticed that the bound-state term is negative for scalar 
K mesons, and positive for pseudoscalar K mesons. It 
is this fortunate change of sign which makes the 
relation so sensitive to the K-meson parity. 

t We follow Bethe and de Hoffmann [Mesons and Fields I 
(Row, Peterson and Company, 1955) ] in taking the sign of the 
scattering length to be the same as that of the phase shift. This is 
opposite to the usual convention in nuclear theory. 

®P. T. Matthews, Nuovo cimento 6, 642 (1957). 

7J. Schwinger, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957). M. Gell-Mann, Phys. Rev. 
106, 1296 (1957). J. Tiomno, Nuovo cimento 6, 69 (1957). 

















K-MESON DISPERSION 

The total cross section {K+ or mesons on protons has 
been measured in nuclear emulsion,’ by bubble cham- 
bers’ and by counters."® Al! techniques agree in giving 
a fairly constant cross section in the 0-200 Mev region 
of 15.2+2.4 mb. This is 


Oect = 10/K?, (12) 
and thus 

4ea’=o,.t, |a| ~(6/7K). (13) 

The evidence on K~ interactions is much less reliable. 

From nuclear emulsion” there is data in the 0-80 Mev 

range, and bubble chamber data" below 30 Mev. This 


indicates that the elastic scattering in this region is 


oa ~48 mb=30/K°. (14) 


The charge-exchange scattering is estimated” to be 
somewhat less, giving for the total elastic scattering 
cross section 


wn 


o. =90 mb=54/K?. (15) 


The experiments on the behavior of o,,~ are in some 
confusion at the moment as the bubble chamber data” 
at about 20 Mev do not fit naturally to the emulsion 
data" between 30 and 100 Mev. The experiments have 
been interpreted" as indicating a cross section propor- 
tional to 1/(p*)*. Since, by (1.13), 

ImM > & pone + pour, (16) 
this implies that ImM,~-— at threshold, which is 
theoretically unacceptable. This is certainly a point 
which requires much more careful experimental investi- 
gation. We assume the theoretically expected 1/p* 
dependence of the cross section, and consider the two 
extreme values 


hoa ~6/K, 12/K. (17) 


In either case the integral over o,,~ makes a negligible 
contribution to the dispersion relation. 

The bubble chamber” and emulsion data" are in 
reasonable agreement on the magnitude of the K-- 
proton elastic scattering (excluding charge exchange), 


® Hoang, Kaplon, and Cester, Phys. Rev. 107, 1698 (1957); 
Widgoff, Pevsner, Fournet-Davis, Ritson, and Schluter, Phys. 
Rev. 107, 1430 (1957). These papers contain references to earlier 
work. See also Proceedings of the Seventh Annual Rochester Confer- 
ence on High-Energy Nuclear Physics, 1957 (Interscience Pub- 
lishers, Inc., New York, 1957), and Proceedings of the Padua- 
Venice Conference on Fundamental Particies, 1957 (Suppl. Nuovo 
cimento, to be published). 

® Meyer, Perl, and Glaser, Phys. Rev. 107, 279 (1957). 

” Kerth, Kyera, and van Rossum, Proceedings of the Seventh 
Annual Rochester Conference on High-Energy Nuclear Physics, 
1957 (Interscience Publishers, Inc., New York, 1957). 

" See reference 3 which includes data reported at the Proceedings 
of the Seventh Annual Rochester Conference on High-Energy Nuclear 
Physics, 1957 (Interscience Publishers, Inc., New York, 1957). 
See also reports in the Proceedings of the Padua-V enice Conference 
on Fundamental Particles, 1957 (Suppl. Nuovo cimento, to be 
published), from groups at Bern, Bristol, Brookhaven, Gottingen, 
and the University of California Radiation Laboratory, Berkeley. 

2 Alvarez, Bradner, Falk-Vairant, Gow, Rosenfeld, Solmitz, 
and Tripp, Nuovo cimento 5, 1026 (1957). 
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and we take a value of 48 mb at threshold. Upon using 
(7), this gives 

b=1-6/K, 1-4/K, (18) 
for the two possibilities considered in (17). 


5. PARITIES AND COUPLING CONSTANTS 


If the above values are substituted into (11) and if 
one takes the smaller value in (17), the terms of (11) 
written in the same order are® 


(+$)+ (6/7) — (44/25) — (6/120) 
~ (ga° ‘4n)[—3, to J+ (gx*/4)[—2, ¥]. 


A mean value for 6 has been taken, since the two cases 
lead to identical conclusions. The K+ potential has 
been taken repulsive.’ The alternative signs in the first 
term apply for attractive (+) and repulsive (—) K~-p 
potentials. In the first case the left-hand side is positive 
and the equation can be satisfied only by pseudoscalar 
K mesons, while the coupling constants are given by 


4/7 = ay(ga?/4e) +4 (gs2/4n). (20) 


Similarly, if the K~-p potential is repulsive the K 
meson is scalar with constants satisfying 


17/73 (ga?/4n) +2(g3*/4n). 


Assuming gzs=ga we obtain g*/4r=2.6 or 0.7 for the 
pseudoscalar or scalar cases, respectively. 

The determination of the sign of the K~-p potential 
is considerably more difficult than in the Kt-# case 
owing to the large absorption. A Monte-Carlo calcu- 
lation has been made by the Gottingen group.‘ They 
find that the very small amount of inelastic scattering 
on complex nuclei, in spite of the predominance of this 
reaction over all others in the K-p interactions, can be 
explained by assuming a strong attractive potential. 
This suggestion is also consistent with the observed 
energy loss as in inelastic scattering. The argument is 
not conclusive, since other explanations are possible, 
but if this is accepted, the dispersion relation indicates 
that the K meson is pseudoscalar. 


(19) 


(21) 


6. COMMENTS 


The sources of error in these relations are (i) the 
lack of any information on total cross sections above 
about 200 Mev for K+ and 80 Mev for K-, (ii) the 
curious behavior of o,)~ near threshold, and (iii) the 
contribution from the unphysical continuum. Of these 
the third is negligible unless the extrapolated cross 
section behaves in a very wild manner (ImM reaching 
twenty times its threshold value) in the unphysical 
region. (However, more information on polarization at 
low energies as discussed in I. Sec. 4, would be very 
valuable.) The second has been discussed above, in 
Sec. 3, but certainly calls for more accurate experi- 
ments. By far the largest error is the first. Information 
on the total cross sections up to the highest obtainable 
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energies would thus provide detailed information on 
the coupling strengths. 

However, it is to be noticed that our qualitative 
conclusion, relating the K-meson parity to the sign of 
the K--p potential, is rather insensitive to the precise 
value of these integrals. It could only be changed if, in 
fact, the contribution from ¢,. is so large that the 
integral over total cross sections, in (19), becomes 
greater in magnitude than the combination of the 
scattering lengths. We consider this very unlikely as 
the scattering cross section almost certainly decreases 
from the very high threshold value, which we have 
assumed constant throughout the K—2K total energy 
region. However, if this turns out to be the case, the 
K meson will be unambiguously scalar, independent of 
the sign of the K~-p potential. 

In the above analysis we have made the assumption 
that A and ¥ have the same parity. This will not be 
necessary when sufficient information is available on 
the neutron interactions to make use of the neutron 
equation corresponding to (10). This involves gy” only 
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and, given the signs of the K*+ and K~ potentials, will 
determine gs and the relative K—~ parity. This 
information may then be used in (10) to determine ga 
and the relative K—A parity. 

If the cross sections were known to high enough 
energies, it would also be possible to use equations of 
the type (1.31) to get information on the effective 
ranges of the K-meson potentials. 

It appears, thus, that the dispersion relations are a 
very powerful tool for determining parities and the 
strengths of the K-meson interactions and it is to be 
hoped that more experiments will be performed soon 
to try to provide the relevant information, particularly 
the neutron data. 
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It is remarked that the forward dispersion relations for K*-nucleon scattering offer a determination of the 
“strong interaction parity” of the K meson. At present, the sign of the parity, determined in this way, 
depends on one uncertain experimental datum: the sign of the K~-p scattering length. 


LTHOUGH the absolute parity of the K meson is 
not observable, its relative parity in strong inter- 
actions is well defined. We make the natural convention 
of defining the > and N (nucleon) parities to be the 
same; thus, to say that the K meson is pseudoscalar is 
to say that the final orbital state of VN ~ K+2 is a 
p wave, and so on. This is the sense of the “parity of 
the K meson” we use in this note. Of course, the relative 
parity of = to A is well defined and might be negative, 
although at the moment the evidence favors the same 
parity for = and A. 

In principle, the parity of the K meson can be deter- 
mined by observing any process in which it interacts 
strongly, but the interpretation of the result, unless it 
depends on a selection rule so that only phenomenology 
is needed, requires comparison with a field-theoretical 
calculation. Such calculations in meson theory have so 
far been shown to agree with experiment only when the 
situation was in fact controlled by a “threshold the- 
orem.” We point out in this note the possibility of 
determining the parity from meson-nucleon scattering 
data by using a zero-angle dispersion relation. Disper- 


sion relations, while having a much lower ratio of output 
to input information than perturbation theory, have a 
much greater reliability of operation than the latter. 

It was recognized independently by Goldberger ef al.’ 
and by the author that if the difference of the r*-p and 
m~-p forward scattering amplitudes at high energy is 
less than that of order w (laboratory energy), which 
implies that the difference of the total cross sections 
vanishes at infinite energy, then the dispersion relation 
at high energy has a limiting form. This form [Eq. (1) 
below] relates the (p wave) coupling constant, the 
difference of the (s wave) scattering lengths, and a 
“dispersion” integral over the difference of the cross 
sections. This relation is in fact satisfied by the experi- 
mental pion scattering data.’ 

We propose to assume that the same holds for the 
K meson, namely that the K+-p and K~-p cross sections 


1 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 

2 Reference 1; for a discussion using the latest data, see J. M. 
Cassels, Proceedings of the Seventh Annual Rochester Conference on 
High-Energy Nuclear Physics (Interscience Publishers, Inc., New 
York, 1957), p. II-4. 
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become equal at infinitely high energy. It must be 
admitted that this is not quite as reasonable as it was 
for the pion. For the only difference between the r*-p 
and x~-p systems is their charge, and at sufficiently 
high energies, where the multiplicity of pions in the 
final state is large, this should not count for much. But 
the difference between the K*-p and K~-p systems is 
deeper, for in the latter, as long as we produce pions 
only, the baryon has three times as many final states 
available. But if we take the view that the cross section 
for strange-particle production is always smaller than 
for pion production, then we must admit at the same 
time that the cross section for K-+p—> 2+-7’s must 
itself be small, so that the effect balances out. In any 
case, if at high energy some sort of “statistical model” 
is valid, that is, the interaction cross section is inde- 
pendent of the mode of breakup into final states, we 
expect the cross sections to become equal. 

The limiting form of the dispersion relation we use is 


san(LO OO) _= f=). " 


where m is the mass of the K meson; f* is the forward 
scattering amplitude of K* on a proton, and o* is the 
total cross section. The integral extends down to the 
threshold for K~+p— m°+A. All quantities are in the 
laboratory system. The quantity A is the sum of the 
coefficients of the “pole” or Born approximation (BA) 
term of the scattering amplitude, that is 





ft BA) (w)— f-B* (w) KK Ay Ay: 
= - + 
2 m> lu®—A,? w?— As’ 


A=A,tAz. (2) 


The kinematics yields 
An= (m?+ M x?—M,*)/2My, etc. 


The actual calculation of 4[ ft‘ (w)—f-®” (a) ] 
yields 
Axs=BsS or Ay=—(m*/4M*)B,PS, etc. (3) 


for the cases of scalar or pseudoscalar K meson, respec- 
tively, where 8 = g*/4z, the renormalized “‘fine structure 
constant.” For us the significant point is that A is 
positive for a scalar meson and negative for a pseudo- 
scalar meson, so that, assuming now definitely that the 
parity of A and & are the same, the sign of the right-hand 
side of Eq. (1) is the parity of the K meson. 

The experimental data to be inserted into Eq. (1) 
are unfortunately rather meager. Certainly, however, 
o+—o~ is negative, so that the second term is positive. 
Hence, if f+(m)—f~(m) is positive, the K meson is 
scalar. Now the magnitudes of ft and f~ are immedi- 
ately known from the low-energy scattering cross 
sections, but although the sign of f* is fairly certainly 
negative (repulsive K*-p force), the sign of f~ is not 


certain.’ Thus we have the two possibilities for the K~-p 
interaction : 


if attractive, 4m[_f+(m)—f-(m) ]=—1.9, 
m{_f*t(m)— f-(m) ]=0.6. 


The latter case, as we remarked, immediately implies a 
scalar K meson; in the former case, we must estimate 
the size of the dispersion integral. First we consider the 
contribution of the K~ absorption cross section, which 
we continue into the unobservable region below zero 
kinetic energy by assuming 


(4) 


if repulsive, 


Tabs — (ky ‘Kiem, (5) 


where «,, ;= (final, initial) momentum, with a» constant, 
Note that the integrand below zero kinetic energy is 
negative; the dispersion integral with the energy 
dependence of Eq. (5), integrated up to 130-Mev 
kinetic energy, is just zero. Using the emulsion result 
ao~17 mb, and extending the integral up to 1 Bev 
(kinetic energy), the contribution to the right-hand 
side of Eq. (1) is 0.3. This is probably a great over- 
estimate; the data, in fact, seem to show Gaps falling 
off faster than 1/». The difference of the elastic cross 
sections at low energy is about 30 mb; assuming this to 
be constant up to 1 Bev, the contribution is 0.8. Thus 
the right-hand side of Eq. (1) is —1.9+0.3+0.8=—0.8. 
To have made the result positive, that is, to have made 
the dispersion contribution as large as 1.9, would have 
required unlikely assumptions about the cross sections. 
Hence the parity of the K meson depends on the sign 
of f~(m). 

The magnitudes of the coupling constants given by 
the above estimate of the dispersion contribution are 
35=().85, BPS=5.7; the bar denotes that this is the 
average for > and A. These can be compared with the 
coupling constants used to fit the K-meson photo- 
production by a Born approximation calculation,‘ 
namely 6,521.5, 6,?5~2.5. An increase in the dis- 
persion integral would bring both 8% and 8S closer to 
the photoproduction values. 

Since this note was written, a preprint ‘Dispersion 
Relations for K Meson-Nucleon Scattering” by Keiji 
Igi, University of Tokyo, has come to the author’s 
attention. He derives essentially our Eq. (1), and notes 
the influence on it of the K-meson parity. 





3M. Ceccarelli [Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics (Interscience Pub- 
lishers, Inc., New York, 1957), p. VE-16 ] argues convincingly that 
the K~-nucleus interaction is attractive; but there is no reason why 
the K~-p interaction should have the same sign. In the K* case, 
one has the additional datum of the charge exchange 
(K*+n — K°+>)) cross section, which with the aid of charge 
independence fixes the K*-n elastic cross section, and allows one 
to infer the K*-p repulsion from the K*-nucleus repulsion. 

* The experimental papers are P. L. Donoho and R. L. Walker, 
Phys. Rev. 107, 1198 (1957); Silverman, Wilson, and Woodward, 
Phys. Rev. 108, 501 (1957). The calculations were done by A. 
Fujii and R. E. Marshak, ibid. 107, 570 (1957) and by M. 
Kawaguchi and M. J. Moravesik, ibid. 107, 563 (1957). 
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An attempt is made to study the symmetry properties of the strong baryon-meson couplings without using 
arguments concerning the origin of the baryon mass differences. It is shown that too high a symmetry is 
incompatible with associated production experiments. The argument is independent of perturbation theory. 
It is assumed that the Z and A have the same spin, that the (Z,A) parity is even, and that the usual isotopic 
spin assignments are correct. The general conclusions may have to be revised if it would turn out that the 


commonly assumed baryon spectrum is incomplete. 


I. INTRODUCTION 


EVERAL theoretical approaches have been made 

recently to a somewhat more detailed dynamics of 

the strong interaction of baryons with # and K mesons. 

The common idea is to make assumptions stronger than 

charge independence: one postules'~* coupling constant 

equalities which are more restrictive than charge inde- 
pendence implies. 

In these attempts a certain emphasis is laid on the 
notion that in the absence of some of the strong 
couplings‘ there exist what may be called supermul- 
tiplets. For example, one assumes** that in the absence 
of all strong K couplings the baryons are completely 
mass degenerate and then arrives at inequalities 
between the K-coupling constants to account for the 
large mass splits. Such arguments are perhaps plausible 
but not entirely convincing, as a satisfactory inter- 
pretation of mass differences is beyond the techniques 
of present field theories and, at least to some extent, it 
may be beyond its scope. It is the purpose of this paper 
to show that similar conclusions can be arrived at by 
arguments which are not in themselves tied to the inter- 
pretation of mass differences. 

We shall begin by assuming that there exists an 
equality between the [A,2,x ] and the [2,2,x ] coupling 
constants. This is a weaker assumption on 7 interactions 
than the one made in the mentioned papers.’* We shall 
furthermore assume that the [A,N,K] and [2,N,K] 
have equal coupling strengths and likewise for [Z,A,K ] 
and [2,,K ]. The relative magnitude of the w versus 
the K couplings is immaterial to the argument. Then 
the following result will be proved, independent of per- 
turbation theory: 

To the extent that one may neglect the (2,A) mass 
difference in dynamical calculations (not in the kine- 
matics), the above assumptions are incompatible with 
the present experimental information on associated 
production in z-nucleon collisions. It should be empha- 
sized that the neglect of mz—m, means the following: 
relations will be derived between the transition prob- 


1 J. Schwinger, Phys. Rev. 104, 1164 (1956). 

2 M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

3 J. Schwinger, Ann. phys. 2, 407 (1957). 

* Of course, the effects of electromagnetic and weak couplings 
are ignored as well in making such arguments. 


abilities of certain processes. These relations are valid 
up to terms of relative order 6, where 


6= (mzy— may) /my~0.067, 


and in some instances they are valid up to order 
6°~0.005. 

In this way one is led to recognize that within the 
realm of the strong interactions there occur ‘“‘breaks in 
symmetry” irrespective of arguments concerning the 
hyperon mass spectrum. Of course, one cannot say so 
far whether they occur in the w or in the K couplings. 
It should be noted at once, however, that it is essential 
to the present reasoning that one may consider the 
commonly assumed baryon spectrum to be complete. In 
particular the above conclusion might have to be 
revised if it would turn out that there exist ‘excited A° 
states,” i.e., hyperon states with /=0, S=—1 but with 
higher mass than the A° (see Sec. III). If this were the 
case, a high symmetry is not necessarily ruled out. 

The method described in the next section is based on 
the recognition that the mentioned relations between 
coupling constants make it possible to define auxiliary 
quantum numbers by means of which one quickly 
arrives at the stated result. In Sec. III further comments 
are made. Section IV deals with some applications of 
the present method to specific cases of lower symmetry. 


Il. METHOD 


We ask if the following set (I)-(IV) of assumptions 
are compatible with experiment (the discussion of a 
fifth assumption is deferred till Sec. IIT): 


(I) The = and A spin are equal. Indications are that 
both spins are 3. For convenience all baryon spins are 
taken to be 3 in what follows and the K spin is assumed 
to be zero, as it probably is. However, it will become 
evident later that the value of the cascade and of the 
K spin are immaterial to the argument. 

(II) The (2,A) parity is even. Possible means to 
determine this parity experimentally have been dis- 
cussed recently.® The argument will be independent of 


5 See A. Pais and S. B. Treiman, Phys. Rev. 109, 1759 (1958). 
More precisely, (II) should read: the = and A couplings have 
the same space-time structure. 
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the parity of the K relative to (nucleon, A®) and of the 
(, nucleon) parity. 

If > and A would have either different spin or odd 
relative parity, the subsequent argument in which 
further assumptions are put to a test would be irrel- 
evant. 

(III) All strong couplings are charge independent. 
In this framework we may consider the following well- 
known set of strong r-baryon interactions®: 


[Ni,Nie]= IGN yeysNiz, (1) 


[2,A,m ] = 1G2(Sty5A°mt +3%5A%r® 
+3-ysA"x-)+h.c., (2) 


(2,2,7]=iGsf (S"y2-—S+ysd")at 
+ (S+y,5+—S-y,2-)x° 
+ (E-ysd°—D%ysE*)x-}, (3) 


[NaNa,x ] == IGN geysN an. (4) 
Here NV, and NV, are two-component fields : 


m=(’), v=(—); (5) 
nN 


— 


the upper (lower) component corresponds to 73= +1 
(—1). The K couplings are 


[A,N1,K ]=FW,-A°K +h.c., (6) 
[2,Ni,K J=FN,-42K+h.c., (7) 
[N4,A,K ]=FiNy-A°K.+h.c., (8) 
(N42,K ]=FNy-22K.+h.c. (9) 


The notations are as follows: the dot to the right? of N 
stands for the choice between 1 and iy; depending on 
whether the (.V,,A,A) parity is even (odd). As the 
2,A) parity is assumed to be even, one has to make 
the same choice in Eqs. (6) and (7), and likewise in (8) 
and (9). As the Z parity is irrelevant for what follows, 
the choice for Eqs. (6) and (7) is so far independent from 
that for Eqs. (8) and (9). A is a two-component field, 
K, its charge conjugate : 


Kt — Ko 
(8) «( 8) 
K° Kt 


Finally we consider the following assumption: 
(IV) There exist these relations between the coupling 
constants 


G2=G;=G; 


(10) 


F\=F,=F,; F3=Fy=Fy. (11) 
® As usual, a particle symbol denotes the corresponding anni- 
hilation operator. The ys symbolizes the pseudoscalar nature of 
the x meson. From the point of view of the present argument the 
space-time structure of the coupling need not be specified in 
further detail. h.c. means hermitian conjugate. 
7 This dot is dropped in the following. 
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Taste I. Auxiliary quantum numbers 5; and 5, for the baryons 
and mesons. 








Si S: 








x; N, (nucleon) 0 0 
K+ +1 0 
K°(R°) 0 1(—1) 
N2(=*,Y°) 0 —1 
N:(Z,27) —1 0 
N, (cascade) —1 —1 





We now introduce the one dynamical approximation 
to be made (in the sense explained in Sec. I) which is 
the neglect of the 2, A mass difference,* the smallest 
such difference in the baryon system. It will never be 
necessary in what follows to ignore any other isotopic 
multiplet splitting. Then all w interactions can be 
collected as 


[x ]= [GN yeysNi+G(NoeysNot+N eye 2) 


+GNeeysNijx, (12) 
and the K interactions can be written as 
[K ]=Fy2 (NiN2)K°+ (N\N;3)K*] 
+Fyv2[ (NN 2)K+—(NiN3)R°]+h.c., (13) 
where 
=t Z 
v=( ), Ya=( ) (14) 
yo 7g 


Here the following convenient quantities? have been 
introduced : 


Z=2-4(A°+29), Y°=2-4(A°—2). (15) 


From Eqs. (12) and (13), it is at once evident that 
the possibility exists of invariantly gauging NV». and K® 
oppositely. Likewise and independently one may 
proceed for V3; and K*. The gauge of .V, is then uniquely 
determined. Correspondingly one may assign two 
quantum numbers $;, S: to each baryon and meson. An 
appropriate set of values of S,, S: is given in Table I. 
We have 

S=5,+S2, (16) 
where S is the usual strangeness. S conservation is, of 
course, guaranteed to begin with by Eqs. (1-4) and 
(6-9). In the present situation, however, we have a 
stronger set of rules: 


(A) The separate conservation of S;, S2. (Observe that 
we may accordingly assign J =} to all baryons, J=0(1) 
to K(x) mesons. Then the charge operator is 


Q=1;+5:+N/2). 


(B) The invariance for the following combined inter- 
changes: 


K+— K*, —K°— Rt. 


Ne N;3, 
* The mass differences within an isotopic multiplet are ne- 
glected as usual. 
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The two rules (A) and (B) make it a trivial matter 
to prove the statement made in Sec. I. Let us first 
consider 
(17) 
(18) 


a +p—A°+R°, 
a +p 2°+K°. 


According to rule (A) a w-nucleon state can combine 
with a Y°K®-, but not with a Z°K° state: 


(Y°K°| xp) <0; (Z°K®|x-p)=0. (19) 
From Egs. (15) and (19) we have therefore 
(A°K®| ep) = — (2°K| ap), (20) 
or 
da (A°K®) ~da(=°K°). (21) 


The near-equality sign serves to remind one of the 
kinematical phase space differences. This relation is not 
unreasonable. Experiment indicates’ that the total 
cross sections for A° and 2° production are not very 
different, while both reactions are characterized by a 
similar-looking backward peaking of the distribution in 
angle between the incoming w~ and the emerging 
hyperon (in the center-of-mass system). Considerable 
uncertainty seems to attach to the information regard- 
ing the 2° reaction, however. 

More precisely, Eq. (21) means that the transition 
probabilities for A°K® and =°K® production are equal 
up to terms of order 6. (An inspection of the problem in 
perturbation theory indicates that this estimate may 
be too cautious.) 

Next consider the reactions 


r+p—>-+Kt, 
at+p— S++ Kt. 


We note first that the rule (B) implies in particular the 
interchange Y°<+ 2-, K+ <> K°. Hence it follows from 
Eqs. (15) and (20) that 


(22) 
(23) 


(3-K+|a-p)= —V2(2°K|x-p), (24) 
or 
do(2-K+) = 2do(2°K®). (25) 


Experimentally* the 2~-production reaction has a cross 
section which seems to be somewhat smaller than that 
for the A° case. The factor two in Eq. (25) is at any rate 
inadmissible. Even more striking is the discrepancy in 
angular distribution: the =~ is peaked forward, the 2° 
backward. 

Furthermore it follows from Eqs. (13) and (14) that 


(2+Kt|x+p)=0, (26) 


so that the + reaction would be forbidden which it 





®D. Glaser, Proceedings of the Seventh Annual Rochester Confer- 
ence on High-Energy Nuclear Physics, 1957 (Interscience Publishers, 
New York, 1957), Sec. V; Brown, Glaser, and Perl, Phys. Rev. 
108, 1036 (1957); see also Graves and Glaser (to be published) ; 
L. B. Leipuner and R. K. Adair, Phys. Rev. 109, 1347 (1958); 
Planos, Samios, Schwartz, Steinberger, and Eisler, Nevis Report 
R173 (unpublished). 
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certainly is not."* More precisely, Eq. (26) means that 
the cross section for 2+K* production is zero to order 6°. 
This statement in itself has little meaning as presum- 
ably many large coupling constants are involved. It 
seems reasonable to say, however, that the present 
assumptions would indicate a ratio of order 6? between 
>-K* and =+K* production which is an experimentally 
inadmissible result. 

Thus we come to the conclusion stated in Sec. I that 
the assumptions (III) and (IV) are incompatible with 
experiment to the extent that one may rely on a 
theoretical argument in which 4 is neglected. It is easy 
to find further paradoxes. For example, the reaction 


K°+p— Kt+n (27) 


is forbidden, as was noted by Barshay" in a related 
context. Again the forbiddenness means a ratio ~6? as 
compared to nonexchange scattering. Furthermore 
K-+p— 2*+7- is forbidden, etc. 


Ill. COMMENTS 


(1) In the language of field theory, the neglect of 
the (2,A) mass difference is made only with respect to 
the virtual appearance of these particles (internal 
lines). To correct for this in a given order of approxi- 
mation is simple but perhaps not too meaningful. One 
would expect such qualitative statements as Eq. (25) 
to be true within a 10% margin. 

(2) It is readily verified that the present results also 
hold true if one replaces Eq. (11) by 


G,= —Go, F,= — Fs, F;= —F,. (28) 
(3) It has been suggested by Gell-Mann’* and by 
Schwinger’ that the following G symmetry be imposed : 
G,;=G2=G;3=G,. (29) 
If this is true, at least one of the F symmetries of Eq. 
(12) is broken. These authors come, of course, to the 
samé conclusion by considering the baryon mass 
splitting. Evidently neither the latter nor the present 
arguments are sufficient to decide which of the two 
(or both): G or F symmetry, is broken. 

(4) A break in either F or G symmetry (or in both) 
destroys the validity of the rules (A) and (B) of Sec. II 
simultaneously. It is interesting to note that the reten- 
tion of rule (A) combined with a violation of rule (B) 
would mean: first that the relation (21) between the 
A°- and 2°-production cross sections is maintained, 
second that the unwanted relation (25) is no longer 
valid. Theoretically a situation of this kind corresponds 
to a violation of the assignments /=1 for 2 and /=0 


1 See, for example, Vandervelde, Cronin, and Glaser (to be 
published). Note that the relations (25) and (26) are equivalent 
to the statement that the reactions in question go only via the 
J =}4 channel. 

1S. Barshay, Phys. Rev. 109, 2160 (1958). This author also 
considers a coupling of the type KK x*. This interaction can like- 
wise be dealt with by the present method. 
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for A°. It would not affect in any way the meaning and 
the range of validity of the charge independence 
concept as applied to r-nucleon phenomena. 

The reason for making this remark is that some doubt 
has been expressed recently’"° about the validity of 
charge independence. There is some indication, although 
the evidence is not very firm, for a violation of one of 
the so-called triangle inequalities which relate the cross 
section for the reactions (18), (22), (23). This ine- 
quality follows from charge independence together with 
the notion that the 2 states form an /=1 triplet. If 
further experiments would confirm the violation in 
question, one might consider a description of the 
(2,4) system as a (triplet, singlet) with some admix- 
ture’? of (doublet, doublet). Consequences of this 
would be the existence of a contribution to the 2*-2 
and to the K*-K° mass difference without the inter- 
mediary of the electromagnetic field. The experi- 
mental magnitude of these differences’ suggests per- 
haps that such admixtures should be small. At any rate, 
rule (A) must of necessity be broken to avoid the null 
result of Eq. (26). 

(5) There is another way, however, which ap- 
parent violations of charge independence could come 
about: Let us assume for the moment that there exists 
a particle A” which, like the A°, has /=0, S= —1. As 
long as m(A”) —m(2%) m(x°), A” would be stable 
against emission into either 2 or A°; the latter transi- 
tion would be forbidden as an isotopic 0 — 0 reaction. 
On the other hand, the reactions A” — A°+y [and 
AY — Y°+y7 if m(A”)>m(z°) ] would be allowed and 
would generally be of comparable speed to 2° — A°+y. 
Thus a hypothetical A” would introduce an ‘‘anomalous 
>° effect” which would necessitate a reinterpretation 
of the experimental information that bears on the 
triangle inequalities. 

Conversely, if a A” were to exist, it can readily be 
seen that all the arguments of Sec. I] would need a 
thorough revision. The symmetry implied by Eq. (11) 
could then not be ruled out on such general grounds. 
For the present we shall merely state that the results of 
Sec. II can only be maintained if one moreover makes 
the following assumption : 

(V) The commonly known 
complete. 

The indications of a possible hierarchy of sym- 
metries within the strong interactions are reminiscent 
of the developments in attempts to view the isotopic 
spin and strangeness rules jointly within a four-dimen- 
sional isotopic framework. The initial attempt in this 
direction” failed as the degree of symmetry invoked 
was too ‘high (full four-dimensional invariance for all 


baryon spectrum is 





12 This can be achieved dynamically in many ways. For example, 
Pry could generalize Eq. (12) to [x] IN jeysN yx with 
G,!' slightly different from G;’. 

18 See L. Alvarez, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957). 

4A. Pais, Proc. Natl. Acad. Sci. U. S. 40, 484 (1954). 
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TABLE IT. Auxiliary quantum numbers S;’ and S,’ for the baryons 
and mesons. 


Si’ S:’ 

N 4s - 0 0 
- +1 1 

; +1 0 
Ko(R®) 0 i(—1 
> a 0 -] 
a —1 0 
N, —1 —1 


strong interaction phenomena). A lower symmetry in 
this four-space which was subsequently suggested’® is 
compatible (but not in a compelling way) with the 
presently known phenomena. It may be noted that the 
condition (29) of G symmetry is stronger than that of 
full four-dimensional invariance. 


IV. LOWER SYMMETRIES 

The simplest way of breaking rules (A) and (B) of 
Sec. II is to assume that equalities (11) are true only 
with respect to the absolute values of the constants in 
question. Indeed, certain combinations of sign changes 
[other than Eq. (28) ] are sufficient to invalidate the 
symmetries.'® In such a situation, methods similar to 
the one of Sec. II are helpful to pinpoint the way in 
which the lack of full symmetry shows itself. We shall 
briefly state a few results. 


a) Gy= G;; F, = — Fs, F;= —F,. 


Denote the totality of the eight interactions by H 
and put 

H=Hot+A,, (30) 
H,=iLGipysnt+-G.="y5=- let +h.c. (31) 


With respect to Ho only, one can again introduce a set 
of auxiliary quantum numbers S$)’, So’, with S=S)/+S.’ 
These numbers are listed in Table II. It is then easy to 
see that, if Ho only were operative, the following state- 
ments hold true: (a) The masses of = and A, if equal in 
the absence of H» remain oo in the presence of Ho. 
(6) The relation (21) is valid. The reactions (22) 
and (27) are not allowed by Hy. 
One shows next that the substitution 


WA, T+ FTE, (32) 
KK, wa, Ny>—13Ny, Ne —13N 4 (33) 


18 A. Pais, Proceedings of the Fifth Annual Rochester Conference 
on High-Energy Physics, 1955 (Interscience Publishers, Inc., New 
York, 1955). In the work of A. Salam and J. C. Polkinghorne, 
Nuovo cimento 2, 685 (1955), the x and K mesons are treated in 
the same way as in the foregoing two papers (apart from their 
comment on the r meson which is no longer relevant). The dif- 
ference between the two formulations lies in the description of 
the baryons: in the former case half-integral representations are 
used, in the latter integral ones. Whether either attempt is fruitful 
will presumably depend on further developments in particle 
dynamics. 

16Some of the cases listed below have been considered by 
Schwinger, reference 3. See also S. Barshay, Phys. Rev. 107, 1454 
(1957). 
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yields 


Ho Ho, Hi —A,. (34) 


This means that with regard to H; we have something 
like a Furry theorem. For example, it follows immedi- 
ately that 

(a) To the extent that one neglects 6 in dynamical 
calculations, a mass displacement between A and 2 
comes about because of contributions odd in H,. It 
follows trivially that to the extent of validity of the 
Gell-Mann identity"’ for the baryon masses, the A and 

masses remain degenerate under the present con- 
ditions. 

(b) The matrix elements for the reactions (22) and 
(27) are odd in H, (barring terms of relative order 4). 


(B) G2= —G3, F\=F2, F;= F,. 


The analysis and results are substantially the same 


as in the previous case. 


(y) G2=G3, Fi=F2, F3=—Fs. 


Again the rules (A) and (B) are broken but now the 
dynamics looks entirely different. Here the lack of 
symmetry is one between the nucleon-doublet and the 
cascade-doublet. Put 


H=H,'+Hy, (35) 
Hy =iF { (Z-R+—2R) A 
+(ER++2RD]+h.c. (36) 


17 See reference 2, footnote 13. 
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With respect to Ho’ one can use the assignments of 
Table I and the conclusions of Sec. II. With respect to 
the substitution 


N; mae Mi, No > No, N; => N3, N, ays Ns (37) 
wr—m, K—-73K, K.—73K,, 
one has 
Hi Hi, H,'——Hy, (38) 


and thus one obtains a Furry theorem for H,’ with 
similar kinds of applications as were mentioned above. 
The remaining sign combinations for the constants 
form an analogous pattern. 

Thus the separation of H into a 0 and a1 part seems 
useful to get an over-all insight in this complicated 
dynamical situation. It is to be hoped that other argu- 
ments of a rather qualitative kind may yield further 
clues about the maze of baryon-meson interactions. 
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Note added in proof.—In connection with symmetry 
considerations one sometimes finds in the recent 
literature the statement that baryon self-energies are 
even functions of the coupling constants.’* In general 
this is not the case, however. For any baryon the most 
general expression for the self-energy is 


W=W+F\FGLW @+F3F GW ©+F FoF Fk W™, 


where the four functions W‘” are all even in F;, 


i=1, ---,4 and inGs. 


'6 See, e.g., J. C. Polkinghorne, Nuovo cimento 6, 864 (1957). 
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It is proved that a Wightman function (vacuum expectation value of a product of field operators) will 
be analytic and one valued at a real set of space-time points if and only if the fields possess a property of 
weak local commutativity at the same points. This statement assumes the validity of TCP invariance. 
A similar but more complicated statement is proved for theories without TCP invariance. 





1, STATEMENT OF RESULTS 


OST! has discovered the equivalence between the 
TCP theorem* and a property of field operators 
which we shall call WLC (weak local commutativity). 
We say that a set of field operators (Wo,¥:1,---,Wn) has 
WLC at a set of real 4-vectors (£1, -- -,£,) if the relation 


(Wo(yo)i(y1) «Wal ¥n))o . 
= n(n) - -Wilyi)Wo(yo))o (1) 


holds for all (yo,y1,---,¥.) such that the differences 
9j=Vj-1—- 93 (2) 


lie within some real neighborhood of the £;. Here « is 
+1, the sign depending on whether the permutation of 
fermion fields between the left and right sides of Eq. (1) 
is even or odd. The vacuum expectation values may be 
written for brevity 


W (n) = W(m,: : Mn) = (Po(yo) =. ‘Wn(¥n))o, (3) 
V (n) =V(m,-- +n) =Wnl—yn) + -Wo(—yo))o. (4) 


The notation (n) will always denote a set of m 4-vectors 
(m,- . “Mn)s and (—7) will denote (—m, “hee a). 
Thus Eq. (1) becomes 


W (n)=V(—1). (5) 


The theorem of Jost states that for TCP invariance of 
the W function it is necessary and sufficient that the 
fields (Wo,---n) have WLC at one set of vectors (£) in 
a special domain D. The domain D consists of those 
real (¢) for which 


(=a4) <0 6) 


when the A; are any set of real non-negative numbers 
not all zero. 

The theory is assumed invariant under the restricted 
real Lorentz group without space or time reflection, and 
all states are assumed to have non-negative energy. 
Then the functions W(n) and V() have the properties 
of Wightman functions.* According to a theorem of 


1R, Jost, Helv. Phys. Acta 30, 409 (1957). 

2G. Liiders, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
28, No. 5 (1954). 
34. S. Wightman, Phys. Rev. 101, 860 (1956). 


Bargmann, Hall, and Wightman,‘ they are boundary 
values of functions W(¢) and V(¢), regular in the 4n 
complex variables ¢;, j=1, ---, 2; u=0, 1, 2, 3; so 
long as these variables lie in a certain domain R,’. Let 
the forward tube R, be defined as the set of (¢) for 
which 

[Im 5; ?>0, Im fjo>0, j=, vey OM, (7) 


and the backward tube R&, as the set for which 
[Im ¢; ?>0, j=l, ---,m. (8) 


Then R,.’ is the set of points (Af) with (¢) in R, and A 
a complex Lorentz transformation of determinant +1. 
The value of W (Af) is independent of A, and this implies 
in particular, as Jost! observed, 


W(s)=W(-9), 


The domain D of Jost’s theorem consists precisely of 
the real points in R,’. The theorem states that for 
TCP invariance it is necessary and sufficient that the 
fields (Wo,---,Wn) have WLC at one real point in R,’. 

The purpose of this note is to draw a further deduc- 
tion from the foregoing ideas of Jost and Wightman. 
We find that there is a close correspondence between 
those real points at which WLC holds and those at 
which the functions W and V are analytic. More pre- 
cisely, we have the following theorem. 


Im €50<9, 


fin R,’. (9) 


Theorem 


Let S be the set of real points () at which the field- 
operators (Wo,~1,---,Wn) have WLC. Then one of the 
three following alternatives holds. 


(a) S is null. 

(6) S includes D. In this case the functions W(¢) 
and V(¢) are identical. They are one valued and 
analytic in a complex domain R including R,’. A real 
point (£) can be included in R if and only if it belongs 
to S. 

(c) S is not null and is disjoint from D. In this case 
the functions W(¢) and V(¢) are two branches of a 
function analytic and one valued on a two-sheeted 
Riemann surface R covering R,,’ twice. A real point (£) 
belongs to S if and only if it lies within R at a place 

‘D. Hall and A. Wightman, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 31, No. 5 (1957). 





579 














580 FREEMAN 
where the W branch over R, crosses over into the V 
branch over R,. 

The physically interesting case of this theorem is 
alternative (b), since this is the only case consistent 
with TCP invariance. 

Corollary 1.—If TCP invariance holds, then the set 
of real points (£) at which the field operators (yo, - - -,Wn) 
have WLC is identical with the maximal set of real 
points in a complex domain R including R,’ within 
which the Wightman function W(¢) is regular and one- 
valued. 

Corollary 2.—For the fields (Wo,---n) to have 
WLC at every point of a connected real domain D’ 
including D, it is necessary and sufficient that TCP- 
invariance hold and that the Wightman function W(¢) 
be analytic at each point of D’. 

Note the essential fact that W must be one valued 
in the domain R of Corollary 1. In general it is not true 
that the set of points S at which WLC holds is identical 
with the set at which W(f) is analytic. It may well 
happen that W(f) is analytic at a real point but that 
the values obtained by continuing from R, and from 
R,, do not agree.’ In this case W(¢) is analytic but 
double valued, and the point in question cannot belong 
to S. In Corollary 2, however, the condition of one- 
valuedness is omitted and simple analyticity suffices. 

Corollary 2 provides an answer to the question with 
which this investigation started, namely, under what 
conditions will W(é) be analytic at all real points 
(x0,41,---,Xn) for which the vectors (x;—.,;) are space- 
like? This will be so if WLC holds at the same points. 
The author is indebted to Dr. Jost for raising this 
question, and for many helpful discussions. 


2. PROOFS 


The main tool in the proofs will be the “edge of the 
wedge” theorem of Oehme, Taylor, and Bremermann.*® 
The form of the theorem which we shall use is as follows. 


Lemma (Edge of the Wedge) 


Let F(¢) be regular in the forward tube R,, and G(¢) 
in the backward tube #,,. For real (£), we define 


F(é)=LimF (s), (¢) in Ry, (10) 
G(g)=LimG(s), (s) in R,, (11) 

supposing these limits to exist as distributions. If 
F (&)=G(é) (12) 


5 The author was fortunate in being able to study some lecture 
notes of W. Pauli (unpublished). Pauli has greatly clarified the 
situation by enumerating the possibilities which arise in the 
simplest case »=1. All types of behavior which occur for any n 
can already be seen with n=1. 

®Oehme, Taylor, and Bremermann (to be published). The 
essential idea of this theorem occurs already in the work of 
Bogoliubov. Medvedev, and Polivanov, Uspekhi Mat. Nauk (to 
be published). 
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for () in a real neighborhood of zero, say for 
Lal Ein! <4, j=l, se 


then F(¢) and G(¢) are a single analytic function regular 
in the complex neighborhood? 


Ll in| <}a, 

as well as in R, and R,,. 

Proof of lemma.—For a fully rigorous proof of the 
lemma we refer to the paper of Oehme, Taylor, and 
Bremermann. It seemed worthwhile to present here an 
alternative proof making no pretensions to rigor but 
having the virtue of brevity. 

Let (¢) be any complex point satisfying 


Dal f inl <0, b<a, 


(13) 


j=1, ---,n, (14) 


j=1,---,m. (15) 
Let B be the constant vector (0,0,0,b). Consider the 
surface formed by the points 


Z;(u) = But+¢j(1—w’) (16) 


as the complex variable u=pe moves in the circle 
u\ <1. Writing ¢;=£;+7in;, we have 


Im Z ;(u) = (1—p*)n; 


+p sinél B—2p(£; cos§—n; sin®)}. (17) 


Equation (15) implies that Z;() lies in R, for 0<0<-r 

and in R,, for r<0<2r, provided either p=1 or n;=0. 
Suppose first that all »;=0. Then F(Z;(u)) and 

G(Z;(u)) are functions regular in w in the upper and 

lower halves of the circle 4“ <1 and have equal limit- 

values on the real segment —1<#<1. The two func- 

tions therefore define a single function of « regular in 
u\ <1. The value of this function at w1=0 is 


F(t) =G(é)=H(6), (18) 


where H({) is defined by the Cauchy integra] 


1 r 2s 
aw-—| f Pz,(e#))d0+ f Giz,(e*)ydo} (19) 
TT 0 ® 


We have proved Eq. (18) only for real (¢) = (£) satis- 
fying Eq. (15). 

Next take (¢) complex. The path of integration in 
H(¢) still lies entirely in R,, and R,, except for the end- 
points @=0, wr. The integral defines H(f¢) as a function 
of the complex variables ¢;, regular in the domain (15) 
[it is at this point that the proof lacks rigor, however 
there is no difficulty if one assumes F'(¢) and G(¢) to 
be bounded in the neighborhood of the end points 
(¢)=Z,;(+1)=+B]. Now if (¢) and u are complex and 
lie in a certain neighborhood of zero, the point Z(t) 
satisfies Eq. (15) and so H(Z;(u)) is regular in the 
(4n+1) variables ¢;, and u. When all the variables are 


7 The constant 4 is not best possible. For the best possible result 
in the case n=1, see R. Jost and H. Lehmann, Nuovo cimento 5, 
1598 (1957). 





WIGHTMAN 


real, Eq. (18) gives 


F(Z ;(u))=H(Z;(u)). (20) 


By analytic continuation in u, Eq. (20) must also hold 
for real (¢) and complex wu in the upper semicircle. But 
for complex u the point Z;(u) is interior to R,, where 
both sides of Eq. (20) are analytic in (¢). Hence we may 
extend Eq. (20) by analytic continuation from real to 
complex (¢). The final result is 


F(g)=H(§) (21) 


for all complex (¢) in R, and satisfying Eq. (15). 
Similarly, G(¢)=H(¢) in R,. Thus F, G, H are the 
same analytic function, regular in R,», R, and the 
domain (15). 

Proof of theorem.—We now return to the Wightman 
functions defined by Eqs. (3) and (4). For any real (&) 
we have according to Wightman® 


W(§)=LimW (fg), ¢ in R,. (22) 
ft 


Since R,, is included in R,’, W is regular also ir R,,, and 
we may define for_real (£) 


W(g)=LimW(s), cin R,,. (23) 
By Eq. (9) 
W(t)=W(-8). (24) 


Let (£) be a point of the set S defined in the theorem. 
Then Eq. (5) holds for real (n) in a neighborhood of (£). 
Combined with Eq. (24), this gives 


W (n)=V (n) (25) 
in a real neighborhood’ of (£). The conditions of the 
lemma are satisfied, and therefore W(t), V(¢) are the 
same analytic function, regular in a simply-connected 
region consisting of R,, R,, and a complex neighborhood 
of (€). Conversely, if W(t) in R, and V(¢) in R,, are 
connected by analytic continuation through a real 
point (£), then Eq. (25) holds in the neighborhood and 
so (¢) belongs to S. 

To complete the proof of the theorem it is only neces- 
sary to enumerate the possible relations between W 
and V. Either W(¢) and V (¢) are identical functions in 
R, or they are distinct. If they are identical, then Eq. 
(25) holds at real points interior to R,’, that is to say 
at all points of D. Then S includes D, and we are in 
case (b) of the theorem. We define the domain R to 
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consist of R,’ together with complex neighborhoods of 
all points of S. The function W is analytic and one- 
valued in R. But R cannot be extended to include any 
real point (£) not in S. For every real point not in D is 
already on the boundary of R,’, being approachable 
both from R,, and from R,. If the boundary values of 
W from the two sides agree, then the point in question 
is in S and is interior to R. But if the boundary values 
disagree we cannot bring the point into any extension 
of R in which W remains one valued. 

If W(¢) and V(¢) are distinct functions, then Eq. 
(25) cannot hold over any neighborhood in D and thus 
S is disjoint from D. We are either in case (a) or in 
case (c) of the theorem. In case (a), there is no analytic 
connection between the functions W and V, and there 
is nothing: to prove. Suppose that we are in case (c). 
Equation (25) holds in the neighborhood of a non-null 
set of real points S. We define similarly S’ to be the set 
of points in the neighborhood of which 


V (n)=W(n) (26) 
holds. Likewise JT, U are the sets where 

W(n)=W(n), (27) 

V (n)=V(n), (28) 


hold in a real neighborhood. Since the functions W, V 
are distinct, the pairs ST, SU, S’T, and S’U are disjoint, 
but the pairs SS’ and TU may overlap. The Riemann 
surface R is defined to be the domain R,’ covered by 
two sheets and with certain connecting linkages added. 
At all points of S a complex neighborhood is added, 
connecting the upper sheet over R,, to the lower sheet 
over R,,. At all points of S’ the upper sheet over R, is 
connected to the lower over R,,. At points of T the two 
upper sheets are connected, and at points of U the two 
lower sheets. In particular, all points of D belong to 
both T and U. The Riemann surface R has the proper- 
ties required by the theorem. For the same reasons as 
in case (6), it is impossible to extend R so as to include 
any real points not in one of the sets S, S’, T, U, so 
long as the function (W,V) is restricted to be at most 
two valued. In particular, the set of points S is uniquely 
determined by the cross points of the two sheets of R. 
This ends the proof of the theorem. 

Corollary 1 is a restatement of part of the theorem, 
and needs no further discussion. Corollary 2 requires 
only the observation that W(f) is automatically one- 
valued in (R,’+D’) if it is analytic in D’ and if (D+-D’) 
is a connected set. 
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EGINNING with the issue dated July 1, The 
Physical Review will no longer carry Letters to the 
Editor. These will be published in a supplemental semi- 
monthly journal tentatively called Physical Review 
Letters. By the use of offset printing the Letters will 
appear about two to three weeks after receipt instead of 
the present six to ten weeks. The new Physical Review 
Letters will also print copies of the abstracts of future 
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all subscribers of The Physical Review. However, be- 
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Physical Society and $10 for nonmembers. At that date 
the publication charge in Physical Review Letters will be 
set at $30 instead of the present $25 per page. 

The aim of Physical Review Letters is to improve 
communication among physicists, thereby speeding up 
the flow of ideas, increasing the interaction of results 
on related work, and reducing duplication of effort. It 
wili make important results available promptly to all 
physicists and not merely to the privileged few whose 
names happen to appear on mailing lists for preprints. 

Such a fast-publishing journal may become very 
popular with authors and could soon grow beyond 
reasonable bounds. It is therefore our intention to 
maintain the same strict standards for Physical Review 
Letters as are now in operation for Letters to the Editor. 
We expect that on the average only about fifteen letters 
will be acceptable for each issue. Letters will be accepted 
only if they contain important new discoveries or cover 
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of research. Contributions that do not conform to these 
requirements do not deserve the very special handling 
given Letters and, no matter how short they may be, 
should be submitted for publication as Articles in The 
Physical Review. Letters must be self-contained in that 
readers should be able to understand the physics of 
the contribution—i.e., the procedure followed and the 
arguments used. We shall reject all Letters which 
merely claim results, announce future publications, or 
advertise papers published elsewhere. We shall also try 
to discourage the publication of a research program in 
a series of Letters instead of in a comprehensive article. 
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Positron Annihilation in the Noble Metals 


B. Donovan, 
Department of Physics, Bedford College, London, England 
AND 
N. H. Marcu, 
Department of Physics, The University, Sheffield, England 
(Received February 4, 1958) 


I earlier work!* we have been concerned with the 
analysis of Compton scattering results for simple 
metals, with the object of deriving information on 
electronic momentum distributions. However, for 
heavy metals the Compton profile measurements suffer 
from the disadvantage that the momentum distribution 
of the outer electrons is, to a large extent, masked by 
the distributions associated with the inner-shell 
electrons. 

Recently it has been pointed out by a number of 
workers that the annihilation of positrons may provide 
a further experimental technique for obtaining rather 
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Fic. 1. Positron wave function yo as a function of radial distance 
r measured in atomic units. —-—— Hartree ion core potential ; 
~ —-—-— Hartree-Fock ion core potential. 


direct information on valence electron momenta in 
solids. Furthermore, at least in simple metals, it has 
been suggested by Ferrell* that there is no evidence of 
core annihilation, and if this is indeed the case then the 
advantages of such measurements over the more 
conventional Compton scattering experiments need no 
emphasis. However, the observed momentum distribu- 
tions, and particularly those of the noble metals, 
reveal substantial contributions from high-momentum 
components,‘ and as an explanation of such “tails” 
DeBenedetti ef al.' suggested originally that the 
positron should be thought of as effectively excluded 
from the region occupied by the ion core. This so-called 
“excluded volume effect’”’ has been explored by Ferrell* 
in a semiquantitative manner in order to explain the 
large “tails” referred to above. 

Here we report a computation of the positron wave 
function for k=0 in Cu by applying the ideas of the 
Wigner-Seitz method, the potential in the Schrédinger 
equation for the positron being taken as the ion core 
potential plus the potential due to a uniform distribu- 
tion of valence electrons. From a practical point of 
view it was found convenient to integrate inwards 
from the cell boundary, introducing directly the 
requirement that the wave function be flat there,* 
the eigenvalue being varied until a wave function was 
obtained which decreased smoothly to zero as the 
nucleus was approached. The results are shown in 
Fig. 1, where it can be seen that the differences caused 
by the use of the Hartree-Fock rather than the Hartree 
core potential are not large, and we think this gives 
some support to the view that a more realistic account 
of the potential due to the electrons will not greatly 
change the nature of this wave function. This function 
is clearly very appreciably different from that envisaged 
by earlier workers. 

Finally, we have computed the Fourier transform 
of the wave function product which determines the 
details of the angular correlation between the photons 
emitted in the annihilation experiments. We have used 
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the Wigner-Seitz 4s electronic wave function for Cu, 
and by methods described fully in reference 2, we find 
that no significant enhancement of the high-momentum 
components is caused by the deviations of the positron 
wave functions presented here from plane waves. 
There is, in fact, found to be no possibility of accounting 
for the experimental results by any kind of “excluded 
volume effect.” 

There is evidently some conflict between our findings 
and those of earlier workers, but some limited support 
for our conclusions seems to be provided by the very 
recent investigations of Lang and DeBenedetti,’ who 
find that to obtain even rough agreement with experi- 
ment, the “excluded volumes” in the noble metals 
must be chosen much larger than the core volumes. 
Our calculation gives no support to such an assumption, 
and in view of the penetration of the positron wave 
function into the core we find it difficult to resist the 
conclusion that the high-momentum components are 
due to core annihilation. This possibility is now being 
investigated quantitatively.® 

1\N. H. March, Proc. Phys. Soc. (London) A67, 9 (1954). 

2B. Donovan and N. H. March, Proc. Phys. Soc. (London) 
B69, 1249 (1956). 

*R. A. Ferrell, Revs. Modern Phys. 28, 308 (1956). 

* See especially A. T. Stewart, Can. J. Phys. 35, 168 (1957). 

5 DeBenedetti, Cowan, Konneker, and Primakoff, Phys. Rev. 
77, 205 (1950). 

® See also the reference by Ferrell® to some unpublished work by 
R. Latter. 

7G. Lang and S. DeBenedetti, Phys. Rev. 108, 914 (1957). 

* Since this article was prepared, a short abstract reporting 
work in essential agreement with our conclusions has appeared: 
see S. Berko and J. S. Plaskett, Bull. Am. Phys. Soc. Ser. II, 
3, 69 (1958). 





Coercive Force vs Thickness for Thin 
Films of Nickel-Iron* 


Cavin O. TILLER AND G. WAYNE CLARK 
Virginia Institute for Scientific Research, Richmond, Virginia 
(Received February 10, 1958) 


N recent years a considerable amount of attention 
has been directed toward the study of thin films 
of ferromagnetic materials deposited by evaporation 
from a melt. This interest has been guided by a twofold 
purpose: first, since the films are extremely thin in 
one dimension, they offer an aid in understanding the 
ferromagnetic processes,'? and second, since they 
exhibit a square hysteresis loop and their magnetization 
can be reversed rapidly, they may have practical uses 
as information storage and switching elements.’ 
Reports of the variation of magnetic properties with 
thickness*~* of vacuum-deposited samples are numerous, 
but we have found only two papers which consider the 
variation of coercive force with thickness.?:* Néel has 
theoretically considered the changes that occur in the 
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coercive force as the thickness of a continuous layer is 
decreased to a point where the domain wall thickness 
is comparable with the sample thickness. His prediction 
that the coercive force will vary as the inverse $ power 
of the thickness can indeed account for the large values 
noted in thin films. This paper reports an investigation 
of the behavior of coercive force as the thickness is 
decreased for thin vacuum-deposited samples of 
nickel-iron (81% nickel). 

Initially two samples were prepared in separate 
evaporations at a pressure of less than 2X10~° mm of 
Hg by evaporation from a resistance-heated melt of 
approximately 82% nickel and 18% iron. The melt was 
contained in a high-purity alumina crucible and 
located at a distance of 44 cm from the substrate. 
These samples were circular in shape, of 11 cm diameter, 
and were 2094 and 2796 angstroms thick. They were 
deposited on fire-polished microscope slides held at a 
temperature of 300°C. In order to establish a uniaxial 
direction of easy magnetization parallel to the substrate 
surface, the films were deposited in an orienting 
magnetic field‘ of 225 gauss. Chemical composition of 
each test sample was assumed to be the same as that of a 
comparison sample prepared in the system at the same 
time. Both comparison samples were found by spectro- 
chemical analysis to contain 81% nickel and 19% iron. 

Control of the many variable parameters such as rate 
of evaporation, substrate temperature, composition, 
etc., in the evaporation of specimens suitable for 
experimentation has always been a problem with thin 
films. To minimize this difficulty, two samples were 
prepared under similar condiiions of formation and of 
compositions having similar magnetic character. From 
these samples the other thicknesses have been obtained 
by a process of successive uniform removal of material 
with a nonpreferential chemical etch known com- 
mercially as Mirrofe.? At all stages in the thickness 
reduction the sample was noted to maintain its mirror- 
like luster. Figure 1(A) is an electron micrograph 
made before etch, and Fig. 1(B) is a typical micrograph 
made after etch. It can be seen from these micrographs 
that the surface is truly polished in that the large 
surface irregularities are reduced in size from (A) to (B). 

Two methods have been employed to measure the 
coercive force, and with each method the drive field 





Fic. 1. Electron micrographs of sample 54, (A) before chemical 
etch and (B) after. The thickness of the sample is 2796 angstroms 
in (A) and 425 angstroms in (B). 
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Coercive Force, oersteds 





Thickness,angstroms 


Fic. 2. Coercive force vs thickness for nickel-iron thin films 
(81% nickel). The Néel theoretical curve, calculated with a 
coercive force of 3.1 oersteds at 809 angstroms, is shown as a 
solid line. The dashed curve is a plot of coercive force as an 
inverse function of thickness. The experimental points are shown 
as circles for sample 53 and triangles for sample 54. The probable 
error in thickness below 500 angstroms is +100 angstroms and 
above 500 angstroms is +5%. 


has been applied parallel to the easy direction as 
established during deposition. A 200-cps hysteresis 
loop tracer similar to that described by Howling” 
was used up to a coercive force of 6.0 oersteds. Above 
this value the power supply in use with the tracer was 
not able to supply the drive field necessary to switch 
the entire 1.0-cm diameter sample; therefore, a Kerr 
magneto-optic apparatus" having adequate drive field 
was used. The procedure with the Kerr apparatus was 
to saturate the sample with a dc field. Next, a reverse 
dc field was applied and increased in magnitude until 
50% of the magnetization of the sample was switched 
as observed visually. The strength of the reversing 
field at this point was taken as the coercive force. 
The horizontal component of the earth’s magnetic 
field was cancelled by a bucking field in all cases and in 
the range of measurement common to both pieces of 
equipment the agreement for wall-motion switching 
was quite good. 

The thickness of all samples was measured by using 
optical interference fringes of equal chromatic order 
after Tolansky.” Since it was the desired to use one 
sample over as many times as possible, a means had 
to be found to remove the aluminum mirror film applied 
for the thickness determination. Dissolving the alu- 
minum in sodium hydroxide was found to produce 
many pin-holes in the nickel-iron specimen. It was found 
possible, however, to deposit by evaporation in a 
vacuum, a water-soluble 10-angstrom thick layer of 
Victawet 35B" over the surface of the sample and 
substrate before the aluminum coat was applied. 
With this process the thickness was measured after 
each etch, the aluminum overcoat floated off by 
dissolving the Victawet in water, and the sample was 
ready for the next etch and measurement of coercive 
force. 
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Figure 2 is a plot of the experimentally measured 
values of coercive force and thickness for the two 
samples used in this research. The solid curve shown on 
this graph is the Néel theoretical curve (inverse 
function of thickness to the $ power) calculated by 
using a coercive force of 3.1 oersteds at a thickness of 
809 angstroms. These two values were determined 
experimentally for sample 53. The dashed curve shown 
represents the change in coercive force as an inverse 
function of thickness. It can be seen that the agreement 
between the experimental data and this latter curve is 
the better, and we must conclude that the coercive 
force for thin films of nickel-iron (81% nickel) is an 
inverse function of thickness. 

Investigations are now under way to extend this 
technique to thinner films and to other compositions 
of the nickel-iron alloys. 

The authors are indebted to Mr. H. D. Via, Jr., 
of this laboratory for preparation and chemical analysis 
of these films. 


* Supported by the Department of Defense. 
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Thermal Resistivity of Point Defects* 


ARNOLD M. TOxEN 


Department of Physics, Cornell University, Ithaca, New York 
(Received February 27, 1958) 


ECENTLY there has been much interest in the 

effects of isotopes and other point defects on 
low-temperature thermal conductivity.’~* Klemens, by 
means of second order perturbation theory, has 
calculated the thermal resistivity for foreign substitu- 
tional atoms to be’ 


W,=[(1.65X 10") (a/22)(1258/G)]T, (1) 


where W, is the point-defect resistivity measured in 
cm °K/watt, a* is the molecular volume in cm’, 2 
is the sound velocity in cm/sec, G is the number of 
molecules in the crystal, S* is a number which depends 
on the characteristics of the defect, and T is the absolute 
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Fic. 1. A plot of logio(W,0*/Ta*) versus logiol’. W, is the 
point-defect resistivity in cm-°K/watt; 7, the velocity of sound 
in cm/sec; and a’, the molecular volume in cm’. I’, defined in the 
text, is a measure of the crystal disorder caused by the presence 
of point defects. The materials shown in Fig. 1 are: 7, aluminum 
oxide’; B, Ge” enriched germanium®; C, diamond’; D, potassium 
bromide’; E, potassium chloride*; F, silicon®; G, germanium®; 
H, germanium-0.5% silicon; J, potassium chloride-1.5% 
potassium bromide’; J, germanium-3% silicon”; K, germanium- 
6% silicon”; L, germanium-7% silicon”; M, potassium chloride- 
9.5% potassium bromide’; V, potassium chloride-49% potassium 
bromide’; and O, potassium chloride-28.3% potassium bromide.” 


temperature. The indicated sum is over all molecules, 
in the manner indicated by Klemens and generalized 
by Slack*? and BFZ* for the case of isotopic point 
defects only. For convenience, let us call the entire 
term in square brackets C. Let us denote the term 
123°S°/G by I. 

The purpose of this note is to suggest that, over a 
very wide range of I, W, does not vary linearly with 
I, and to present evidence in support of this hypothesis 
which is in conflict with the theoretical treatments of 
Klemens, cited above, and BFZ.* 

The data®>-” graphed in Fig. 1 are from thermal con- 
ductivity measurements in the temperature range 0.06 
to 0.08@p by several workers on many materials. 
In Fig. 1, log(W,0°/Ta*) versus log! has been plctted. 
If Eq. (1) were valid, the points should lie on a straight 
line of slope one. For comparison, the formula W ,v*/Ta* 
=1.65X10"T derived from Eq. (1) has been plotted. 

It seems clear that, for the data plotted, W,0*/Ta*® 
varies significantly less rapidly than linearly with T 
over a range which encompasses a twenty-thousandfold 
variation in T’. 

In a recent note," Klemens has observed that for 
I'™1, one would expect W, to vary less rapidly than 
linearly with I’. In this case, higher order perturbation 
terms are important so that C=al—bdI*+---. How- 
ever, for the data presented, I is much less than 1. 
Klemens also reports satisfactory agreement with 
Eq. (1) for the lattice conductivity of two Cu-Au alloys 
for which T is 0.200 and 0.331, respectively. This, it 
seems, disagrees with the data presented here. 
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The materials represented in Fig. 1 were selected 
because of their availability as good single crystals 
of relatively high chemical purity. In many of these 
substances (> 10~), there exists a temperature region 
0.06 to 0.08 @p in which the thermal resistivity varies 
linearly with absolute temperature and for which 
Eq. (1) might reasonably be valid. 

The point-defect resistivities were obtained by 
correcting the measured resistivity for umklapp 
resistivity in the quasi-theoretical manner suggested 
by Slack,’ utilizing theoretical calculations of umklapp 
resistivity by Leibfried and Schlémann” and experi- 
mental data for solid helium by Webb and Wilks.” 
Because the simpie addition of point-defect and 
umklapp resistivities is such a poor approximation, the 
correction indicated previously has been done more 
exactly, using calculations by Slack.® 

The scatter in the data may be ascribed to several 
possible factors. The resistivity of the materials 
for which [T<10~* is extremely sensitive to small 
concentrations of chemical impurities which are 
difficult to detect. For [4X 10~-*, umklapp resistivity 
is an important or even predominant fraction of the 
total resistivity. Hence the correctness of W, is con- 
tingent to a large degree upon the correctness of the 
theory of umklapp resistivity. In the mixed crystals, it 
is not known whether all of the added component is 
dispersed as single atoms. Finally, it must be borne in 
mind that there is some uncertainty in the relationship 
between W, and the concentration of defects caused by 
approximations made in deriving Eq. (1). 

In summary, it seems fairly conclusive that any 
theory of point-defect thermal resistivity will have to 
explain a decidedly nonlinear dependence of W, 
upon I. 

The author wishes to express his gratitude to Profes- 
sor R. L. Sproull and Professor A. W. Overhauser for 
many valuable discussions. He is also indebted to 
Dr. W. W. Williams of the National Carbon Company 
and Dr. T. Geballe of Bell Telephone Laboratories for 
allowing their data to be published here and to Dr. S. 
Christian of RCA for the Si-Ge mixed crystals. 
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Coefficient for Self-Diffusion Determined 
from the Rate of Precipitation 
of Cu in Ge 


P,. PENNING 
Philips Research Laboratories, N.V. Philips’ Gloeilampenfabrieken, 
Eindhoven-N etherlands 
(Received December 31, 1957) 


ECENTLY Tweet! published a paper on the 
precipitation of Cu in germanium. He observed 
that the still unprecipitated fraction of the copper 
atoms present in supersaturation, decreases exponen- 
tially during anneal. It is shown that the decay constant 
r is independent of the dislocation density Vp for low 
annealing temperatures and high dislocation densities. 
For high temperatures and low values of Np, however, 
7 depends on Np. Tweet explains this phenomenon by 
taking into account the dissociative diffusion mechanism 
of copper in germanium.? We will show that from his 
data the coefficient for self-diffusion in germanium can 
be determined. 

The dissociative diffusion mechanism assumes that 
copper atoms are located either at lattice sites (Cu,, 
concentration ¢,) or at interstitial sites (Cu,, concentra- 
tion c;). For a transition, vacancies (V, concentration 
Cy) are needed as expressed by the reaction 


Cu,Cu;t+ V. (1) 


Substitutional atoms can leave the lattice only by 
jumping to interlattice sites and diffusing away to 
nuclei of precipitation. This diffusion is probably the 
fastest process,’ so that during the anneal the interstitial 
atoms will be present in equilibrium concentration cig. 
For low dislocation densities and high temperatures 
the removal of vacancies, by diffusion to and subsequent 
annihilation at dislocations, is the rate-limiting process, 
and reaction (1) will reach a quasi-equilibrium very 
soon after the onset of anneal, which means, according 
to the mass action law, that 


(2) 


where & is a constant and the index 0 refers to ultimate 
equilibrium values. Owing to reaction (1), a vacancy 
is part of the time a real vacancy and part of the 
time a substitutional copper atom. Since (1) has 
reached an equilibrium and c¢; is constant, the effective 
diffusion coefficient for vacancies is 


Dets= (CooD,+80D,)/ (Coots), 


where D, and D, represent the diffusion coefficients for 
vacancies and substitutional copper atoms, respectively. 
Since D,<D, and ¢ro<¢so,? we may write 


Dest — CrD,,/Cs9= Dee/Cs0, 


where Dg, is the self-diffusion coefficient if one assumes 
a vacancy mechanism. 


Cs lCy = k/cio= Cs0/ C0, 








LETTERS TO 


A straightforward calculation of the distribution of 
vacancies while diffusing to dislocations shows that 
the average concentration of vacancies decreases 
exponentially during anneal for all values of Np 
encountered in germanium.‘ The decay constant (r) 
is given by 

1/r=BN pDaets, 


where 8 is a constant, depending slightly cn Np. It 
varies from 0.63 to 0.71 for Np changing from 10‘ to 
10° cm™, if we set the radius of the dislocation for 
capture of vacancies equal to 10~’ cm. The rate of 
removal for vacancies is equal to the rate of removal 
for substitutional copper atoms according to Eq. (2). 
Hence we can determine Dg, from the rate of precipita- 
tion of copper, with the equation 


Doe=C20/BN pr. 


In Fig. 1 we have plotted, vs 1/T°K, the value of 
Doe as calculated from + and Np determined by 
Tweet. The concentration cs) was taken from data 
published by Woodbury and Tyler.* The measurements 
on samples with Np>10*° cm~* have been discarded 
because Np was not determined by etch-pit counts in 
those samples. Also shown are the values of Doe 
obtained by Letaw ef al.®° by diffusing radiogermanium 
into germanium. The straight line is drawn through 


 Letaw et al. 
+ Np=l0*cm-? 
10° Tweet 


a 


° 105 


—— 0, (cm*sec~) 
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Fic. 1. The coefficient of self-diffusion in germanium plotted 
vs the reciprocal of the absolute temperature. The data of Letaw 
et al. have been obtained by diffusion of radiogermanium. The 
other points were derived from the rate of precipitation of 
copper in germanium as measured by Tweet. 
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the averages of both groups of points and is given by 
Doe= 6.2 exp(— 2.94 ev/kT) cm? sec. 


The good agreement between the two methods of 
determination indicates, in the first place, that the 
assumption of a vacancy mechanism for the self- 
diffusion made is valid, and secondly that the density 
of etch pits is a very good measure of the density 
of such dislocations that can absorb vacancies. 

1A. G. Tweet, Phys. Rev. 106, 221 (1957). 

2 F. C. Frank and D. Turnbull, Phys. Rev. 104, 617 (1956). 

+P. Penning, Philips Research Repts. 13, 17 (1958). 

*P. Penning, Philips Research Repts. (to be published). 


5H. H. Woodbury and W. W. Tyler, Phys. Rev. 105, 84 (1957). 
* Letaw, Portnoy, and Slifkin, Phys. Rev. 102, 636 (1956). 





Generalized Phase Rule and the Symmetry 
of the Superfluid State*t 


LaszLo Tisza 
Department of Physics, and Research Laboratory of Electronics, 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received February 17, 1958) 


HE concept of thermodynamic phase is an 
idealized counterpart to the homogeneous exten- 
sions of matter which are the structural elements for 
the building up of heterogeneous thermodynamic 
systems in equilibrium. According to the Gibbs! 
theory the intrinsic properties of phases depend only 
on the densities of the extensive variables and are 
shape and size independent.’ Actually, phases have 
also a characteristic symmetry which is the only 
property to distinguish between “twin phases” related 
by binary symmetry operations, such as right and 
left quartz. The Gibbs phase theory has been recon- 
structed with a number of refinements, of which the 
most important is the inclusion of symmetry in the 
definition of phase. 
Formally, a phase is described in terms of a primitive 
fundamental equation, 


U=US(X), Xo, ++ - X41), (1) 


representing the internal energy U as a well-behaved 
first-order homogeneous function of the extensive 
variables X;. The standard choice of variables is the 
volume V, the entropy S, and the mole numbers , 
Nz, *- +, of the independent components’; hence 
r=c+l. (2) 
The superscript ¢ designates the symmetry properties. 
Let X,4:=V, and 
u=Uu(X1, Xo, 


(3) 


++ +2), 
where 

u=U/Xo41; (4) 
are densities. The intrinsic properties of the phase are 
represented by the surface (3) in the space of the 


H=Xi/Xeyi; 1=1,2,-°-7 
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densities (x space). A single point on this surface will 


be called a modification of the phase.’ 
The intensive variables are defined as 


P;=0U /0X;; 4=1, 2, -+-r+1. (5) 
Stability with respect to infinitesimal displacements 

requires that* 
O(P eee -P,) 


‘= (6) 
O(x- . -x;) 


; t=1, 2, ---r. 

An isolated thermodynamic system breaks up into 
several homogeneous phases either because conditions 
(6) are not satisfied in the homogeneous state, or 
because the system may exist in several phases (3). 
The actual distribution of the available energy and 
matter over the possible modifications is uniquely 
determined by the entropy maximum or the energy 
minimum principle. 

The most general properties of this heterogeneous 
equilibrium are expressed in the two phase rules.’ 
Using the homogeneity of Eq. (1), one obtains 


Pis3=u—-L xP, 
1 
and the Gibbs-Duhem (G-D) relation 


dP .43=—DLxdPi. (8) 
1 


Integration of (8) yields a surface in P space: 
Pyai=P-1(P1, «+: P,), which is the Legendre transform 
of (3) and provides an equivalent representation of 
the phase. 

In a heterogeneous system of, say, ¢ phases the P; 
are constant and satisfy a G-D relation for each phase. 
Let us assume that ¢’ of these relations are linearly 
independent. The first phase rule states that the 
dimension of the set of points representing the hetero- 
geneous system in P space is 


6=r+1—¢’=c+2-¢’. (9) 
In the classical theory it is assumed that ¢’=¢. 

However, ¢’<¢ if the system contains twin phases 

which have identical densities and G-D equations. 

Generally speaking, in individual modifications 
making up a heterogeneous system, conditions (6) 
are satisfied [elliptic points of the surface (3)]}, and 
there is normal stability with respect to infinitesimal 
changes within a single phase. 

The more unusual parabolic points with D,20, 
D,=0 are also of interest. In general, these form the 
limit between metastable and instable states and are 
not observable. However, if two coexisting stable 
modifications of a phase become gradually identical 
the parabolic point marks the limit of absolute stability 
and can be detected. These “critical phases’’* form the 
boundary of the coexistence region of two modifications 
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of a single phase. We distinguish two types of critical 
points: 
(i) The modifications differ in the densities x;. 


(ii) The modifications have identical densities, 
but differ in symmetry. 


The critical points of condensation and critical 
lines of mixing fall under case (i), the A lines of order- 
disorder transitions under case (ii). 

In the latter case the two modifications are domains, 
in which, say, oriented elements point predominantly 
to the right or left, respectively. The \ line marks the 
disappearance of the domain structure. 


According to the “second phase rule,” the set of 
critical points has the dimension 
6.=r—2+oe=c—l1+<¢, (10) 


where the “symmetry number” o=0 in case (i); 
o=1 in case (ii). 
At critical points the thermostatic methods are 


- stretched to their limit. Fluctuations are very large’; 


since D,=0, the Legendre transformation (7) becomes 
singular and the P-space representation of the phase 
(e.g., the Gibbs function for one-component systems) 
provides less information than the x-space represen- 
tation. 

Experimentally, critical points may be identified 
by the singularities of the thermodynamic coefficients 
(0x;/0Px)». This includes in particular the specific 
heat at constant pressure c,, the expansion coefficient 
a, and the compressibility «7. It is noteworthy that the 
second phase rule incorporates \ lines into thermody- 
namic theory, while the classical theory tacitly assumed 
a=(. This gap was to be filled by the Ehrenfest scheme 
of higher order transitions.* 

Recent precision measurements of the specific heat 
of helium have shown the singular character of the 
specific heat at the A line.’ Hence, we infer from (10) 
that o=1. The analogous conclusion is obviously 
correct for crystalline twin modifications described in 
terms of configurational order.’? However, the same 
conclusion in case of helium is surprising. The system 
is to be described quantum mechanically and ¢=1 
implies that the ground-state wave function is doubly 
degenerate. This is inconsistent with the existing 
quantum mechanical theories whether based on Bose- 
Einstein statistics of interacting particles or on 
elementary excitations.” 

The tendency at present is to explain superfluidity 
in terms of the excitation spectrum. The foregoing 
results suggest that the structure and symmetry of 
the ground-state wave function cannot be ignored. 

Although the thermostatic method yields no further 
results about the microstructure, the conjecture offers 
itself that the symmetry in question is connected with 
the space-time correlation of the energy and mass 
density. 

In view of the novel character of the preceding conclu- 
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sions it is pertinent to ask how reliable is the thermo- 
static theory on which they rest. This question has 
many ramifications since neither the three laws of 
thermodynamics nor the axiomatics of Caratheodory” 
provide a sufficient basis for the derivation of phase 
theory. 

We have formulated a set of postulates which can 
be expected to hold in the cases considered. From this 
basis the phase rules follow rigorously, by essentially 
topological methods. A detailed publication is being 
completed. 


* This work was supported in part by the U. S. Army (Signal 
Corps), the U. S. Air Force (Office of Scientific Research, Air 
Research and Development Command), and the U. S. Navy 
(Office of Naval Research). 

7 A short account of this work was given at the Fifth Interna- 
tional Conference on Low-Temperature Physics and Chemistry, 
Madison, Wisconsin, August 26-31, 1957. 
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New York, 1928), Vol. 1. 
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4See L. Landau and E. Lifshitz, Statistical Physics (Clarendon 
Press, Oxford, 1938), p. 169. 

® Reference 1, pp. 96 and 130, respectively. Only the first of 
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Lifshitz, J. Phys. (U.S.S.R.) 6, 61, 251 (1942). 

11Q, Penrose and L. Onsager, Phys. Rev. 104, 526 (1956). 
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Electron and Photon Polarization in 
Bremsstrahlung and Pair 
Production 


HAAKON OLSEN AND L. C. Maxruon* tf 


F ysisk Institutt Norges Tekniske H égskole, Trondheim, Norway 
(Received February 19, 1958) 


FTER the discovery of polarization in 8 decay! 
there has been a growing interest in the polariza- 
tion effects in bremsstrahlung and pair production. 
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Born approximation calculations with longitudinally 
polarized electrons and photons, neglecting screening, 
have been performed by McVoy and Dyson.’ 

We have calculated the cross sections for bremsstrah- 
lung and pair production at high energies for arbitrarily 
polarized electrons and photons, including Coulomb 
corrections and screening. The, calculations are based 
on the Sommerfeld-Maue wave function as in the case 
of the cross sections for unpolarized electrons and 
photons.’ 

The cross section for bremsstrahlung integrated 
over the direction of motion and over the direction of 
spin of the final electron, with specified spin s; of the 
initial electron with energy ¢, and momentum py, 
and polarization 2 of the photon k, is given by 


da (81,P1,%,k) 


ey / & \2dt dk 
-2(~) om — —{ (e?-+#)(3+2P) 
he . k 


9 
mc €r 


— Qeyeo(1 +4221) — Seen? T (2'2-4|?—1) 
+[(€2— es") (3+2P) —2keo(1 +4221) ] 
x $-R(ik-2*X2)+4kee(1— 28) ut $,-0 


x (ik-2*KA)}. (1) 
Here u is the component of p; perpendicular to k, 
&=1/(1+), and @, §,, and k are unit vectors. « and k 
are in units of mc’; p; is in units of mc. The Coulomb 
and screening effects are contained in the quantity I. 
In the cases of no screening and complete screening, 
the expression for Tis very simple, v7z., 


T'=loga—2— f(Z), (2) 


where a= (2e;e2/k)=(1/6) for no screening and a 
=(111Z-'/£) for complete screening, respectively. 
f{(Z) is the Coulomb correction function given by 
Davies, Bethe, and Maximon.‘ For incomplete screen- 
ing, the expression for T is more complicated, but can 
be expressed in terms of the atomic form factor F(g) by 


r=—logi—2+] {[{1—F(g)P-1} 


/§) . vv 
g— (6/&) 


ara ae (3) 


lr is always positive for the regions of energies for which 
the theory is valid, viz., when €;, €2, and & are all much 
much greater than the rest energy of the electron, and 
when w is of order 1. 

From the cross section [Eq. (1) ], it follows that the 
maximum photon polarization for any given values of 
$:, pi, and k is elliptical, with the major axis of the 
ellipse perpendicular to the plane of emission (per- 
pendicular to u). This is true for any element and for 
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any amount of screening as it merely follows from the 
fact that the coefficient of |2-#|* in (1) is negative. 
If the cross section is written the form 


ey 7 & \%dé dk 
do(s,.p.2,k)=2(—) (—) nal shee 
hc} \ mel 2 k 
X{A+B(2|2-@|?—1)+C(ik-2*Xa)}, 


the ratio of the axes of the ellipse is given by 


[B+ (B+C*)*]/|C\, (4) 
and the maximum polarization by 
do max —Aomin 
—_§|_——= (B+C*)i/A. (5) 


P= 
dO max+d0 min 


At the lower end of the spectrum, ke, the radiation 
is linearly polarized perpendicular to the plane of 
emission, with P=2¢?T/(1+T—2v#T). The linear 
polarization, P=B/A, decreases with increasing &, 
while the circular polarization, P=C/A, increases. 
At the upper end of the spectrum, the radiation is 
circularly polarized to the degree P=$,-k. 

In the upper part of the spectrum, the term contain- 
ing the transverse spin directions [the last term in 
Eq. (1)] is very small. The same is true for emission 
angles close to @=1/e;, for any energy of the quantum. 
In most cases, therefore, a transversely polarized 
electron will emit only linearly polarized radiation. 
The amount of circularly polarized radiation is prac- 


tically proportional to the longitudinal component of © 


the spin of the incident electron. The latter result 
supports the conclusion drawn from the calculations 
using purely longitudinally polarized electrons.? The 
largest amount of circularly polarized radiation frorh 
transversely polarized electrons occurs for emission 
angles close to 6=0.4(1/e,) or 6=2.4(1/e,), when s; 
lies in the plane of emission and when & is close to ¢;/2. 
This maximal circular polarization is quite small, 
however—at most 10%; the linear polarization is at 
the same time twice as big. 

The cross section for pair production by a quantum 
k, 4, integrated over one of the produced particles, is 
obtained from (1) by the usual substitutions: ¢;—>—€«,, 
Pi — Pi, Si —8:, and d’k—d*p,. The expressions for 
I are again given by Eqs. (2) and (3). The maximum 
polarization of the produced particle is close to longi- 
tudinal, especially when the particle is the faster one, 
or when @ is close to 1/€;. The probability of producing 
transversely polarized electrons is in general consider- 
ably smaller. However, in the special case when 
6~0.4(1/e,) or 0=2.4(1/e:) and 6,~«/2, the spin of 
the electron is almost always transverse to the momen- 
tum, and the electron polarization may be as big as 
25%. 


The effect of the Coulomb correction on the polariza- 


THE EDITOR 


tion part of the cross sections is of the same order 
as for the unpolarized cross sections. The correction to 
P is, however, in general somewhat smaller, being 
only a few percent even for the heaviest elements. 
This is particularly the case for circular polarization. 
Most striking is perhaps the expression for the circular 
polarization in the case of no screening, when all angles 
have been integrated out. For bremsstrahlung this is 


$1-pik(et+ he) 


, 
e+ €"— Fees 


P(81,P:) = (6) 


which is independent of the Coulomb correction. 
The detailed calculations will be published later. 
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Scattering of Nucleons from Nuclei 
at High Energies* 


H. McManus AND R. M. THALER 
Laboratory for Nuclear Science, 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received February 3, 1958) 


N the multiple-scattering approximation the scatter- 
ing of a nucleon from a nucleus' may be written as 


ge(E,q)=M(E,q)F(q), (1) 


where gz(£,q) is the Born approximation to the scatter- 
ing amplitude, M(E,q) is the two-nucleon scattering 
amplitude appropriately averaged over the spins of the 
target nucleons, and F(q) is the so-called nuclear form 
factor. E and q are the incident kinetic energy and 
momentum transfer vector, respectively. The above 
equation represents a good approximation as £ increases 
and g approaches zero. For small g, M(E,q) is a slowly 
varying function of g relative to F(qg), so that gz has 
roughly the same dependence on g as F(q), which 
leads to an optical model potential with spatial depend- 
ence like the charge distribution. On this basis, of 
course, it is easy to go from the Born approximation to 
the scattering amplitude, gz, to the scattering amplitude 
g. Since the approximations involved are best for g 
small, it is most appropriate to confine our attention 
to forward scattering. 
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_ Unfortunately, the averaged two-nucleon amplitude 
M is not directly available from the two-nucleon 
scattering experiments, but must be calculated from 
phase shifts.* However, Bethe’ has shown that at 310 
Mev all phase shifts which fit the two-nucleon scattering 
data give essentially the same result for nucleon-nucleus 
scattering, in good agreement with experiment. In this 
Letter it will be shown that the phase shifts of reference 
2 are in agreement with experiment from 90 Mev to 
310 Mev. In particular, the scattering of nucleons from 
C” has been explicitly calculated. Calculations have 
been made at three energies, v1z., E=90 Mev, 156 Mev, 
and 310 Mev, for the elastic scattering cross section 
and polarization at forward angles, the total cross 
section, and the total inelastic cross section. These 
calculations are performed as in reference 1 except that 
Coulomb corrections have been omitted. The results are 
given in Table I and show that the main features of the 
nucleon-nucleus interaction follow directly from the 
properties of the nucleon-nucleon interaction. 
Moreover, since M(g) may be written as 


M (q)= (ait iaz)+ (astias)on, (2) 


and F(q) is real, then gg(q) may likewise be written as 
q &B\q y 


gB(g) = (8:+182)+ (83+ i84)on, (3) 
and, therefore, 
ds, aa, 
fa) ond Ja] +09 
d q=0 dq q=0 
=(@)+(r)o, (4) 


where (r*)) is the mean square nucleon-density radius 
and is here identified with the charge radius. Thus, 
without appeal to large-angle scattering, it is possible 
to calculate the deviation of the mean square optical- 


Taste I. Comparison of calculation and observation for 
high-energy nucleon-nucleus scattering. The elastic scattering 
cross section and polarization in the forward direction, the total 
cross section, and the inelastic cross section are given neglecting 
Coulomb effects. The experimental values are given in parentheses. 
In addition, the mean-square radii for the spin-independent and 
spin-dependent nucleon-nucleus interaction are given. 





EB 310 Mev 








156 Mev 90 Mev 
ae\(0°) (barns/sterad) 1.1 (1.0)* 1.1 (~1.2) 1.0 (~1.7)> 
P (for small angles) 

% per degree 8.4 (8.4)° 4.0 (5.0)4 2.3 (2.1)¢ 
Cro (barn) 0.30 (0.29) 0.38 (0.31)® 0.51 (0.54)* 
Cine (barn) 0.21 (0.20) 0.22 (0.22)f 0.25 (0.23) 
(a®), (10°2* cm?) 8.8 5.6 4.1 
(a*), (10-28 cm?) 1.8 2.3 3.3 
(a*); (107% cm?) 3.9 10.1 13.5 
(a*), (10-2 cm?) 3.3 53 6.2 
(r2)9 (107% cm?) 5.8 5.8 5.8 


® A, Ashmore, Nuovo cimento (to be published). 
+ R. Wilson ef al., Phil Mag. 47, 1003 (1956). 

¢ O. Chamberlain ct al., Phys. Rev. 102, 1659 (1956), 

4R,. Alphonce ef al., Nuclear Phys. 3, 185 (1957). 

+ A. E. Taylor, Repts. Progr. in Phys. 20, 125 (1957). 

{R, Voss and R, Wilson, Proc. Roy. Soc. (London) A236, 41 (1956). 
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model radii from that of the charge distribution. The 
values of (a*), calculated from the two-nucleon ampli- 
tude are given in Table I. It should be noted that, if 
the spin-dependent scattering amplitude is considered 
to arise from a “spin-orbit potential” of the Thomas 
type, then v=3, 4 refer to the imaginary and real 
parts of that potential, respectively. 


* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

1H. A. Bethe, Ann. Phys. 3, 190 (1958). The present calculations 
were undertaken in consequence of Professor Bethe’s results. A 
complete set of references to the theory will be found in Professor 
Bethe’s paper. 

2 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291, 1337 


(1957). 





Evidence Against the Reaction 
 -ee ut ~ yt 
Victor P. Henri, Physics Department, 
Northeastern University, Boston, Massachusetts 
AND 
ANATOLE M. SHaptro,* Brown University, Providence, Rhode Island 
and Harvard University, Cambridge, Massachusetts 
(Received February 26, 1958) 


N ARSHAK and Sudarshan! have recently remarked 
that if a neutral muon exists, it would be most 
evident from the decay reaction 


Kt—yt++p°. 


(1) 


This reaction can most easily be distinguished from 
the normal K,:* decay mode, 


K*—y* +7, (2) 


by the difference of about 11 Mev in the kinetic energies 
of the charged muons emitted in the two reactions. 
(This assumes that the u® has a mass which is close to 
that of the u*.) The purpose of this Letter is to point out 
that the present evidence is definitely in favor of the 
normal K,:* mode and that there is no evidence as 
yet for the process K*—y*+y°, unless one is willing 
to postulate that the mass of the y® is very much 
smaller than that of the yu. 

In the course of making a complete tabulation’ of 
the data on the elementary particles, and, in particular, 
the new strange particles, we have at hand all the 
published material on the K* decay modes. There are 
four experiments*-* that have measured the ranges of 
secondaries from many KA* decays in large nuclear 
emulsion stacks, and these contain practically all of 
the precise measurements on the ranges of the emitted 
charged muons. (A few w* ranges have been measured 
in multiplate cloud chambers, but these are not nearly 
as accurate as those measured in emulsions.) In these 
four experiments, approximately 4000 K* decays 
were examined, and, among these, in 41 cases positively 
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Fic. 1. (a) A plot of the 41 long-ranged u* mesons observed 
in references 3, 4, 5, and 6. These muons originated in the decay 
of K*+ mesons brought to rest in the G-5 emulsions, and all the 
muons also came to the end of their ranges in the emulsions. 
No correction has been made by us to these data. (b) The ranges 
of the 20 muons from reference 3, the 7 muons from reference 4, 
and the 6 muons from reference 5 have been corrected to the 
values they would have in “standard” emulsion of density 
3.815 g/cm® (see text). The ranges of the 8 muons from reference 6 
have not been corrected since the density of the stack in which 
they were found was not stated. These 8 particles are not cross- 
hatched in the nlot and are not included in the fitted Gaussian 
curve. 


charged muons having ranges in the neighborhood of 
20 cm were followed to their end in the emulsion. In 
Fig. 1(a) the measured ranges of these 41 u*’s are 
plotted, without any corrections being made by us. 

Before combining the results of different experiments 
performed with emulsions having different densities, 
the individual ranges should be corrected to those in 
an emulsion of “standard” density. For the standard 
density we have chosen the value of 3.815 g/cm’, 
since this is the value to which Barkas has normalized 
his latest range-energy relation.’ The densities of the 
emulsion stacks used in the four experiments were: 
reference 3, 3.80+0.02 g/cm’; reference 4, 3.84+0.02 
g/cm*; reference 5, 3.85+0.02 g/cm’; reference 6, 
not stated. Accordingly, the ranges quoted in the 
experiments have been corrected by the following per- 
centages: reference 3, —0.34%; reference 4, +0.57%; 
reference 5, +0.80%; reference 6, no correction. These 
values have been obtained from Curve B of Fig. 3 
in Barkas ef al. The corrected data are plotted in 
Fig. 1(b). 

Other corrections arising from differences in the 
methods of measurement used in the various experi- 
ments should perhaps be made. However, these are 
mainly unknown to us, and, since it is quite unlikely 
that they would be larger than 1%, they should cause 
no significant change in the distribution plotted in 
Fig. 1. 
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The eight events of reference 6 have been ignored in 
fitting a Gaussian curve to the data because they 
could not be corrected. The ranges of these eight muons 
are slightly low, indicating that the density of the stack 
in which they were found probably was greater than 
3.815 g/cm*. A possible reason for this might be that, 
among the four experiments, these emulsions were 
the only ones which were exposed in a vacuum (inside 
the Bevatron), and thus they may have been slightly 
desiccated and increased in density. 

The ranges of the u+ mesons from decays (1) and (2) 
should differ by about 2.0 cm, regardless of which of the 
several range-energy relations one uses. It is clear 
from Fig. 1 that there are not two groups of muons 
whose centers are separated by 2.0 cm. The observed 
spread in the corrected distribution is just that to be 
expected from range straggling. 

Since the masses of the particles in reactions (1) 
and (2) are well determined (except that of the hypo- 
thetical ®), one can calculate the energies and ranges of 
the u* to be expected in the two cases. If one uses the 
mass values 


mMx+= (966.3+0.4)m,, 


m,+= (206.86+0.11)m., 


m,°= (206.73 ?)m,,' 


m,=Om., 


m,.=0.510976 Mev/c’, 


the kinetic energies of the u* in cases (1) and (2) are 
141.19+0.16 Mev and 152.49+0.10 Mev, respectively. 
These errors, which are standard deviations, include 
only the uncertainty in the K* mass. If one uses the 
range-energy relation determined by Barkas and 
collaborators,’’* the corresponding ranges are 18.94 
+0.03 cm and 20.94+0.02 cm in “standard” emulsion. 
Thus the measured ranges plotted in Fig. 1 agree very 
well with the normal K,2:* decay mode, and there is no 
evidence for the occurrence of process (1). 

One should also investigate whether or not some yu* 
secondaries which have been attributed to the K,;* 
decay mode may perhaps belong to mode (1). The 
highest energy u* secondaries that we know of, other 
than those plotted in Fig. 1, have energies of 127, 128, 
130, and 132 Mev. These are considerably different 
from the predicted energy of 141.2 Mev. No muons 
have been observed with energies between 132 and 146 
Mev. Consequently there is no evidence that any y* 
from reaction (1) has been mistakenly attributed to 
the K,3* mode. 

It is, of course, possible that the distribution of 
events in Fig. 1 is composed of two groups of muons 
which are quite close together. There might, for 
example, be two approximately equal groups, one from 
mode (2) centered at 20.94 cm and the other from mode 
(1) distributed around a range of 20.4 cm (which would 
require the u® to have a much smaller mass). The 
value of the u® mass corresponding to a w* range of 
20.4 cm is 107 m,. The present data can surely not 
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deny the existence of a u® meson of about this mass 
value or lower. However, there is no compelling reason 
to postulate such a particle at this time. 

We are pleased to acknowledge the help and advice 
received from Dr. Katharine Way in several phases 
of our tabulation. 


t This work has been supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission, and also by the National Academy of Sciences 
National Research Council. 

* Present address: Department of Physics, Brown University, 
Providence 12, Rhode Island. 
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Fundamental Interactions and 
Hyperfragments 


Fi. WerrzNer* 
Harvard University, Cambridge, Massachusetts 


(Received December 2, 1957 


ITH the presently existing data on hyper- 

fragments it is possible to make preliminary 
tests of specific elementary-particle schemes. The 
scheme described in detail elsewhere by Schwinger,' 
postulating in part a universal pion-baryon coupling 
and fundamental equivalence of baryons in the absence 
of K-meson interactions, is that to be considered here. 
The work on hyperfragments of Lichtenberg and Ross?® 
and Dallaporta and Ferrari’ is based on similar interac- 
tions without any underlying symmetry considerations, 
but they appear to have neglected the effect of three- 
body forces to be described. 

Just as pion exchange is considered to generate 
nuclear forces, so would one also assume the same origin 
for nucleon-hyperon forces binding the lambda to 
nuclei. From the usual invariance considerations, the 
simplest effective pion-lambda interaction must be of 
the form ¢,(r) ¢e(r)Wa(r)Wa(r). With two pions available 
at each effective vertex, exchange with two different 
nucleons or with the same nucleon will both occur. 
Thus a three-body term should appear in any potential 
based on a pion exchange with simple symmetry 
properties. 

With the given specific interactions taken in the 
nonrelativistic limit, the potential was calculated in 
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the static limit in the lowest nonvanishing order of the 
perturbation expansion. The lambda-sigma mass differ- 
ence was largely ignored, as its effect seems to be a 
change in the range of the potential of ~ 10%, scarcely 
noticeable among all the other approximations. With 
tensor forces omitted, the asymptotic form of the 
potential for two nucleons and a lambda is 


V{F*(\ri—ra )(1+4ae;-05)+F?(\re—rs )(1+ae2-e4)} 
+ Vie,-o2%;-22F(\ri—r4| )F(\re—ra!), 


where F (r) =[exp(—m,r) |/m,r. The amount of depend- 
ence on the lambda spin in the two-body force cannot 
be reasonably determined from such a treatment, 
although the potential appears to be stronger in the 
singlet state (a<0). The potential formed in a similar 
manner from the phenomenological interaction differs 
primarily in the absence of lambda spin dependence 
(a=0). Either form seems consistent with the work 
to be described, but accepting the specific interactions 
one can make the estimate that gsa,"/gv’~1. 

The binding energies of the lightest possible hyper- 
fragments, ,H*, ,H®, ,He*, and ,H*, were examined by 
variational techniques. To facilitate computation the 
function F(r) was replaced by exp(—}Ar*). Although 
there seem to be no studies of the equivalence of 
various potential forms for three-body interactions, 
the equivalence of potential forms in the description of 
very low-energy nuclear phenomena suggests that one 
might attempt to extend it to this case. As the potential 
supposedly is generated by two-pion exchange, \ was 
taken to correspond to a range of 1/2m,,ork=1.05X 10"* 
cm~*, The lambda spin dependence in the potential was 
suppressed, as within the limitations of the work 
herein described there is not sufficient theoretical or 
experimental evidence to include it meaningfully. 
Trial functions with spatial coordinate dependence of 
the form‘ 


exp{—a >> [r:—8;|?—8D |ri—1a |}, 
i 


D>j 


where i, j refer to nuclear coordinates and A to the 
lambda coordinate, were used. By variation of both 
a and 6 it was found that the binding energies of 
aH®, ,He*, and 4H‘, and the nonexistence of ,H? could 
be reproduced with V=107 Mev and V'=0.35V. 
As a partial check on the procedure, the binding 
energies of the deuteron and the triton were computed 
with the same nuclear potentials and the same form of 
wave function. The binding energy of the deuteron was 
58% of the actual value and of tritium 102% of the 
actual value. The excess binding in the latter case 
results in part from the form of the nuclear potential 
used, in which singlet and triplet potential ranges (but 
not strengths) were taken equal, and to a lesser degree 
from the omission of tensor forces. When information 
appears on the limiting value of the binding energy of 
a lambda in a large nucleus, it will be possible to test 
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the validity of the omission of lambda spin dependence 
in this potential, as further variational calculations with 
Slater determinants of plane waves as trial functions 
indicate that without such dependence the binding 
energy should be extremely large, 30 Mev or more, 
while with it the energy could be much lower. 

To estimate gsa,’/gwx’, the property of the potential 
that the hyperdeuteron has zero energy was used. 
By use of baryon equivalence’ and the resulting 
interpretation of the operators t4, the static nucleon- 
nucleon potential may be interpreted as a nucleon- 
lambda-sigma potential. In the singlet state, it is 
readily shown that with the chosen ratio the hyper- 
deuteron is just unbound. The extension to other 
hyperfragments of this procedure at present seems 
unfeasible. Relations between V, V' and the masses 
and coupling constants are of questionable accuracy 
considering the changes the explicit form of the potential 
has undergone. These relations give roughly the same 
ratio. 

Hyperfragments also give information on the scalar 
meson introduced by Schwinger! to produce further 
symmetries among the elementary particles. This 
meson also has a universal baryon interaction. Provided 
all other interactions between a nucleon and a lambda 
are attractive, the nonexistence of ,H? restricts the 
mass and coupling constant of the meson so that 
m/my>0.65(g?/4r). If the contribution of this meson 
to the limiting value of the lambda heavy-nucleus 
binding energy is denoted by B, then further B6.5 
X (g°/4r) (my /m)?. 

These restrictions are valid only as long as the 
meson mass is not so large that the nonrelativistic 
static limit ceases to apply. Since the masses and 
coupling constants are renormalized, initially equal 
constants may now differ as a result of the breaking 
of symmetries by the interactions. 

* National Science Foundation Predoctoral Fellow. 

1 J. Schwinger, Ann. Phys. 2, 407, (1957). 

2 D. B. Lichtenberg and M. Ross, Phys. Rev. 107, 1714 (1957); 


103, 1131 (1957); Bull. Am. Phys. Soc. Ser. IT, 1, 337 (1956). 
3.N. Dallaporta and F. Ferrari, Nuovo cimento 5, 111 (1957). 





Neutron Spectrum from »+d Reaction* 


M. P. Naxapa, J. D. ANDERSON, C. C. GARDNER, J. MCCLURE’ 
AND C, WoNnG 
University of California Radiation Laboratory, Livermore, California 
(Received February 19, 1958) 


BSERVATION of the neutron spectrum when 

deuterons are disintegrated through proton 
bombardment might give information on nucleon 
interactions.!” 

Neutrons produced when 8.9-Mev protons bombard 
deuterium in a gas cell were observed by time-of-flight 
techniques’ on the Livermore variable-energy cyclotron. 
Figure 1 shows a time spectrum that was obtained. 
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Fic. 1. Typical time-of-flight neutron spectrum for p+d—p+ p 
+n reaction at 0°. The time scale is 1.012 mysec per channel. 
The gamma rays are produced by protons striking the beam 
stopper in the gas target. The background run is taken on an 
evacuated target and also shows a gamma peak. The neutron 
energy scale is indicated above. 


The peak near 6-Mev neutron energy is surprising 
when compared to the unstructured time spectrum 
that is obtained in d-d breakup; a previous observation‘ 
of d-d breakup at 6.3 Mev and our observations at 
11.75 Mev show unstructured time distributions. To 
check the reality of the peak, the possibility of con- 
taminants in the beam and gas cell was examined by 
checking on purity and by making observations on 
possible contaminants. Although such parameters as 
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Fic. 2. Differential cross sections in the center-of-mass co- 
ordinate system for neutrons from the p+d—p+ +n reaction 
at 0°. E,(max) is the calculated, maximum possible neutron 
energy from the breakup reaction. 
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target thickness, target to detector distance, angle of 
observation, detector efficiency, and incident proton 
energy were varied, the distribution continued to show 
the peaking for angles less than 10°. 

After subtraction of background, the time distribu- 
tion was converted to an energy distribution in the 
center-of-mass coordinate system. The time spectrum 
has not been unfolded by the time resolution function; 
the effect of the time unfolding would be to make the 
peak more pronounced. Figure 2 shows center-of-mass 
results for 0°. The errors shown are statistical; the 
cross-section scale has an uncertainty of +10% and 
is due primarily to monitoring. The peak near the 
high-energy end of the neutron spectrum persists 
and is most probably due to an interaction between the 
two protons in the reaction. 

Heckrotte and MacGregor® have assumed that the 
peak is primarily due to a collision between the incoming 
proton and the neutron of the deuteron and that the 
recoiling proton interacts with the other proton. 
They derive the p-p interaction from scattering data. 
Both the position and shape of their calculated results 
are in qualitative agreement with experimental results. 

Further data on the angular and energy dependence 
of the reaction will be published. 

* Work was performed under auspices of the U. S. Atomic 
Energy Commission. ‘ 

1R. M. Frank and J. L. Gammel, Phys. Rev. 93, 463 (1954). 

?B. H. Bransden and E. H. S. Burhop, Proc. Phys. Soc. 
(London) A63, 1337 (1950). 

+L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 

‘Cranberg, Armstrong, and Henkel, Phys. Rev. 104, 1639 
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Spins of Silver-105, Silver-106, and 
Silver-110m* 


W. B. Ewpank, W. A. NreRENBERG,t H. A. SauGart, 
AND H. B. SrsBEE 


Department of Physics and Radiation Laboratory, 
University of California, Berkeley, California 
(Received February 5, 1958) 


HE spins of three radioactive silver isotopes, Ag!” 

(T,=40 days,! J=}), Ag'® (T,=8.3 days,? J=6), 

and Ag" (7,= 253 days,’ J=6), have been measured 

by atomic-beam techniques similar to those previously 
described.‘ 


TABLE I. Results of spin search for Ag’. 








Counting rate Counting rate 





Spin (counts/min) Spin (counts/min) 
0 0.152-0.05 3 0.07+0.07 
; 48 +0.2 4 0.5 +0.1 
1 0.15+0.05 5 04 +0.1 
3 1.4 +0.1 6 2.0 +0.2 
2 0.10+0.07 | 0.5 +0.1 
§ 0.104-0.05 
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Fic. 1. The decay of spin-} sample from a rhodium bombard- 
ment is compared with a full-beam sample. The essentially pure 
half-life of the spin-} sample serves to identify Ag™* as responsible 
for the resonance signal. 


Ag and Ag" were produced in the Berkeley 
60-inch Crocker cyclotron, both by the reaction 
Rh(a,kn)Ag and by Pd(p,n)Ag. After rhodium bombard- 
ments, the target material was simply transferred to 
the atomic-beam oven and heated until atomic silver 
diffused out at a satisfactory rate. Difficulty was 
sometimes encountered in getting a sufficiently intense 
beam without melting the rhodium. If the rhodium 
melts, the silver comes out too rapidly for use, and the 
rhodium flows into the oven slits and plugs them. The 
same technique was used for some palladium targets, 
but chemical separation of the silver proved more 
satisfactory. The target was dissolved and the active 
silver (plus stable carrier) was precipitated as AgCl. 
This was washed and dissolved in ammonium hydroxide. 
Then metallic silver was recovered by electroplating 
and transferred to the atomic-beam apparatus. 

Ag'°™ was produced in a 4-week neutron bombard- 
ment of natural silver in the Arco reactor. The silver 
target evidently contained appreciable mercury, since 
simple qualitative analysis using radioactive detection 
showed the presence of 46-day Hg”. The mercury 
tended to come from the atomic-beam oven in bursts 
and thus to give occasional spurious signals—which 
could be identified, however, by a crude analysis of 
their y-ray spectrum. 

Since the stable silver carrier is not readily detectable, 
it could not be used to monitor the intensity of the 
atomic beam. Instead, the radioactive beam was 
collected for short periods when the stops in the 
apparatus were removed. Under such conditions, the 
fast tail of the Maxwell distribution reaches the 
collector position in spite of the deflecting magnets, 
and the counting rates from such “half-beam” exposures 
were used to normalize spin counting rates. 

A small amount of an appropriate alkali compound, 
e.g., CsCl, was included with the radioactive material 
in the oven. Surface-ionization detection of this 


material facilitated lining up of the beam apparatus 
at the beginning of the run. 
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Fic. 2. The decay of an ] =6 sample from a palladium bombard- 
ment identifies Ag” as responsible for the spin-6 resonance. 
The Ag*® spin-} resonance is observed by use of a different 
method of production from that shown in Fig. 1. 


Calibration of the transition magnetic field was 
accomplished by observing the resonances of an atomic 
alkali beam from a second oven located behind the 
radioactive one. The latter was simply moved to 
one side to permit the observations. 

Silver-105.—Table I indicates the results of the 
first spin search for Ag’. There is a large signal 
corresponding to spin 3. There is also an above-back- 
ground rate at spin 3, because the frequency appropriate 
to spin $ has for its second harmonic the spin-} fre- 
quency. This spurious signal disappeared when proper 
precautions were taken. 

Figure 1 compares the decay of a spin-} exposure 
with that of a full-beam sample from the same rhodium 
bombardment. The latter shows a mixture of 40-day 
Ag’ activity with shorter-lived material (Ag’*), 
whereas the spin button shows a clean 40-day decay 
indicating a significant enrichment in Ag’. The spin-3 
signal shown in Fig. 2 is observed from activity 
produced by proton bombardment of palladium. 

This isotope has been observed repeatedly at a 
variety of frequencies from 7.4 Mc/sec to 15.4 Mc/sec. 
No significant quadratic Zeeman shift was observable 
at these frequencies with the present line width. 

Silver-106.—Table I (from a rhodium bombardment) 
gives a hint that the Ag” activity has spin 6. This was 
confirmed by the results of a later palladium bombard- 
ment, as indicated in Table II. The decay of the spin-6 
sample is compared in Fig. 2 with that of the full beam, 
and clearly shows enrichment of the 8.3-day activity. 


TABLE II. Results of spin search for Ag!®®. 


Counting rate Counting rate 


Spin (counts/min) Spin (counts/min) 
1 9.94+-0.22 6 4.86+0.16 
5 0.3340.09 7 0.56+-0.09 


No quadratic Zeeman shift was observed between 2.4 
and 15.7 Mc/sec. 

Silver-110m.—Results of a spin search on the Arco 
material are indicated in Table III. There is a clear 


TABLE ITI. Results of spin search for Ag". 


Counting rate Counting rate 


Spin (counts/min) Spin (counts/ min) 
1 2.8+0.3 5 2.6+0.3 
2 1.74+0.3 6 31.140.5 
3 2.2+0.3 7 2.0+0.3 
+ 1.7+0.3 & 2.7+0.2 


indication of spin 6, which must be attributed to 
253-day Ag”, since no other activity of comparable 
life can be produced in such a bombardment. The 
long-term stability of the counters may not be adequate 
for a reliable determination of the half-life; however, a 
check of two spin-6 buttons after 300 days showed a 
decrease in measured counting rates by a factor 2.1, 
which may be regarded as consistent with a 253-day 
half-life. Signals corresponding to spin 6 were observed 
at seven frequencies, from 2.4 Mc/sec to 15.7 Mc/sec; 
the quadratic Zeeman term, if any, is small. 

Remarks.—The result, spin 3 for Ag’, is not surpris- 
ing, since the stable isotopes Ag’? and Ag’ also have 
this spin; it is also consistent with the simple shell 
model! that calls for the odd proton to be in a 1,2 level, 
although the goo level lies close. The odd neutron in 
Ag'® and Ag™®™ is expected to lie in a dsj state. 
(However, the ground state of Cd'', with the same 
neutron number as Ag™™, exhibits spin 3; the first 
excited state, spin $.) The observed spins of 6 could 
thus be attributed to the coupling of a go/2 proton with 
a ds;2 neutron to give one less than the maximum spin, 
in agreement with Nordheim’s “weak” rule, although 
other possibilities exist. In any event, one would 
expect a large positive magnetic moment, consistent 
with our failure to observe appreciable quadratic 
Zeeman terms. 
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